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Hucepramiitna poOoTa cOpsMOBaHAa Ha TNOJANBIIMA PO3BUTOK  amapary
y3arajibHeHoro metony ®yp'e Ha HOBI KJIAacH BICECHUMETPUUYHHUX 3aJad CTalllOHApHOI
TEPMOTIPY>KHOCTI ISl MPOCTOPOBUX 0araro3B'si3HUX TUT 31 CPEPUUHUMH TOPOKHUHAMU
Ta BKJIIOYECHHSIMH, IOCHIDKEHHS €(EKTUBHOCTI METOAy 1 MeX HOro HNpaKTHUYHOI
peasnizanii, 3aCTOCYBaHHSI HOTO /10 JIOKaJbHOTO MOJEIIOBAHHS TEPMOIPYKHUX IOJIB y
TiJaX 31 chepruYHUMU TOPOKHUHAMU 1 BKJIIFOUEHHSIMH, TOCIIHKEHHS 1 aHai3 KX OB,
ONTUMAJbHE KEPyBaHHS BICECUMETPHUYHUM CTAalllOHAPHUM TEMIIEPATypHUM IOJIEM
TEPMOTIPY>KHOTO CTaHy MPOCTOPY 31 CPEPUUHUMHU BKIIFOYEHHSIM 1 TOPOKHUHOI0. B po6oTI
yBara NpuauIsiEThCS TAKOXK 3aJa4aM 13 BHYTPILIHIMUA PO3NOAITIEHUMU JHKEepeTaMu TeIuia,
K1 CyTT€BO YCKJIAQJHIOIOTH MOOYIOBY TOUYHHUX MaTEeMAaTWYHMX MOZENEH 1 BUMararoTh
3aCTOCYBaHHS HOBITHIX MIJAXOIB JI0 iXHHOTO aHai3Yy.

O0’eKTOM JOCHIIXKEHHSI € HaIpy>KeHO-Ie(pOpMOBaHUN CTaH 0araro3B’s3HOTO
IIPOCTOPOBOTO Tija 31 CPepUIHUMHU TTOPOKHUHAMH Ta HEOTHOPIAHOCTSIMH 3a HASIBHOCTI
B HbOMY CTAallIOHAPHUX TEMIEPATypHUX MOJIB 200 B yMOBaX iX BIJICyTHOCTI.

[IpeqMeromM JOCHIDKEHHST € METOAM Ta MOJENI JOCIHIIKEHHSI HaIpyKeHO-
nedopmarlitHux 1 cTalioHapHUX TEPMOMPYKHUX TOJIIB B 0araTo3B’I3HUX MPOCTOPOBUX
TiJ1aX MEeBHOI POPMU 1 ONTUMATBHOTO KEPYBAHHS HUMHU.

AKTyanbpHICTh pOOOTH 3yMOBJICHA CTPIMKHM PO3BUTKOM TE€XHOJIOTIH, TOB'I3aHUX 3
BUKOPHUCTAHHSIM KOMIIO3UTHHUX 1 HOPUCTUX MaTepialliB y MalIMHOOYAYBaHHI, aBialliiHii
MPOMHUCIIOBOCTI, EHEpPreTHIll, MIKPOEJEKTPOHIll Ta OlomMeaudHux mpucTtposx. L
Marepiaiy IeMOHCTPYIOTh CKJIaJHy MOBEIIHKY MiJ] A1€I0 30BHIIIHIX TEPMOHABAHTAXKEHb

1 BHYTPIIIHIX JpKepes Teruia. HasiBHICTH BKJIIOYEHb 1 MOp y Marepiajlli CIpUYUHSIE
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JOKaJlbHI KOHIEHTpalii Hampy>KeHb, AKI BH3HAYAIOTh JOBrOBIYHICTH 1 HAAIMHICTDH
TEXHIYHUX KOHCTPYKLINH. bBiNbIIiCTh ICHYIOUMX YHCENBbHUX METOAIB HE 3aBKIu
3a0e3MeuyIOTh JIOCTAaTHIO TOYHICTh, OCOOJMBO B 3aJa4yax 3 OOJAcCTSIMH 3 BEJIHKOIO
KOHIICHTPAIII€I0 HAMlPYKeHb, 00 3 JJOCTATHHOIO KIIBKICTIO HEOJHOPIAHOCTEH.

VY aucepraiiiiHiii poOOTI MOOYI0BAaHO HOBI BICECUMETPUYHI 0a3MCHI PO3B’A3KU
piBHsHb Jlame Ta J[lroamens—HeiiMmana misi mpocTOpoBUX 00JIacTe, OOMEXEHUX
chepuunumMu  moBepxHsAMH. [li po3B’s3ku € (QyHIAMEHTAIBHUMHU Ui OIHUCY
TEPMOIPY)KHOTO CTaHY TUI 3 OCbOBOIO CUMETPIEI0 Ta BPaXOBYIOTh SIK ME€XaHiuHI, TaK 1
TemneparypHi BruBH. OcoOIMBOi yBaru 3aciIyroBYIOTh HOBI TEOPEMU JOAABAHHS IS
noOy/l0BaHUX PO3B’SA3KIB y CHEPUUHUX CUCTEMAX KOOPAMHAT, MOYATKU SIKUX JOBLIHHO
3CyHYTl B3l0BX oOci cuMmerpli. OTpUMaHHS TakuX TEOPEM JI03BOJIIE €(PEKTHUBHO
3M1ACHIOBATH MAaTeMaTW4Hl [EepPEeTBOPEHHs NpH pPO3B’sI3aHHI 3aJa4 3 KUIbKOMa
HEOJTHOP1THOCTSAMHU, PO3MIIICHUMH B PI3HUX TOYKaX Tija.

OaHuM 13 KJIIOYOBHX HAyKOBUX PE3YJIbTATIB € TOYHE aHAJIITUYHE PO3B’SA3aHHS
JPyroi OCHOBHOi BICECMMETPUYHOI KpaloBOI 3ajayl Teopli NPYKHOCTI I KyJl 3
KOHLIEHTPUYHUM  BKJIIOYEHHSAM. Y  poOOTI TNpPOBEAECHO IOBHE MAaTeMaTU4HE
OOIpYyHTYBaHHS ICHYBaHHS Ta €IWHOCTI TAKOTO PO3B’SI3KY, IO CTAIO BAXKIIUBUM BHECKOM
y PO3BUTOK KJIACHYHOI TeOpii MPYXKHOCTI [JIsi TUT 31 CKIQAHOK BHYTPIITHHOIO
CTPYKTYPOIO.

VY po6oTi moOy10BaHO JIOKAJIbHI MapaMeTPUUHI MOJENI TEPMOTIPY>KHOTO CTaHy Tl
13 1BOMa c(epHYHHMHU TOPOKHUHAMH a00 BKIIOUSCHHSIMH. Mojeni OXOIUTIOITh SIK
BUIIAJIKU 3 PO3MOAUICHUMH JDKepeaaMu Teruia, Tak 1 0e3 Hux. Ha ocHOBI nux mopaenei
JOCTIKEHO JIOKAJIbHY TOBEIIHKY HaIMpYy>KeHb Yy 30HAX KOHIIGHTpaIlii, o O0COOIMBO
aKTyaJbHO I IPOTHO3YBaHHS pPyHHYBaHb y MOPUCTUX 1 KOMIIO3UTHUX MaTepiajiax.

VY Mexax HOoCHiPKeHHs] BUKOHAHO MapaMeTPUYHUM aHaji3 pO3NOALTYy HAlpyKEeHb
3aJIe)KHO B1JI PI3HUX XapaKTEPUCTHUK Tija: pO3MIpiB BKIIFOUEHb, BIICTAHI MK HUMHU, TXHIX
TEPMOMEXaHIYHUX BIJIACTUBOCTEM 1 PIBHA TEIJIOBOrO HaBaHTaxeHHs. Lleir anami3
JI03BOJIUB BHUSBUTH 3aKOHOMIPHOCTI B3a€MHOTO BIUTMBY BKJIIOYEHh HA HAIMPYKEHO-

nedhopMOBaHH CTaH Marepiay.
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OxpemuM HanpssMOM poOOTH CTajla BIEpIIle MOCTaB/IeHa Ta PO3B’A3aHa 3aa4a Mpo
ONTUMAaJbHE KePyBaHHS TEMIIEPATypHUM TOJeM Yy 0araTo3B’s3HOMY Tl — IPOCTOPI 3i
chepuyHUMHU BKJIIOYEHHSIMU. Byno 3BefeHO Taky 3ajiady J0 HECKIHYEHHOI CHUCTEMHU
miHiHUX anrebpaivaux piBHSHL (HCJIAP) 3 mapameTpudHO0 3aJIe)KHICTIO 11 MpaBUX
YaCTUH BiJ TEMIIEpaTypHOTO TOJis 1 BOEpPIE PO3POOJIIEHO METO/A PO3B'SA3aHHS TaKUX
cucteM. lle cTano cyTTeBUM KPOKOM y PO3BUTKY METOJIB ONTHUMAIbHOTO KEpyBaHHS B
MaTemMarnuHid (izuii. MeToq mM03BOJsE€ 3BECTH 3a7ady ONTUMAIBLHOTO KEPYBaHHS [0
3a/ladl YMOBHOIO E€KCTPEMYMY KBaJpaTUYHOTO (PYHKIIOHANIA, 33JIaHOT0 HA TMEBHOMY
T1JIL0EPTOBOMY IIPOCTOPI.

Hapewti, y po0OOTI mNpoBENEHO 4YHCEIbHE KOMII'IOTEpPHE MOJEIIOBAHHS
pPO3B’sA3aHUX 3a/a4 13 BUKOPUCTAHHSIM METOAy peaykiii. JlocmimpkeHo 301KHICTh IbOTO
METOJY, IO MIATBEPIUIIO HOro BUCOKY €(PEKTHUBHICTh 1 MPAKTUYHY NPUIATHICThH IS
OOUHNCITIOBAILHOTO aHAJII3y CKJIaJHUX TEPMOMEXAHIYHUX CUCTEM.

JIOCTOBIpHICTh pe3yNbTaTiB AUcepTalli 0a3yeTbcs Ha CTPOroMy OOIpYHTYBaHHI
PO3B'SI3KIB YCIX PO3MITHYTUX Y POOOTI 3a/1a4, MOPIBHSHHI PE3y/lbTaTiB 3 BIIOMUMU JIJIS
OIHO3B’SI3HUX T1J, IIUPOKOMY KOMII FOTEPHOMY E€KCIEPUMEHTI, MEepEeBIpLl MPAKTUYHOI
301’)KHOCTI METOJIa PEAYKLIi B yCIX 3a7a4ax.

Kuro4uoBi cioBa: MojentoBaHHs, MaTeMaruyHa MOJENb, KOMIT IOTEpHAa MOJEb,
JOKaJlbHA MOJIE]b MOPUCTOrO MaTepiaiy, TEPMONPYKHUN CTaH, y3arajJbHEHUN MeToA
®dyp’e, 0a3ucHI pO3B’SI3KH, TEOPEMHU JOJABaHHsS, PO3B’A3yBaJibHAa cUcTeMa, TpU(a3Ha
TEPMOTIPY’>KHAa CHCTEMa, KPHUBOJIHIMHI KOOPJAWHATH, CHEpUYHI BKIIOUEHHS, JKEpesa
TeIUTa, 3ajada CHPSOHKCHHS, YMOBH 17€aJIbHOTO TEIJIOBOTO KOHTAaKTy, OINTHMAaJbHE
KEpYBaHHS TEPMOIIPY>KHUM CTaHOM, 0araro3B’s3HE€ KyCKOBO-OAHOPITHE  TLJIO,
dbpenronsMiB  omeparop, METON PEayKIlii, MapaMeTpPUYHUNA METON PO3B’SI3aHHS
HECKIHYEHHOI CHCTeMH, KBaJapaTUYHUN (YHKIIOHAN SIKOCTI, HEKOPEKTHa 3ajauya,
CIEKTpaIbHUN MeTOJ, €(DEKTUBHICTh METOMY, KOC(III€HT JIHIMHOTO TEeMIIepaTypHOTO
pPO3IIUPEHHSI, PO3MOALT HaMpy>KeHb, METOJ CKIHYEHHUX €JIEMEHTIB, aHATITUYHUN

PO3B'S130K, T0JIEe HAIIPY>KEHb 1 Aedopmarliii, TemIepaTypHe ImoJie.
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ABSTACT

Skitska Mariia Viktorivna. Some Problems of Thermoelasticity Theory for
Multiply Connected Bodies. — Qualification research paper (manuscript).

Dissertation submitted for the degree of Doctor of Philosophy in the field of
knowledge 11 — Mathematics and Statistics, specialty 113 Applied Mathematics. —
National Aerospace University "Kharkiv Aviation Institute", Kharkiv, 2025.

The dissertation is focused on the further development of the apparatus of the
generalized Fourier method for new classes of axisymmetric steady-state thermoelasticity
problems in multiply connected spatial bodies with spherical cavities and inclusions. It
explores the efficiency and limitations of this method, applies it to local modeling of
thermoelastic fields in such structures, and analyzes the behavior of these fields. Special
attention is given to problems involving distributed internal heat sources, which
significantly complicate the formulation of precise mathematical models and require the
use of modern analytical techniques.

The object of the study is the stress—strain state of a multiply connected three-
dimensional body with spherical cavities and inhomogeneities in the presence or absence
of stationary temperature fields.

The subject of the study is the development of methods and models for analyzing
thermoelastic and stress—strain fields in multiply connected spatial bodies of a specific
shape, as well as for optimal control of these fields.

The relevance of the study is driven by the rapid development of technologies based
on the use of composite and porous materials in mechanical engineering, the aerospace
industry, energy systems, microelectronics, and biomedical devices. These materials
exhibit complex behavior under external thermal loads and internal heat sources. The
presence of inclusions and pores in the material leads to local stress concentrations, which
directly affect the durability and reliability of technical structures. Most existing
numerical methods do not always provide sufficient accuracy, particularly in problems

involving high stress concentration zones or a large number of inhomogeneities.
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The dissertation presents newly constructed axisymmetric basis solutions to the
Lamé and Duhamel-Neumann equations for spatial domains bounded by spherical
surfaces. These solutions are fundamental for describing the thermoelastic state of
axisymmetric bodies, accounting for both mechanical and thermal effects. Particular
attention is paid to the newly derived addition theorems for these solutions in spherical
coordinate systems with arbitrarily shifted origins along the symmetry axis. These
theorems enable efficient mathematical transformations when solving problems
involving multiple inhomogeneities located at different points within the body.

One of the key scientific contributions of the work is the exact analytical solution
to the second fundamental axisymmetric boundary value problem of elasticity theory for
a sphere with a concentric inclusion. The dissertation provides a rigorous mathematical
justification for the existence and uniqueness of the solution, representing a significant
advancement in classical elasticity theory for bodies with complex internal structures.

The work also proposes local parametric models of the thermoelastic state of bodies
containing two spherical cavities or inclusions. These models cover both cases—with and
without distributed heat sources. Based on these models, the local stress behavior in zones
of concentration is analyzed, which is particularly relevant for predicting failure in porous
and composite materials.

A parametric analysis of the stress distribution is carried out depending on various
body characteristics, such as inclusion sizes, spacing, thermomechanical properties, and
the level of thermal loading. This analysis reveals regularities in the mutual influence of
inclusions on the stress—strain state of the material.

A separate and original direction of the research is the formulation and solution of
an optimal control problem for the temperature field in a multiply connected domain with
spherical inclusions. This problem was reduced to an infinite system of linear algebraic
equations (ISLAE) with parametric dependence of the right-hand side on the temperature
field. For the first time, a method for solving such systems was developed. This approach
represents an important contribution to the development of optimal control methods in
mathematical physics. The proposed method transforms the optimal control problem into

a conditional extremum problem for a quadratic functional defined in a Hilbert space.



8

Finally, numerical computer simulations were conducted for the solved problems
using the reduction method. The convergence of this method was studied, confirming its
high efficiency and practical suitability for the computational analysis of complex
thermomechanical systems.

The reliability of the dissertation’s results is ensured by the rigorous justification
of all solutions presented, comparison with known solutions for simply connected bodies,
extensive computer experiments, and convergence validation of the reduction method
across all studied problems.

Keywords: modeling, mathematical model, computer model, local model of
porous material, thermoelastic state, generalized Fourier method, basis solutions, addition
theorems, solution system, three-phase thermoelastic system, curvilinear coordinates,
spherical inclusions, heat sources, conjugation problem, ideal thermal contact conditions,
optimal control of thermoelastic state, multiply connected piecewise homogeneous body,
Fredholm operator, reduction method, parametric solution of infinite systems, quadratic
quality functional, ill-posed problem, spectral method, method efficiency, coefficient of
linear thermal expansion, stress distribution, finite element method, analytical solution,

stress and strain field, temperature field.
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BCTYII

AKTYAJILHICTH TeMH JTOCJIIKeHHS.

Bxe chorosiHi MOXKHA CKa3aTH, 110 HOBI BUAM MaTepialiiB, cepel] SIKUX, B MEepIIy
4epry, CIi] BUAUTUTH KOMIIO3UTHI Ta MOPUCTI MaTepiajiy, 3p0OUITH PEBOJIIOIIIO B TalTy3sIX
MIPOMUCJIOBOCTI TI0 BChOMY CBITY, MPOMOHYIOYH OE3MpeleaeHTHI MOXJIUBOCTI s
1HHOBAIIIH, €PEeKTUBHOCTI Ta CTIHKOCTI. 3a MPOrHO3aMHU CIICLIATICTIB CBITOBUI PUHOK
TIIBKM KOMIIO3UTHHUX MarepianiB jaocarHe 164 minbspaiB gonapis CILIA B 2031 p.,
3pOCTa04M KOKHOTO POKY B cepeaHboMy Ha 7,2%. MikpoenekTpoHika, OyaiBHUIITBO,
MalIuHO- 1 aBiaOyayBaHHS, BIJHOBIIOBaJIbHA E€HEPreTHUKa, XIMIYHA IPOMHUCIOBICTH,
paKeTHO-KOCMIYHA TEeXHiKa, O10JI0Tisg, MEIUIIMHA — II€ JajJeKO He IMOBHHUH MepeliK
oOnacTeil, 16 BUKOPUCTOBYIOTHCS P13HI BUPOOU 3 MOPUCTHUX 1 KOMIIO3UTHUX MaTepialiB,
K1 B 3aJIEKHOCTI BiJ] CKJIAJIOBUX KOMIIOHEHTIB, MIKPOCTPYKTYPH, PO3MIPIB 1 (OpMH TIOp
1 BKJIFOUEHb, TEXHOJIOT1i BUPOOHHUIITBA MAKOTh P13HI (P13MKO-MEXAHIYHI BIACTUBOCTI. Tak,
HaIpUKIaja, MOPUCTI MaTepialid, Taki, SIK: METaJeBl MHU MalOTh BUCOKY MIIHICTh Ta
TEPMIYHY CTIAKICTh, ATFIOMOCHIIIKATH — HU3BKY MIIHICTb, aJ1€ BUCOKY XIMIYHY CTIMKICTb,
PI13H1 TUIU MTHOOETOHIB — CEPEIHIO MIITHICTh Ta HU3BKY TEIIONPOBIIHICTD, TO1O. Cepen
0aratb0X MPUYHUH, 110 3yMOBJIOIOTH BUKOPUCTAHHS KOMITO3UIIITHIX MaTepiajiB, MOKHA
HA3BaTH JIMIIE HAMOUIBII 3HAYYII: Majla MUTOMA Bara, BUCOKA MUTOMA YOPCTKICTh 1
MILHICTh; BUCOKA CTIMKICTh KOMIO3ULIITHUX MaTepiaiiB 3 MOJIIMEPHOI0 a00 KePaMiuHOIO
MaTpPHIIEIO 10 KOPO3ii; HU3bKa TETJIONPOBITHICT (3HAYHO HIDKYE, HIXK Y CTalll); CTIUKICTh
KOMIO3ULIMHUX MaTepiaiiB 3 KEPaMiuHOIO MaTPUIIEIO /10 BUCOKOI TeMIIepaTypH, TOIIO.

TakuM 4YMHOM, MPU MPOEKTYBaHHI BHPOOIB 3 MOPUCTUX a00 KOMITO3HULIIMHHMX
MaTepiajiB BaXJIMBO BpaxoOBYyBaTH YMOBHM IX MOAAJBIIOI €KCIUTyartallli, 30Kpema,
HAsIBHICTh TEMIIEpaTypHUX, AePOpMaliiHUX, TEPMOIPYKHHX IMOdIB, SIKI OKa3ylOTh
BILJIMB Ha iX HAJIHHICTH 1 JOBTOBIYHICTh. OKPEMOI0 MPOOIIEMOIO € cTajia MoTpeda B HOBUX
BHJIaX HaHOMAaTEpiajiB 31 3a37ajeriab 3aJaHUMU BJIACTUBOCTSIMHU, CTBOPEHHIO SIKUX Ma€
NepeayBaTH iX MaTeMaTHIHE MOJICTIOBAHHS.

OxpeMo cItiJl CKa3aTH Mpo MpoOJieMU KOHCTPYIOBAHHS MEXaHIYHUX 00’ €KTiB, K1

IJIaHY€ThCS €KCIUTyaTyBaTH B YMOBAaX TeMIlepaTypHUX mouiB. TyT TeMmmepaTypa Moxe
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BUCTYNATH $K KEPyBaHHSA MpH MiHIMI3alli HampyXeHb B 30HaX iX MOKJIHUBOI
KOHIIEHTpaIlli, 30KpeMa Ha MIK(pa3HUX TPAHULIAX Y CKIAJCHUX TiJax.

[Iupoke ko0 mpodsieM CydacHOi TEXHIKH MOB’si3aHE 3 MPUPOJIHUMH 00’ €KTaMU
a00 MTYYHUMH CHOPYJaMH, B AKX KpiM TepMoaepopMaIliiiHiuX MojiB, 00yMOBIEHUX
30BHIIITHIM CEPEIOBHUIIEM, € I1I€ ¥ BHYTPIIIHI JHKEpeia TeIIOBOi €Heprii, po3Mo/IlJIeH] Ha
JeAKUX TIOBEpXHsIX abo B obyactsax B cepenuHi Til. Cepen Takux 00’€KTIB MOXKHA
HA3BaTU: TEIJIOBI KOTJIM, MIJJIOTH y OyAMHKAX 3 MiIrPiBOM, 0araTtomapoBi iHTErpaibHi
TIJIaTH, M1J13€MHI CXOBHIIA, TEPMaIbHI pe3epByapH, CJIEMEHTH TETUIOBUIUICHHS B aTOMHIN
EHEpreTHlll, Toilo. Po3paxyHKOBI Mojel MOJIOHUX CHUCTEM IOBUHHI BpaxoOBYBaTH
MOTYXHICTh, (hOopMHU 1 00JIacTI PO3MOALTY, 30HU PO3TAIIyBaHHS JKEpEN y TijaxX, IO
IPUBOJUTH O AOJATKOBUX YCKJIAJHEHb IPHU MPOBEIEHHI oOuucieHb. Binomi meronu
YHCENBHOTO a00 aHaTITUKO-YMCEIBHOTO AOCTIKEHHSI BKAa3aHUX MOJETCH HE 3aBKIU
3a0e3MeuyroTh HEOOX1/IHY TOBHOTY 1 TOUHICTh PE3yJIbTaTiB 00uncieHb. OTxe, pO3BUTOK
METO/IB PO3B'S3aHHS KpallOBUX 3a/lad TEPMOMNPYKHOCT1 31 CKJIQJHOK TE€OMETPIEIO 1
pPI3HMMH BaplaHTaMU MEXaHIYHUX 1 TEIUIOBUX YCKJIAJAHEHb, CTBOPEHHS JIOKAJIbHUX
MoOJIeNield TEPMONPYKHOTO CTaHy B TUIaX 3 MOpaMU 1 BKIIOYEHHSMHM, JOCTIPKCHHS 1
aHaJli3 TePMOIPYKHUX TOJIIB 32 TOTIOMOTOIO ITUX MOJIETIEH € BEJIbMH aKTyaTbHUMHU.

3B’A30K po00OTH 3 HAYKOBUMHM NMPOrpaMaMu, JiaHAMU, TeMaMu. J{uceprariiina
po0O0Ta € YACTUHOIO JTOCIIIKEHb, B IKMX aBTOpP OYB BUKOHABIIEM, 1 K1 TPOBOIUIIMCS HA
Kadeapi BUIIOI MAaTEMaTUKH Ta CUCTEMHOTO aHalizy HallloHaJbHOro aepoKOCMIYHOIO
YHIBEPCUTETY «XapKiBChKMM aBiamidinuii iHcTUTyT» B 2021 — 2023 pp. 32 Temoro:
«P03BHUTOK Ta 3aCTOCYBaHHS MAaTEMAaTUYHUX METOIB JOCHTIKEHHS MPUKIATHUX 331249,
HoMep gaepxpeectparii Ne 01220201064, 1 B 2024 p. 3a temoro «Po3BuUTOK Ta
3aCTOCYBaHHS KOHCTPYKTUBHMX MAaTEMAaTHYHUX METOAIB PO3B'S3aHHS TMPUKIATHUX
3amau» Homep gaepxkpeectpamii Ne 0124U001351  mig kepiBHMITBOM mpodecopa
kadenpu, nokropa (pi3uko-MaTeMaTUYHUX HayK, mpodecopa, 3acay>KeHOro MpalliBHUKa
ocBiTH YKpaiHu, naypeata JlepkaBHOi mpemii Ykpainu B raiy3i ocBith HikomnaeBa
Onexcis ['eopriiioBuya.

Meta Ta 3apaui aociilkeHHs1. MeTo AuCEpTaIiiftHOI poOOTH € TOIAJBIIHIA

PO3BUTOK araparty y3arajibHeHoro Metoqy dyp'e Ha HOB1 KJIACH BICECUMETPUYHUX 3aa4
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CTalllOHAPHOT TEPMOMNPYKHOCTI JJIl IPOCTOPOBUX TL 31 CPEPUUHUMHU MOPOKHUHAMU Ta
BKJIFOUEHHSIMU, TOCIIJKEHHS €(peKTUBHOCTI METOAY 1 MEX HOro MpakTUYHOI peaisailii,
3aCTOCYBaHHS HOro J0 JIOKAJIBHOTO MOJIETIOBAaHHS TEPMONPYKHUX TMOJIB y TUIaxX 3i
chepuYHIMH TOPOKHUHAMH 1 BKJIIOYCHHSIMH, IOCITIDKEHHS 1 aHami3 IMX IIOJIB,
ONTUMAJIbHE KEPYBaHHS BICECUMETPUYHHMM CTAIlllOHAPHUM TEMIIEPaTypHUM TOJEM
TEPMOIPYKHOTO CTaHy IIPOCTOPY 31 CPepUYHUMHU BKIIOUEHHSIM 1 TOPOKHUHOIO.

JIns foCSITHEHHS 11i€1 METH ITOCTaBJICHO TaKi 3aj1a4i:

1. TlpoBectu aHami3 METOMIB PO3B'A3aHHS KpalOBUX 3a/lad CTalllOHAPHOI
TEPMOIPYKHOCTI, X 3aCTOCYBAHHSI MPU MOJIEIIOBAHHI 1 JOCIIKEHHI TEPMOIPYKHUX
MOJIIB B 0araTOKOMIOHEHTHHUX TUJIaX CKJIAIHOI (hOpPMH, a TAKOK METO/I1B ONTUMATBHOTO
KepyBaHHS MOAIOHUMH TTOJISIMH.

2. Po3BunytH amapar y3aragbHeHOro Metony Pyp'e Ha BICECMMETPHUYHI
CTaIllOHApHI TEPMOIPYXKHI 3a7adi IS MPOCTOPOBHUX 0OaraTo3B’sS3HUX TiJ, OOMEKEHHUX
chepuuHUMH TOBEpXHAMH. [[1s 1poro moOyayBaTH HOBI BiCECUMETpHYHI Oa3UCHI
BEKTOpHI pPO3B's3ku piBHAHBb Jlame 1 /lroamens — Heiimana, oTpumaTtu TeopemMu
JI0JIaBaHHS IIUX PO3B'SI3KIB B OJJHAKOBO HANPSIMIICHUX CPEepUUHUX CHCTeMaX KOOPAUHAT,
MOYaTKU SIKUX 3CYHYTI OJWH BIJIHOCHO OJHOTO JOBUIBHO B3JIOBXK OCI CUMETPIi.

3. 3acrocyBatu 0a3ucHl po3B's3ku piBHSAHHA Jlame 11 moOyJ0BHM TOYHOTO
AHATITUYHOTO PO3B'A3KY JIPYTroi 3arajibHOi OCHOBHOI BICECUMETPUYHOT KPaoBOi 3a1adl
Teopii MPY>KHOCTI JUIsl KyJll 3 KOHIEHTPUYHUM CPEepUYHUM BKiIO4eHHsAM. [IpoBectn
MIOBHE OOIPYHTYBAHHS PO3B'SI3KY.

4. 3acTtocyBaTu PO3BUHYTHI METOJ JO JIOKAJLHOTO MOJIEIIOBAHHS CTalllOHAPHUX
TEPMONPYKHUX TOJIB y Tidax 31 CHEPUYHUMH TMOPOKHUHAMH Ta BKJIIOYEHHSMHU.
PosrisHyTn 0O6mBa BUNIAAKHU: BiJICYTHOCTI 1 HASBHOCTI PO3MOJAUICHUX JKEPEN Tera B
00J1aCTSIX BKIIOUCHb.

5. TlpoBectu anHaimi3 1 OOTPYHTYBaHHS ITUX MOJENEH MIISXOM JOCTIIKEHHS iX
KOPEKTHOCTI.

6. [IpoBecTr 3BelieHHS 3a/1a4l ONTUMAIBHOTO KEPYBaHHS TEMIIEPATyPHUM TOJIEM

TEPMOTIPYKHOTO CTaHy MPOCTOPY 31 CPepUUYHUMHU BKIIIOYEHHSM 1 TMOPOKHUHOIO JI0
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eKBIBAJIGHTHOI 3ajlaul, B SIKIH CTaH 00’ €KTy BHM3HAYAETHCS HECKIHUEHHOIO CHUCTEMOIO
JTHIAHUX anreOpaiyHuX PiBHSIHB.

7. Po3poOutu MeToj MOCHIIKEHHS €KBIBAJCHTHOI 3ajlaul, 3aCHOBAaHWUM Ha
napamerpuaHomy po3s'sizanni HCJIAP.

8. JlocmiIuTH KOPEKTHICTh PO3B'A3KY €KBIBAJICHTHOT 3a]1a4l.

9. IlpoBectn B ycix 3ajayax MapaMeTPUYHMUIA aHAII3 TEPMOIPY>KHOTO CTaHy B
PO3TIIIHYTUX Y HUX TiJIax.

10. IIpoBecTu anaini3 epexTuBHOCTI YM®D B po3riissHyTHX Ki1acax 3ajad 1 MexX Horo
MPaKTUYHOI peai3alii.

11. 3pobuTy BUCHOBKH 3a pe3yjIbTaTaMu MPOBEICHUX JTOCITIIKEHb.

O0’ekT aocCaimKeHHS] — HaMpy>KeHO-IePopMOBaHUN CTaH 0arato3B’sI3HOTO
MIPOCTOPOBOTO Tija 31 CPEPUUYHUMU OPOKHUHAMU Ta HEOJHOPIAHOCTSIMU 32 HASIBHOCTI
B HUX CTaI[lOHAPHUX TEMIIEPATyPHUX IMOJIIB 200 O3 HUX.

IIpenmer pocCHiTzKEHHS — METOAM Ta MOJAENI JOCHIDKEHHS HamnpyKeHO-
nedopmalliiiHux 1 CTallloHAPHUX TEPMONPYKHUX MOJIIB B 0araTo3B’I3HUX MPOCTOPOBUX
TiJ1aX MEeBHOI POPMU 1 ONTUMATBHOTO KEPYBAHHS HUMHU.

Metoau pociaimkeHHsi. OCHOBHUM METOJOM JOCHIDKCHHS PO3TISHYTHX Y
JUcepTallii KiaciB 3ajay € y3arajgbHeHud wmeron Dyp'e, skuil y poOOTI OTpuMaB
MOJANBIIOT0 PO3BUTKY. [Ipu mocmimKeHHI APyroi OCHOBHOI BICECUMETPUYHOI 3ajadyi
TEOpii MPYXKHOCTI JJIs KyJdi 31 cepUUHUM BKJIFOYEHHSIM 3aCTOCOBYBABCS 3BUYAWHUIMA
Meton Dyp'e. st po3B'si3aHHS €KBIBAJICHTHOI 3a7a4l TPH JOCITIHKEHH] ONTUMAIBLHOTO
KepYBaHHS TEMIIEPATyYpHUM TIOJIEeM TEPMOIPYKHOTO CTaHy CKIAICHOTO Tijla
BUKOPHCTOBYETHCS 3aIIPONIOHOBAHUH Y TUCEPTAallli METO/ MapaMETPUIHOTO PO3B'A3aHHS
HECKIHYCHHOI CUCTEMU JIHINHUX anreOpaiyHuX piBHIHB. /(15 4ncenbHOTO PO3B'sI3aHHS
HCJIAP BUKOPUCTOBY€EThCS METOJ] pEYKIIii, a B 3a7a4l ONTUMAJILHOTO KepyBaHHS 1Ie i
meto Jlarpanka i ciekTpaabHUN METO/I.

HaykoBa HOBM3HA JUCEPTALIMHOI POOOTH MOJISITA€ B HACTYITHOMY:

1. HaOyB momanpmioro po3BUTKY amapaT y3araibHeHoro meroay Dyp'e, mio
MOJISITA€ y HACTYMHOMY: TOOY/I0BaH1 HOBI BICECUMETPHUYHI BEKTOPHI 0a3MCHI PO3B'SI3KU

piBusiHb Jlame 1 [{roamens — Heilmana B cepuyHux KoopAauHaTax, Ha OCHOBI HAOOPIB
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TapMOHIYHUX, OITAPMOHIYHHUX 1 MOTIrapMOHIYHUX (QYHKIINA TPEeThOT0 NOpsaAKy. s nux
PO3B'SI3KIB BIIEpIIE OTPUMAHO TEOPEMH JOAABaHHS B CHUCTEMaX KOOPJAUHAT, MOYATKH
SKUX JOBIIBLHO 3CYHYTI OJIMH BITHOCHO OJIHOTO B3JIOBXK OC1 CUMETPIi.

2. Bmepmie oTpuMaHO OOTPYHTOBAaHMI AaHAIITUYHHA PO3B'A30K  JAPYroi
BICECUMETPHUYHOI KpaloBOi 3ajadi Teopii MPYKHOCTI JJIg KyJi 3 KOHIEHTPUUYHUM
chepuyHUM BKJIIOYEHHSM B 3arajibHiil IMOCTAaHOBII 3BHUYalHUM MeToaoM Dyp'e.
BceranoBieHo kiac po3B’sI3HOCTI 3ajadi. J[Jis 1bOro BHepliie OTPUMAHO OLIHKY 3HU3Y
MOAyJsi OaraTomapaMeTpUYHOrO0 BHU3HAYHHMKA PO3B’S3yBaJbHOI CHCTEMH B 3ajadyl
CHpsbKeHHS 1eopMaliiHUX TOJIIB.

3. Bnepuie oTpuMaHoO JOKaJIbHY aHAIITUKO-YUCIOBY MOJEINb TEPMOHAIIPYKEHOTO
CTaHy y OPUCTOMY Matepiaji B 00JacTi MiXk JBOMa CPEPUUHUMHU ITOPaAMHU.

4. Bmnepuie nNOCTaBI€HO 1 pO3B’S3aHO 3aJady ONTUMAJIBHOIO KepyBaHHS
PO3IO/IIEHOI0 CUCTEMOIO B 0arato3B’si3Hii 00J1acTi, a came, KepyBaHHS TeMIIEpaTypHUM
MOJIEM HANpyXEHOr0 CTaHy KyCKOBO-OJHOPILAHOIO THPOCTOpy 31 ChEepuyHUMU
BKJIFOUEHHSIM 1 TIOPOKHUHOWO. [[71s1 1IbOTO BIiEpIe poO3B’s3aHO 3a/ady ONTHUMAaIbHOTO
KEpYBaHHSI CHCTEMOIO, CTaH SKOI BU3HAYAE€THCA HECKIHYEHHOIO CHUCTEMOIO JIHIMHUX
anreOpaiuHuX piBHSHb.

5. Po3po0neHo HOBUI METO/1 TapaMETPUYHOTO PO3B'I3aHHS HECKIHYEHHUX CUCTEM
JHIAHUX anreOpaiyHuX piBHSHD, MPaBl YaCTUHU AKUX JIHIIHO 3aJeKaTh B/l MapaMeTpiB.

6. Brmepmie po3B’si3aHO 3agady OpO PO3MOAIT TEMIIEpaTypHUX HAINpPYyKEHb Yy
KYCKOBO-OJIHOPIAHOMY TPOCTOP1 31 CHEepUIHUMHU BKIIOYCHHSIMHU MPU HASIBHOCTI B HUX
PO3MOITICHUX JDKEpesl TeIJla y BUIMAJAKY, KOJIM BKIIOYEHHS 1 MPOCTIP MAOTh Pi3HI
TEPMOMEXAHIUHI XapaKTEPUCTUKHU.

IlpakTuyHe 3HA4YeHHs Ppe3yJbTATiB Po0OTH. AHAIITUYHI  PO3B'SI3KH
PO3MIISIHYTUX Y AUCEpTAallii 3a7a4 JUIsl MPOCTOPY 3 IBOMAa CPepUyHUMHU OPOKHUHAMM 1 3
JBOMa  BKJIIOUYEHHAMH (DAaKTUYHO 3aJal0Th JIOKAJIbHI  MapamMeTpuyHl  MOJeml
TEPMOMNPYKHOTO CTaHy B MOPUCTUX 1 3E€PHUCTUX KOMIIO3UTHHX MaTepianax (31
chepUuyHUMH TMOpaMU 1 3€pHAMH) y TOMY CEHCI, IO JOCTaTHbO TOYHO OIUCYIOTh
pPO3MOMUT HAMPYKEHb B HUX y 30HaX iX HAMOUIBIIOI KOHIIEHTpAIlli — B 00JACTAX MIXK

HEOJHOPIAHOCTAMHU. JIOKanbHUN XapakTep po3MOALTY HampyXeHb B TaKUX TuUIax
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BuIUIMBae 3 npuHIuny Cen—Benana 1 OyB nepeBipeHHii B 3aa4ax Ui CKJIaIeHUX TUT B
moHorpadii [73]. BaxnuBicTh 1 IpakTHYHE 3HAYEHHA OTPUMAHHUX MapaMeTpUYHUX
MojieJield Ha BIJIMIHY BiJl YUCTO YHCEIBLHOTO KOMII FOTEPHOIO MOJEIIOBAHHS METOJIOM
ckinyeHHux enemenTiB (MCE) nmponemMoHcTpoBaHO B poOOTI Ha MPUKIAJl PO3B'SI3aHHS
3a/layl ONTUMAJbHOTO KEpPYBaHHS TEMIIEpaTypHUM IIOJIEM TEPMOIPY>KHOTO CTaHy
MpOCTOPY 31 CPEepUIHUMHU TMOPOKHUHOK 1 BKIIFOYEHHSM, /1€ ONTUMI3allisl (paKTHIHO
POBOANUTHCA 3a NIEBHUMH TapaMeTpamu JIOKalbHuX Mojened. Kpim toro, orpumanxi
MaTeMaTU4IH1 Moje 0e3 CYTTEBUX YCKJIaJIHEHb PO3MOBCIOIKYIOTHCA HA T1JIa 3 PI3HOIO
(iHOI1 BENMMKOI0) KUIBKICTIO HEOJHOpiAHOCTEeW 1 mepioawydi 3amadi, ne MCE wmaio
edextrBeH. HeoOXiJHO 3a3HAUMTH, IO OTPUMaHI MaTeMaTU4YHI MOJEINI € MPaKTUYHO
TOYHMMH y TOMY CEHCI, 10 y3araibHeHuit metos1 dyp'e 103BOJISIE TOYHO 3310BOJIBLHUTH
TpaHWYHI YMOBH, a YHCEIbHE PO3B'SI3aHHS PO3B’SI3yBaJIbHUX CHCTEM MOKHA BUKOHATH 3
OyIb-SIKMM cTereHeM TOYHOCTI. [Ipy MareMaTuyHOMY 1 KOMIT FOTEPHOMY MO/IEIIOBaHHI
MOJIIB HANpy>KeHb 1 JAepopMaliii 1€ OCOOJMBO Ba)XJMBO B OOJACTAX 3 BEJIHUKOIO
KOHIICHTPAIIIEI0 HANpPy>KEeHb, € HETOUHI Pe3yJbTaTH MOXYTh HETaTUBHO BIUIMHYTH Ha
KOHCTPYKTOPCHKI a00 TEXHOJIOT14HI pillieHHs. BaxJIMBUMU MPaKTUUHUMH PE3yIbTaTaMu
poOOTH TaKOX € YHCeIbHE MOJCIIOBAHHS PO3MIISHYTHX TEPMOIMPYKHUX TIOJIB,
OTpPMMaHUN Ha OCHOBI HBOTO aHalli3 PO3MOAUTY HANpPyXEHb B OKOJI TMOPOXKHHH 1
BKJIIOYEHh B 3aJEKHOCTI Bl TEOMETPUYHUX 1 TEPMOMEXAHIYHUX I[apaMeTpiB,
BCTAHOBJICHHS 3aKOHOMIPHOCTEH B3a€MHOTO BIUIMBY KOHIICHTPATOPiB HAIPY>KEHb Ha iX
JokanpHUM posnoain. i pe3ynbrati MOXKyTh OyTH BUKOPUCTAHO MPH KOHCTPYIOBaHHI
PI3BHHX TEPMOMEXaHIYHUX CcHUcTeM. KpiM CTpOroro TeopeTHYHOTO OOIpYyHTYBaHHS
pO3p00JICHHNX Y AUCEpTallli METOIIB B yCIX 3a/a4ax AOCIIKYBAUCS MUTAHHS YUCEIIBHOL
301KHOCTI HAOJIMKEHUX PO3B'A3KIB 1 BCTAHOBJICHHS MEX MPAKTUYHO1 peasizailii MeTOI1B.
Anpobauis pe3yabTaTiB aucepramii. OCHOBHI MOJIOKEHHS JIUCEPTallIHOL
poOOTH TOMOBITATHCS HAa KOHPEPESHITISNK:
) XXI MixkHapoHuid cuMIio3iyMm «MeToau TUCKPETHUX OCOOIMBOCTEH B 3a/adax
mateMatuyHoi (izuku/ Discrete Singularities Methods in Mathematical Physics»

(MJO3M®/DSMMPh-2023), matepianu AOMOBI/I B CTATTI:
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Hikomaes O. TI'., Ckinka M.B. JlokanpbHa MOJENh TEPMOIPYKHOTO CTaHY
nopuctoro matepiany // BicHMK HalllOHaJIBHOTO TEXHIYHOTO yHiBepcuteTy «XIID».
Cepist: MaTeMaTH4He MOJICNIIOBaHHS B TeXHIIl Ta TexHoJorisax. — 2023, Ne 1. — C. 92-
100. DOI: 10.20998/2222-0631.2023.01.24;

o International conference «Mathematic problems of the technical mechanics.
Annual scientific conference MPTM 2024», September 17-19, 2024, Dnipro, Ukraine:

Nikolaev O. G., Skitska M. V. Thermoelastic problem for a space with two
inclusions and heat generation // International conference «Mathematic problems of the
technical mechanics. Annual scientific conference MPTM 2024», September 17-19,
2024, Dnipro, Ukraine, Book of Abstracts. Part 2, 144 p.

o 11-a MixHapoaHa HaykoBa KoH(pepeHuUis «MaTemaTuuHi npoOjieMu MeXaHIKd
HEOJHOPIAHUX CTPYKTYp». JIbBiB, 2024:

Hikonaes O., Ckinka M. Meroa BU3HAUYE€HHS ONTHUMAJIbHOTO KEpyBaHHS
TEPMOIIPYKHUM CTAHOM KYCKOBO-OJHOPIJHOIO TiNa 3a JOMOMOIOK0 CTalllOHAPHOTO
TeMrepaTypHoro mnojisg // MaremaTudHi npoOJieMH MEXaHIKM HEOJHOPIAHUX CTPYKTYP:
301pHUK HayKOBUX mpanp 11-i MixkHapoaHo1 HaykoBoi KoHepeHii / 3a 3ar. pea. P.M.
Kymmipa 1 FO.B. TokoBoro // JIbBiB: IHCTUTYT NpUKIaAHUX MTPOOJIEM MEXaHIKHA 1
mateMatuku M. A.C. Ilincrpuraua HAH VYkpainu. — 2024. — Bun. 6. P. 185.
http://tapmm.lviv.ua/mpmns2024/materials/mpmns2024 S0603.pdf

Iyoaikanii. Marepianu nucepTaiii JOCUTh MOBHO BUKIIAJIEHO Yy 5 HAayKOBHX
mpaisix aBTopa 3a TEMOI JucepTallii, y Tomy uucii: 1 crarta y paxoBoMy HayKOBOMY
BUJlaHHI YKpainu (kareropis A), inaekcyerbes B Scopus, EBSCO; DOAJ; Ulrichsweb
Global Serials Directory; OCLC WorldCat; Index Copernicus; INSPEC (Institution of
Engineering and Technology); CiteFactor; AcademicKeys; Infobase Index; Google
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PO3JILI 1
AHAJII3 METO/IB PO3B’SI3KY 3AJIAY TEOPIi IIPYKHOCTI TA
TEPMOIIPYKHOCTI JJI51 BATATO3B’SI3HUX TIJT

Teopis mpyxnocti [1, 2, 3] BUBYae MexaHIUHY IOBEIIHKY MaTepiaiiB ITiJl 4yac
nedopmailiii, M0 HE NPU3BOAATH A0 iX MOLIKOHKEHHS YW pyHHyBaHHS. OCHOBHUMHU
METOJaMU JOCTIKEHHS 3aJad y Teopil MPYXKHOCTI € aHAIITUYHI, YUCENbHI Ta
eKCIIepUMEHTalbH1 Mmiaxoau. KoxeH 3 [uX MEeTo/1iB Ma€ CBOi MepeBaru Ta OOMEKeHHS B
3aJIEKHOCTI B1J] CKJIQJTHOCTI 3a/1a4dl Ta TOYHOCTI, IKY HEOOX1AHO JIOCATTH.

[Tmocki 3aayi Teopii Npy>KHOCTI [4] BUBUAIOTh MEXAaHIUHY TTOBEIIHKY MaTepialiB,
KoJu fedopmaiiisi 0OMeXeHa OJIHIEI0 TUIONMHOK. OCHOBHI METOJIU PO3B’A3KY IJIOCKUX
3a/1a4 Teopii MPYyKHOCTI MarOTh CBO1 0cOO0IMBOCTI. OAHUM 13 HaOUIbII €(PEKTUBHUX 1
3arajbHUX METO/I1B € BUKOPUCTAHHS TeOpii PYHKIIIH KOMIUIEKCHOT 3MIHHOT, sIKa JI03BOJISIE
3HAYHO CHOPOCTUTHM MAaTE€MAaTU4YHI OOYMCIEHHS MPHU PO3B’SI3aHHI 3a7a4 HA MPYKHICTb.
3aBASKN BUKOPUCTAHHIO KOMIUIEKCHOTO aHali3y MOXHA OTPUMATH TOYHI PIIICHHS IS
MIEBHUX F€OMETPI 1 TPAHUYHUX YMOB, 1110 POOUTH 1I€ METO/T TOMYJISPHUM JIJISl PO3B’ 3Ky
KJIACUYHUX 33/1a4, TAKUX 5K 3a/1a4a Mpo PIBHOMIPHO HABAHTAXKEHY TJIACTHUHY.

Y poboti [5] po3rasgaeThCcsi KiIacHMYHA IJIOCKA 3ajada Teopii MPY>KHOCTI s
HamiBcmyru. Oco0IMBY yBary MpuIijIeHO CHMETPUYHOMY BapiaHTy 3aj1adi, 110 TI03BOJISE
CIOPOCTUTH MAaTEMAaTUYHUN ONHUC TPAHUYHUX YMOB. ABTOp 3aCTOCOBY€ aHATITHUHUN
MIIX11 A8 OTPUMaHHS TOYHOTO PO3B’SI3KY, 10 0a3ye€ThCsl HA METOJaX KOMILIEKCHOTO
aHaizy Ta QPyHKUiM HanpyxeHb. JJoCHiIKy0ThCsl 0COOIMBOCTI PO3MOALTY HANPYKEHb
y37I0BK TPAaHMYHUX TOBEPXOHb, IO Ma€ BAXJIMBE 3HAYCHHS I TMPOTHO3YBAHHS
MIIIHOCTI KOHCTPYKIIi} Ta OIIHKU IXHBOI JOBTOBIYHOCTI.

Po6ora [6] npucBsiueHa po3B’sI3aHHIO TJIOCKOI KpailoBoi 3a7aui Teopii Npy>KHOCTI
JUTSI IPSIMOKYTHO1 00J1aCTi. 3ampOonoHOBaHO TOYHI aHAITHYHI PO3B’A3KH, K1 0a3yIOThCS
HAa BUKOPUCTaHHI chemialbHUX (QYHKLIIA Ta METOMIB KOMIUIEKCHOTO —aHami3y.
JlocniKy€eThCsl BIUIMB PI3HUX THUIIIB TPAaHUYHMX YMOB Ha PO3MOJAUT HANpPYXKEHb 1

nepeMillieHb y JOCHKyBaHii ob6macti. OTpuMaHi pe3yibTaTd MOXYTb OyTH
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BUKOPHWCTaHI ISl TPOEKTYBAHHS MEXaHIYHUX E€JIEMEHTIB, IO MPAIlOI0Th Y CKIIATHUX
HaNpy>KeHHUX CTaHaX, a TAaKOX Ui BepuQiKallii YUCETbHUX METOIIB PO3PaXyHKY.

AHaJIITUYHO-YUCTIOBUN CHEKTPaJbHUM METOMA, SKHM Ii3HIme OyB Ha3BaHUU
MeToaoM OCTporpajchKoro, 3aCHOBAHUH Ha MOJAaHHI HAMpyXeHb Ta aedopmariiii uepes
psanu @yp’e. Llelt MmeTon € MOTY>XKHUM 1HCTPYMEHTOM JIJIsl pO3B’SI3KY 3aJlay MPY>KHOCTI,
0COOJIMBO ISl 3a7a4 3 PEryJIipHUMHU T'€OMETPIsSIMU, TAKUX SIK MPSMOKYTHI TUIACTHHH.
[IpoTe #Oro HemOMIKOM € YyTIUBICTH O MOMUJIOK y YHUCIOBUX OOUYMCICHHAX Ta
HEOOX1THICTh 0OPOOKH BEJIMKOI KIIBKOCTI JaHUX, IO MOXe OyTH TpyaomicTkum. Llei
METOJ] IPEACTaBICHO B poboTax [7-11] myst po3B’A3Ky IUIOCKOI 3a7a4i sl TPSIMOKYTHO1
rwiactTuHu. Cepesl HeJOMIKIB € Te, 0 BIH MOXKE OyTH Uy TJIMBUM JI0 TOMWJIOK Y UYACEITbHUX
oOuucieHHsx 1 Tpyaomictkum. Crnekrpanbauii Meto [ltypma—JliyBuwis € epeKTUBHUM
IHCTPYMEHTOM [JIsl PO3B’SI3KYy OIrapMOHIYHOTO PIBHSIHHA, IO OMMCY€ 3IMH IUIACTHH.
Peenko [9] mokazaB HOro 3acTOCyBaHHS I TOYHOTO PO3PAXyHKY HaIpPy>KEHO-
ne(OopMOBAaHOTO CTaHy TOHKUX IUIACTHMH IPH PI3HUX KpalOBUX yMoOBax. Y poOOTI
Peenka (2007) mpeAcCTaBlieHO aHATITHYHO-YUCIOBHM MeTo] OCTpOorpaachbKoro s
PO3B’A3KY TUIOCKOI 3a/1a4l Teopii Npy>kHOCTI. MeTo 1 6a3yeThCst Ha pO3KIIaJll PO3B’SI3KY Y
psaau Dyp'e, 10 A03BOJISAE 3BECTH PIBHSIHHS TEOP1i NPYKHOCTI JO CUCTEMHU alreopaiaHux
PIBHSIHbB, SIKa PO3B’SI3YETHCS YUCEIBHUMU METOJaMHU. ABTOP JOCHIIKY€E €hEeKTUBHICTh
[[HOTO MIAXOMY JJIS 33/1a4 13 PI3HUMHU IPAHUYHUMH YMOBAMH Ta IEMOHCTPYE MOTO BUCOKY
TOYHICTb.

HocmimkeHHsi, mpeactaBieHi B jpkepenax [12-15], mpucBsiueHi po3B’si3aHHIO
IJIOCKUX 3a/lad Teopii MPYKHOCTI Ta TEPMOIPYKHOCTI 3a JOMOMOTOI aHATITUYHHUX
MeToaiB. Y po6oTi [12] aBTOpM pO3MISAalOTh HAMpPyKEHO-Ie(POPMOBAaHUN CTaH Y
OPSIMOKYTHIM 00J1acTi, 3aCTOCOBYIOYM METOAM (DYHKLIA HAmpyKeHb, L0 JO3BOJSIOThH
OTpUMATH TOYHI AHANITHUYHI PO3B’SI3KM JIs1 KpahoBUX 3adad. AHajoriuHo, y [14]
PO3TIIAIA€THCS 3a74a4a JIJIsl KUTBIIEBOTO CEKTOPA, 1€ BAKOPUCTAHHS (DYHKIIIH KOMIIJIEKCHOT
3MIHHOI 3a0e3neuye eheKTUBHUH IMiIX1]1 10 BU3HAYEHHS TI0JIIB HAMPY>KEHb 1 IEpeMillieHb
y Ipy>kHOMY cepeaoBuiti. [loganbmmii po3BUTOK aHATITHYHUX METO/IiB MPEACTABICHO Y
[15], ne aBTOpM 3acTocyBanu GyHKINT Biraka /st cripoiieHHs po3paxyHKy Hampys>KeHO-

ne(opMoBaHOro CTaHy y MPSAMOKYTHUX obOJyacTsx. L{el miaxia 103BoJIsS€ 3BECTH 3a1a4y
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0 PO3B’SI3Ky CHCTEMM DPIBHSHb Yy KOMIAKTHIIIOMY BHUIJISAL, LIO0 MiABUIILYE
O0YHCITIOBANIbHY €(EKTUBHICTh Ta 3MEHINYE CKJIQJHICTh aHaji3y MeXaHIYHUX
HampykeHb. OkpeMy yBary NpHAUIEHO TepMONpPY:KHUM 3agadam y [13], 1e
pO3TIsAaeThCs  3a7ada A MPSMOKYTHOI o00dacTi B yMOBaXx HEPIBHOMIPHOTO
TEMIIEPATypHOTO  HaBaHTAXEHHSA. ABTOpPU 3aCTOCYBalIM METOJ  IHTETPAIbHUX
NEpPEeTBOPEHb, M0 JO3BOJIMJIO OTPUMATH TOYHI PO3B’S3KA Il  BHU3HAYCHHS
TEMITepaTypHHUX TIOJIIB 1 OB’ I3aHUX 13 HUMU MEXaHIYHUX HAIPY>KEHb.

PoGotu [16-17] mpucBsiueH1 AOCHIPKEHHIO IUIOCKHUX 3ajlad Teopii MPY>KHOCTI,
30KpeMa 3ajad, [I0 OMHUCYIOTh HampykKeHO-IehOopMOBaHUN CTaH y Marepianax i3
BKJIFOUEHHSIMU. Y [16] aHami3yloTh pO3MOJUT HANpY’KEHb y IUIONIMHI, IO MICTHUTH
CUCTEMY MPSAMOJIIHIMHUX BKJIIOYE€Hb. BOHM BHUKOPHCTOBYIOTH METOAM KOMIUIEKCHOIO
MOTEHIIIaTy JUIst pO3B’SI3KY 3a/1adi, 110 I03BOJISIE TOYHO BU3HAYATH HAMPY>KEHHS B OKOJI
BKJItoueHb. MoHorpadis [17] [onoxoro npucssiueHa y3araabHEHHIO TEOP1i aHATITUHYHUX
(GyHKILIA KOMIJIEKCHOI 3MIHHOI. Y HIA BBEJIEHO MOHATTA p-aHAIITUYHUX Ta (p,q)-
aHATITUYHUX (PYHKI1H, 110 BAKOPUCTOBYIOTHCS JIJIs1 TOCHIIKEHHS KpaHoBUX 3a]1a4 TeOpii
npy>kuocTi. Lleit migxiag 3abe3nedye MOXIUBICTh y3araJdbHEHHS KIACHYHUX METOJIB
PO3B’SI3Ky Ta iX ajanTailito 10 3ajay i3 CKJIaJHUMU FPaHUYHUMU YMOBaMH.

Meron ckinuennux enemeHTiB (MCE) [18, 19] € ogHuM 13 HaWMOMIMPEHINMINX 1
Halie(pEKTUBHIMNX YHUCEIBPHUX METOMIB JUIsI PO3B'SI3aHHSA SIK CTaTHYHUX, TakK 1
JUHAMIYHUX 3a/1ad Teopil MPYy>KHOCTI B 00JaCTlI MEXaHIKM TBEpAUX A€(HOPMOBAHMX TiJI.
[e#t MeTo M03BOJIIE MOJIETIOBATH Ta aHAII3yBaTH TMOBEAIHKY MaTepiajiB 13 CKIATHOIO
Ir€OMETPIEID, HEOJHOPIAHOI  CTPYKTYpPOIO Ta KOMOIHOBAaHUMH  MEXaHIYHUMU
HaBaHTaXkeHHAMU. [Ipunuun podotn MCE nondrae B po30HUTTI CKiIagHOI 00JacTi Ha
HEBENMKI Mmigo0macTi (CKIHYeHI €JeMEHTH) 1 MOJANbIINA ampoKCUMaIlli pO3B'S3Ky
BCEPEIMHI KOKHOTO €JIEMEHTa 3 BUKOPUCTAHHAM 0a3uCHUX (PYHKIIIH (4acTO MOIHOMIB).
3aBAsSKH IBOMY 3aj7ia4a 3BOJUTHCS 0 CUCTEMH JIHIMHUX a00 HEMIHIWHUX PIBHSHbB, SIKI
BUPIIIYIOThCA yuceabHO. Takum uyuHOM, MCE € noTyXHUM IHCTpYMEHTOM JIJIs
YHUCEJIbHOIO aHaI3y B MEXaHiIll MaTepialiB, 3a0€3Meuy0Yd BUCOKY TOUHICTb 1 THYUKICTh

y MOJIETTIOBaHHI IIIMPOKOTO CIEKTpa 3ajad.
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[HIMM BaXIMBUM MiAX0AOM € MeToa TpaHndHux enemeHTiB (MI'E), skwii
3aCTOCOBYETBCS JJISi YHCEIBHOTO PO3B’S3KY 3amad Teopii mpyskHocTi. Lleit meron
e(EeKTUBHO BUKOPUCTOBYIOThH JUISI MOJICTIOBAHHS MOBEAIHKM MaTepialiiB 3a CKIIQJHUX
YMOB I'pPaHUYHUX 1 BHYTpilIHIX HaBaHTaXeHb. MI'E mae kinbka nepeBar: J03BOJIsIE TOUHO
BpPaxoOBYBAaTH Pi3Kl 3MIHM B TPaHUYHHUX YMOBAaX, a TaKOX €(PEKTHUBHO MpAIIOE 3 JyxkKe
CKJITHUMH TeoMeTpisiMu. OTHAK TOUHICTh PIIICHHS 0€3M0CEPETHBO 3aJICKUTh BT SIKOCT1
ampoKCUMaIlli TPAaHUYHUX YMOB, 1[0 MOXK€ MPU3BECTH A0 MOMUJIOK MPHU HEIOCTATHHO
JeTabHOMY MO o0sacti. Y po6oTi [20] ass ABOBUMIPHHMX 3a7ad TEPMOMPYKHOCTI
IPOMOHYEThCST MOAU(DIKAIl METOAY TPAaHUYHUX €JEMEHTIB, SIKa BUKOPHCTOBYE
NEPETBOPEHHS T'PAHUYHOTO IHTErPajbHOrO PIBHSAHHSA 3a JOIMOMOTOI pSIiB, WIO
BKIIIO4AtOTh QyHKIIT dopmu. Lle nae 3mory Oinbin eHeKTUBHO OOUMCIIOBATH TEILJIOBI
MOTOKM B Marepiajax, IO MJIAI0TbCSI HE JUIIE MEXaHIYHUM, a W TeIJIOBUM
HABAHTAXKEHHAM, 1 JO3BOJISIE OTPUMATH TOYHIII pe3yJIbTAaTH JUIsl MPAKTUYHUX 33]1a4.

HocnipkenHss [21] 3ocepemkeHe Ha YHUCEIBHOMY MOJEIIOBaAHHI aHTUILIOCKOL
nedopmarlii Tila 3 TOHKUMHU MPYXKHUMHU BKItOUYeHHAMH. OnanacoBuuy Ta Jlparan
3aCTOCOBYIOTbH YUCEJIbHI METO/IM JIJIS aHAII3Y B3a€MO/I1i BKIIFOUEHb Ta OL[IHKU BIUIUBY LIUX
BKJIIOYEHb Ha 3arajbHUI pO3MOALN HAMPYKEeHb Yy Marepiaii. ABTOpH BUKOPUCTOBYIOTh
METOJY TPaHUYHUX E€JEMEHTIB ]Il BU3HAUCHHS HAINpPYXKEHOro CTaHy, IO JI03BOJIE
OIIIHUTH €(PEKTHU JIOKAII30BaHUX Jieopmarliiii Ta MOKJIMBUX 30H PYWHYBaHHS.

B cratTi [22] aBTOpU BUKOPUCTOBYIOTh METOJI TPAHUYHUX 1HTErPaIbHUX PIBHSHb
JUTSL pO3B’SI3KY CTAIllOHAPHOT TEPMOIIPYKHOI 3a/1a4l 3 MIIIAHUMHU TPAaHUYHUMHU YMOBaMHU.
BoHu nocaimkyoTh TeMnepaTypHui po3noall y NpsMOKYTHIM 00J1acTi, MOEAHYIOUH 11€
3 MEXaHIYHUMH HaBaHTAKECHHSIMU. Takui MijaxXid J03BOJISIE BPaXxOBYBaTH OJTHOYACHO 1
TEIJIOB1, 1 MEXaHiuHI e()EeKTH B MaTepiai, 0 € BAKJIUBUM MPU MPOSKTYBaHHI CKJIaTHUX
KOHCTPYKIIiH, e TeMIiepaTypa Ta MEXaH14H1 HABaHTaKEHHS B3a€EMOI1I0OTh.

Meron KBaapaTypHUX €JIEMEHTIB ciiabkoi dopMu AJid aHami3y TUIOCKHX 3ajad
NPY>KHOCT1 OyB npeacTaBiaeHuit B poOoTi [23]. i nocsarHeHHs MeTH AOCIIKEHHS 0YyJI0
BCTAHOBJICHO BapialliiHy TMOCTAaHOBKY IUIOCKMX 3aJad MpPYXKHOCTI Ta BBEICHO
nudepeHIliaTbHuN KBaIpaTypHUN aHajor moxigHuX y dyHKiioHami. s mepeBipku

€(heKTUBHOCTI Ta MEPCIEKTUBHOCTI METOTy OYJIO TOCTIIKEHO KUJIbKa TUMOBUX TJIOCKUX
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3a/1a4 IPY>KHOCTI. Y poOOTI 00TOBOPIOIOTHCS MOAIOHOCTI Ta BIAMIHHOCTI, TTEpEBaru Ta
HEJIOJIIKKM METOAYy KBaJpaTypHHUX EJIEMEHTIB claOKoi (GopMH TOPIBHSIHO 3 1HIIMMHU
YUCEJIbHUMH METOJIaMU, SIK MPABUJIO, 3 METOJIOM CKIHUEHHHUX €JIEMEHTIB p-Bepcii.

Y poboti [24] pocHimKYyeTbCcs OBOBUMIpHA OirapMOHIYHAa 3ajaya s
HaIlIBHECKIHYEHHOT cMyTHu 3 yMoBaMmu [lipixiie Ha Mexi. OCHOBHA yBara npualIsiEThCs
3aCTOCYBaHHIO METOY CYNEPIO3UIIii Jis OOY0BH PO3B’SI3KY, 1110 JO3BOJISE PO3KIACTH
3aJja4y Ha OKpeMi KOMITOHEHTH 3 TTOIaJIbIINUM TXHIM 00’ € JHaHHSIM. Ba)kinBO10 4aCTHHOIO
poOOTH € MOCHIKEHHS I1HTErPAJIbHOTO PIBHSHHS, IO OIMKMCYE IOBEAIHKY (PYHKIIIT
HEB1JIOMOI IIUJIBHOCTI, 3 BAKOPUCTAHHIM TE€XHIKHU nepeTBopeHHs Mernina. e no3Borsie
JIETAIbHO MpOaHAII3yBaTH ACUMIITOTHYHI BJIACTMBOCTI PO3B’A3KY MpPH HAOIMKEHHI
apryMeHTy JI0 HECKIHYEHHOCTI, 110 € KJIIFOUOBHMM JIJIsl OLIHKU TOBEIIHKU PO3B’SI3KY Y
BigganeHux obmactsax. Pobora cmpsiMoBaHa Ha PO3MIUPEHHS MOXIJIHMBOCTEH METOTY
CYNepIo3uilii y KOHTEKCTI OIrapMOHIYHUX 3ajad 1 iX 3acTOCyBaHb Yy MEXaHiIll
ne(opMIBHUX CEPETOBUIII.

[IpocTopoBi 3amadi Teopii MPYKHOCTI JJisi 0Oarato3B's3HUX TUI CTaHOBJISATH
CKIAHUI KJac IHKEHEPHUX 3a/lad, 10 BPaxOBYIOTh TpUBHUMIpHI nedopmarii Ta
HaIpy>KEHHA B MaTepiajiax, Kl MOXYTb OyTH CKJIAQJHUMHU a00 MarOTh HEOAHOPIIHY
CTPYKTYpYy. BaXJIMBO BU3HAYUTH MOBEMIHKY TaKUX T MiJ JIE0 PI3HOMAHITHUX
HABAHTAXKEHb Ta y PI3HUX TOUKaX IXHHOro 00'eMy. Monorpadis [25] MICTUTh IUPOKUN
aHali3 TOYHUX aHATITUYHHUX PO3B’S3KIB ISl KpalOBHX 3a7a4 MEXaHIKU AePOpMIBHUX
TBepauX Ti1. OCHOBHHMI aKIEHT 3pO0JEHO HAa METOJAaX CHHTYJISIPHHX 1HTErpabHUX
PIBHSIHB, SIK1 JO3BOJISIFOTH JIETAJILHO TOCIIIUTH HANIPYKEeHO-1eopMOBaHuUM CTaH y 30HaX
BHUCOKOI KOHLEHTpAILlll Halpy>KeHb, 30KpeMa Mo0JU3y OTBOPIB, PO3PI3iB T4 KOHTAKTHUX
obOnacTeil. ABTOp TakoX pO3MISAa€ 3aCTOCYBaHHS AaHANITUYHUX METOMIB  JUIs
MOJICTIOBaHHSI PeaJbHUX MEXaHIYHMX CHUCTEM 13 HEOJHOPITHOCTSMHM, 110 MA€ BEJIMKE
3HAUEHHS Ui OIIHKK JOBrOBIYHOCTI MarepiaiiB. Y 3arajibHOMYy, OOWABI poOOTH
BUKOPUCTOBYIOTh KOMOIHOBAaHI TEOPETUYHI METOJIM, L0 J103BOJISIIOTH OTPUMYBATH SIK
TOYHI, TaK 1 HAOJMKEH1 PO3B'SA3KU JJIs1 CKJIAIHUX MEXaHIYHMX 3a/ad.

ACUMNTOTUYHUIN METOJ € MOTY>KHUM 1HCTPYMEHTOM JJIsi HaOJIMKEHOTO aHalli3y

3a/1ay JiHIAHOT Ta HeniHiMHOT npy>kHocTi. Karaziit Ta [lnopTa [26] npoaeMoHCTpyBanu
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foro epeKTUBHICTH [IJIs1 OTPUMAHHSA TOUYHUX aHAJTITHUYHUX PIIIEHb Y BUMAAKaX 3 MAJTUMHU
napaMeTpamu, 10 J03BOJISI€ 3MEHIIUTH OOYHMCIIOBAIbHI BUTPATHU MPU MOJAETIOBAaHHI
CKJIAJHUX MEXaHIYHUX cucteM. JloCHiPKeHHs HarpyXeHO-1e(OpMOBAHOIO CTaHy
OaraTomapoBUX MaTepiaiiB € KIOYOBUM Yy MEXaHilll KOMIIO3UTHUX CTPYKTYp. ABTOpHU
[27] npencTaBuiu aHaIITUKO-4UCceNbHUM miaxia s ouinku HJIC mapyBatux ocHOB, 110
JIO3BOJISIE  BU3HAYUTH  ONTHUMAaJbHI MapaMeTpu MIAKPIILIIOIOYUX  EJIEMEHTIB Y
KOHCTPYKIIAX TaKOXK aCUMIITOTHYHUM MeTo/IoM. Lleil MeTox 3a3Buuail 3aCTOCOBYIOTHCS
JUIs. BUpPIIIEHHS 3aja4, /i€ BaXJIMBI JIOKaJIbHI €(EeKTH, HalpuKIajg, MpU BETUKHUX
nedopmairisix a00 B yMOBaX CKJIAJHUX B3a€MOINA MK MarepiajioM 1 HaBaHTaKEHHSIM.
ACUMNOTOTUYHI METOJU JO3BOJIIOTH CIPOCTUTH PO3PaXyHKH, 30epirarouu JIOCTaTHIO
TOYHICTbH JIJISl IPAKTUYHUX 3aCTOCYBaHb.

Merton ckinuenHux enemeHTiB (MCE) [28] € onHMM 13 HaWMOTYXHIIIUX
YHUCEJIbHUX MM1IXO0/IIB JIJI PO3B’S3aHHS 3a/1a4 MEXaHIKH CYIUIBHUX CEPEOBHIIL, 30KpeMa
JUJIS1 aHaUTI3y Halpy»KEeHO-Ae(OpMOBAHOIO CTAHY B 00JIaCTAX 13 pO3pi3aMu, BKIIOUCHHSIMHU
Ta 1HIIUMH ocoOJuBoCTsIMU TeomeTpii. Pobora [29] PymakoBa K. M. mpucsiueHa
po3po0ili eheKTUBHUX aJNTOPUTMIB 3aCTOCYBAaHHS METOAY CKIHUCHHUX EJIEMEHTIB JJIs
TPUBUMIPHUX KpaHOBUX 3aJa4 MEXAHIKM TBEPJOro Tiia. ABTOP JOCIHIJIKY€E MOKIUBOCTI
I1IBUIIICHHS TOYHOCTI PO3PaxyHKIB IIJISIXOM ONTUMI3AIlli 00UHUCIIIOBAILHUX MTPOIIECIB Ta
BUKOPHUCTAHHS aIAIITUBHUX CITOK. 3aIpOIMOHOBAaHI MiAX0I1 MOKPAIIYIOTh ¢(heKTHBHICTh
PO3B’SI3Ky 3a/lad 3 ypaxyBaHHIM CKJIQJHUX TPAHUYHHUX YMOB, 1[0 MA€ BEJIMKE 3HAYCHHS
JUISL  aHami3y KOHCTPYKIIIMHMX €JIEMEHTIB Yy MAaIlMHOOY/IyBaHHI Ta aBlalliiiHil
MIPOMHUCIIOBOCTI. 3arajiom, I JOCHIJIKEHHS AEMOHCTPYIOTh KitouoBl nepeBaru MCE nipu
MOJICITIOBAaHHI MEXaHIYHOI MOBEAIHKH CKIIQTHUX TMPYXKHUX CTPYKTYp. BukopucranHs
IIOTO METOAY JO03BOJISIE aHAII3yBaTH HAINPYKEHO-AE(POPMOBAHUIA CTaH y PEATbHHUX
KOHCTPYKIIISIX, Y TOMY YHUCJ1 THX, III0 MICTSTh pPO3pi3H, BKJIFOYEHHS Ta HEOHOPITHOCTI
MaTepiaiy, 3a0e3Meuytour BUCOKY TOUHICTh 1 00UHMCITIOBANIbHY €(DEKTUBHICTD.

B po6orax [30, 31] nmpeacTaBieHO yTOUHEHY MaTeMaTHYHY MOJIEIb HaIpy>KeHO-
ne(OopMOBAaHOTO CTaHy OJHOBAJIBHOIO Ta30TYpOIHHOTO JBHUIYHA, peali30BaHy 3
BUKOpUCTaHHAM  MeTony  ckindueHHux  enemeHtiB  (MCE).  Ocob6muBicTio

3aMpOIIOHOBAHOTO MIJIXOAY € 3aCTOCYBAaHHS CIEIiali30BaHUX KOHTAKTHUX CKIHYEHHHMX
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€JIEMEHTIB, SKI JO3BOJIAIOTH MOJICIIOBATH YMOBH TEPMOYIPYTOoro KOHTAaKTy B 30HI
CHpsDKCHHS Jucka 3 JjomaTkamu. lle 3a0e3medye BHCOKY TOYHICTH MOJEITIOBAHHS
CKJIQJHUX MEXaHIYHMX 1 TEMIIEpaTypPHHUX MPOIIECIB, 1110 BUHUKAIOTH I1]] 4aC eKCIUTyaTalii
CHEPreTUYHUX YCTAaHOBOK HA36MHOTO 200 MJIaBY4YOTO THITY.

Jocmipkerns [32-38] nmpucBsdeH1 po3B’A3aHHIO IPOCTOPOBUX BICECUMETPUUHUX
3aJ1a4y Teopii MPY>KHOCTI JIJIS TUT 13 CPepUUHUMU TOPOKHUHAMU Ta BKIIOUEHHAMHU. Y [32]
Tsuchida, Nakahara ta Kodama ananizyioTh acumeTpuyHy 3aady Ui HECKIHUEHHOTO
NPY>KHOTO Tijla, O MICTUTH ABI chepruyHi BkimodeHHs. OcoOnIMBYy yBary HpHILJIEHO
BIUTUBY ()OPMH Ta B3a€EMHOTO PO3TAIIyBaHHS BKIIOYCHb HA PO3MOJIIT HAMPYKECHb y
HABKOJIMITHROMY CEPEIOBUII. 3amporoOHOBaHO MiAXIJ, 0 6a3ye€ThCsl HA BUKOPUCTAHHI
NOTEeHIIATBHUX (YHKIIIH, 1110 T03BOJISIE€ OTPUMATH TOUHI PO3B’SI3KH Y BUMAAKAX CKIIATHOT
reomeTpii. Y ctarti [33] pO3MNIAHYTO MEXaHIKy HampyXeHb 1 Jaeopmanii y
OCECUMETPUYHUX OOOJIOHKAX, SIKI MalTh IIAPOBY CTPYKTYPY 1 HaOIMKAIOTHCA 0
chepuunux QGopm. Y poOOTI aHATIZYIOTHCA TEOPETHUYHI MIAXOAW 10 MOJCITIOBAHHS
nedopMaiiiii Takux T MiJ BIUIMBOM PI3HOMAaHITHUX HaBaHTaXeHb. OCHOBHa yBara
MPUALIAETHCS BUBUCHHIO HAIIPYKEHb Y IIAPOBAHUX CTPYKTYpax, € BAKIUBUM aCIIEKTOM
€ PO3MO/ILJT HAaBaHTAXKEHHS Ta jJAedopmallii MixK mapaMu 00OJIOHKH, 10 MAa€ MPAKTUYHE
3aCTOCYBaHHS B Tally3iX, J€ BHUKOPUCTOBYIOThCA OaraTomapoBi Marepianu abo
KOHCTPYKIIii 31 chepuaroro reomeTpiero. CTaTTss BHOCUTh 3HAYHHI BHECOK Y PO3BUTOK
Teopii MEXaHIKh OOOJOHOK, 30KpeMa B 00JIACTI aHAN3y OCECHMMETPUYHHUX 3adad s
CKJIQHUX TEOMETPUYHUX (OPM, TaKUX SIK OOOJOHKH 3 KIJTbKOMa IIapaMH Ta Maibke
chepuunumu nopoxkauHamu. Y [35] Kammusuii, Konuctpa Ta JIoMoHOC 1OCTITIKYIOThH
HaIpyKeHO-1e(POPMOBaHNN CTaH KyJi 3 HEKOHIICHTPHUYHOIO KYJIHOBOIO MOPOKHUHOIO.
ABTOpaMu 3aIpOIIOHOBAHO METO/I IIPEICTABIICHHS PO3B’3K1B Uepe3 creriaabHl QyHKITIT,
110 3HAYHO CITPOIIYy€ aHANITUYHUH onuc 3a1a4i. Y [34] Kanmmsuii 1 Horin 10¢miKyoTh
BIUTUB CHEPUYHHUX PO3PI3IB y MPYKHOMY MPOCTOPi, MO € BAKIWBHUM IS aHATI3Y
pyiiHyBaHHS Ta OIIIHKM MiIfHOCTI MatepianiB. [ocmimkennsa [36-38] 3ocepemkeHi Ha
OLTBII CKJIAQTHUX TEOMETPUYHHMX IOCTAaHOBKax. Y [36] pO3MISHYTO BHUIIAJIOK JBOX
chepuYHHX MMOPOKHUH y TPYKHOMY MPOCTOPI, a B [37] MOCHiIKy€eThCs 3aa4a s KyJIl

3 HEKOHIIEHTPUYHOI MopoxHUHOW. Y [38] JloMoHOC po3srisgae po3B’si30K 3ajaadi
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HANpYy>KEHOT0 CTaHy MPOCTOPY 3 IBOMA CHEPUUYHUMHU OPOKHUHAMU, BUKOPUCTOBYIOUU
y3arajibHeH1 aHaJIITUYHI METO/H, [0 BPaXOBYIOTh CKJIAHICTh T€OMETPII.

VY po6orti [39] AocaimKyoThCcsl MPOCTOPOBI 3a/1ayul TEopii MPYKHOCTI y TEpMiHAX
HanpyXeHb. BUKOPHUCTOBYIOTHCS aHANITUYHI METOJIM PO3B’S3KY, 30KpeMa METOAU
(GyHKIIIH Hanpy’>KeHb, 110 JIO3BOJISIOTH OTPUMATH TOYHI PIIICHHS IS 3a7a4 MEXaHIKU
TBEPI0T0 J1e(POPMIBHOTO TiJIA.

VY crarti [40] MeTomoMm Teopii MOTEHIIady OTPUMAHO PO3B'SI30K MPOCTOPOBOI
CUMETPHUYHOI CTalllOHAPHOI TEPMOIIPY’KHOI 3a/1a41 3 TOHKUM >KOPCTKUM BKJIFOUEHHSIM. SIK
3aCTOCYBaHHS OTPUMAHOI 33J1a4l JJIs KPYTJIOro >KOPCTKOTO BKIIFOUEHHS Y MPOCTOPI i
J€I0 OTHOPIHOTO TEMIIEPATYPHOTO TOJIS.

Y poGoti [41] nochiKYIOTHCS KOHTAKTHI 3a/1a4i Teopii MpyKHOCTI Jisi obsacTe
13 CKJIAJHOI0 T€OMETPIEI0 Ta HEOAHOPIAHOCTSIMH. ABTOPU 3aCTOCOBYIOTH METOJ P-
(GYHKINN, M0 A03BOJISE aHATITHYHO OINMMUCATH TeOMETPII0 HEKIACHYHUX OOJacTed Ta
OynyBaTu TO4YHI a00 HaOIMOKEHI pPO3B’S3KM KOHTAaKTHUX 3anady. OCHOBHY yBary
NPUALUICHO 3a/Ja4aM, Y SIKHUX pPO3IVISIIAE€ThCS B3a€EMOJIIS MPYKHOTO TUIA 31 CTOPOHHIMU
BKJIFOUCHHSIMH, TpPIIIUHAMH a00 IHIIMMHU CTPYKTYpPHUMH oOcoOiuBocTAMH. PoboTa €
BKJIMBOIO Y KOHTEKCT1 PO3BUTKY aHAJTITUYHUX METO/IIB PO3B’A3KY 3a7a4 MEXaHIKH ISt
T1J1 13 HECTaHJAPTHUMHU KOHTYPaMHU.

Po6ora [42] npucBsiueHa JOCIIKEHHIO BIUTMBY HAMPY>KEeHb Ha MiBCepoiganbHy
HEOJHOPIAHICTh, PO3TAllOBaHy Ha BUIbHIA MOBEPXHI MPY>KHOTro TMiBIpocTopy. s
pO3B’sI3aHHS 3a/1a4l aBTOPU BUKOPUCTOBYIOTH METOJIM IHTETPAIIbHUX PIBHSIHB Ta TEOPIIO
Emenb01 eKkBiBaJ€HTHOrO BKJIKOYEHHS, 10 AO3BOJISIE AOCTIAUTH MOBEAIHKY BHYTPILIHIX
nedekTiB y marepiani. PoOoTa € BaXXJIMBOIO ISl aHANI3y HaIpyKEHO-Ie(hOPMOBAHOTO
CTaHy MarepiajiB 3 BKJIIOYCHHSMH, 30KpeMa y BHUIAJKaX, KOJH HEOJHOPITHOCTI
po3TanioBaHi Ha MOBEpPXHI a00 MoOaM3y Hei. 3anmponoHOBaHI MIAXOAW MOXYTh OyTH
3aCTOCOBaH1 I JOCTIPKCHHS MarepiaiiB 13 MIKPOCTPYKTYPHUMH JedeKTaMu, IIo
poouTh 10 POOOTY aKTyaJdbHOK [ MEXaHIKM KOMIIO3MIIMHMX MaTepiajliB Ta
MaTepianio3HaBCTBA.

V3aranbHenuit Metoq Oyp'e(YMD) € nOoTy>KHUM MAaTEMATUYHUM anapaToM, SIKA

3aCTOCOBYETHCSI B TE€OPIi MPYKHOCTI JJI PO3B’sI3aHHS KpaoOBUX 3a7a4 y MPOCTOPOBUX
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0araTo3B'sI3HUX KAaHOHIYHUX 00NacTsaX. Bnepiie Hazpa YM® 3’4BNsi€THCS B JOKTOPCHKHIA
muceptarii O. I'. Hikonaesa [43] y 1997 p., vomy nepenyBanu roro podotu y 80-90-x
pOKax MHHYJIOTO CTONITTA. B HuX Oyno moOyaoBaHO YaCTHHHI BEKTOPHI PO3B'S3KH
piBusiHHS JlamMe 1 cucTeMu pIBHSHB PIBHOBAarM B MEPEMIMIEHHSX TPaHCBEPCATbHO-
130TPOMHUX T JJIA BCIX KAHOHIYHMX MPOCTOPOBHUX 00JaCTel, MEKa SIKUX OMHUCYEThCS
KOOPJIMHATHUMH TOBEPXHSIMHU KPHUBOJIHIMHUX CHUCTEM KOOPAMHAT, B SIKUX MOBHICTIO
PO3AUISAIOTECA 3MiHHI B piBHsAHHI Jlamnaca. Byno chopmynboBaHO MOHSATTS 6a3UCHOCTI
pO3B'sI3KIB piBHSAHHA JlaMe B KaHOHIYHIM 00jacTi 1 JOBEIEHO Oa3MCHICTh YCiX
noOyoBaHUX po3B'sa3kiB. (s moOyaoBaHMX 0a3WCHHUX PO3B'SI3KIB OyJl0 OTPUMAHO
TEOPEMH JIOJaBaHHS B MapaxX CUCTEM KOOPAMHAT 31 CINUIBHUMHU 1 JIOBUIBHO 3CYHYTHUMU
MoYaTKaMu, a TakoX (GOpMyJIH MOBOPOTY. TeopemMu J1ogaBaHHsI OyJIO TaKOX OTPUMAHO
JUISl YaCTUHHHUX PO3B'SI3KIB CHUCTEMH pIBHSHb pIBHOBarM B  IEPEMILIEHHAX
TpaHCBEPCATbHO-130TPOIMTHUX KAHOHIYHMX T B Mapax CUCTEM KOOPAMHAT 31 CHUIbHUMU
novyaTkamu. J[eski 3 poOIT 1IbOro nepioAy HaBeAECHO B kepenax [44 — 52]. JlocmiKeHHs
O. I'. HikonaeBa Ta oro y4HiB J€MOHCTPYIOTh €(DEKTUBHICTh IOTO METOAY B aHaji3l
HaIpY>KEeHO-1€(POPMOBAHOTO CTaHy PI3HUX MPYNKHUX CEPEIAOBHUII 1 HAAAIOTh IIUPOKUN
cnekTp 3actocyBaHHs YM® i aHamizy MOpYKHHX MarepialiB, BKIIOYAIOYH
HWTHAPUYHI Ta cdepoinanbHi CTPYKTYpPH, TOPHUCTI CEPEAOBUINA Ta KOMITO3HIIIITHI
Marepianu. Jleski 3 nux poOiT HaBeaeHo B [53 — 55]. Pob6oTu [54] Ta [55] 30cepemkeni
Ha po3po0Ili MaTEeMaTHYHUX MOJICICH HAMPYKEHOTO CTaHy MOPUCTUX 1 KOMITO3UIIIMHIX
MaTepiais.

CyuacHi JnociipkeHHs y cdepl TEepMOMPY>KHOCTI 30CEPE/KEHI Ha aHai3l
MEXaHIYHOI'0 BIATYKY MaTepialliB 32 YMOB BIUIMBY TEIJIOBUX MOJIiB. OJTHUM 13 KIIFOUOBHUX
HaIpsIMIB € pO3B’sA3aHHS 3aj]1a4 JjIsl 0araTo3B’ I3HUX 00JIACTEH, 110 MICTATh BKIFOUCHHS,
MOPOKHUHU 200 TPIIUHU. AHATITUYHI Ta YUCETbHI METOIU JI03BOJISIFOTH JIOCTIKYBaTH
HaIpy>KeHO-1e(POPMOBaHUN CTaH TiJI, BPaXOBYIOUH BIUTMB HEOJHOPITHOCTEH MaTepiary
Ta reOMeTpUYHOI ckiIagHocTl. dyHaameHnTanbHa podota [56] (Richard B. Hetnarski, M.
Reza Eslami) € ogHi€ro 3 HaliieTaNIbHIIIMX MOHOTpadiid, IPUCBIYEHUX TEPMOIPY>KHOCTI.
Y HIi po3rAsAaloThCAd  KIACHYHI Ta Cy4YacHI WIAXOAW JO BHPIIMIEHHS 3a7a4

TEPMOMPYKHOCTI JJI PI3HUX TUIIIB MaTepialliB, BKIIOYAIOYH 130TPOIHI, aHI30TPOIIHI Ta
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OararomrapoBi CTpykTypu. OCHOBHA yBara MpHUAUISETHCS aHATITUYHUM Ta YHCEIbHUM
METOJIaM PO3B’sI3Ky, TaKuM K MeTosl Dyp’e, METOA 1HTETpaIbHUX TIEPETBOPEHb, METOT
IPAaHUYHUX E€JEMEHTIB Ta METOJl CKIHYEHHUX €JIEMEHTIB. ABTOPH aHAJTI3yIOTh BIUIMB
TPali€HTIB  Temmepatypd, ¢a3oBHX TMEpPeXoiB Ta 3MiH (i3HKO-MEXaHIIHUX
XapaKTEepUCTUK MaTepiaiiB, IO € BAXKIUBUM JJisi MPOCKTYBAaHHS 1HKEHEPHUX
KOHCTPYKIIIH, CXWJBbHHMX JO0 TEMIIepaTypHHUX HaBaHTakeHb. Pobora [57] (A. .
KoBasneHnko) € onHi€I0 3 KJIACHYHUX Mpalb y Taidy3l TePMOMNPY>KHOCTI, MPUCBIYCHUX
MaTeMaTUYHOMY MOJIETIOBAaHHIO TEIIOBUX IMPOIIECIB Y MpyKHUX Tu1aXx. OCHOBHA yBara
30cepepkeHa Ha TMoOyA0BI MaTeMaTHYHUX MOJENEH, IO OMHUCYIOTh PO3MOALI
HaIpy>keHb, Aedopmarlliii, TeMIeparypHUX MOJIB Ta MEPEMIllleHb Y Marepianax i
BIUTUBOM SIK MEXaHIYHUX, TaK 1 TEIUIOBUX HAaBaHTaXKEeHb. Y MOHOrpadii HaBeJAeHO TOUYHI
PO3B’SI3KM JUI BWIIAJKIB OJHOPIAHHUX CEPEAOBUIN, a TaKOX PO3TISHYTO METOAH
HAOJIM>KEHOTO YMCEIBHOTO aHAJI3Y ISl OUIBII CKIIATHUX T€OMETPUYHUX KOHDIryparriif 1
HEOTHOPITHUX cepenoBui. OKpeMo MPHUILICHO yBary 3acTOCYBaHHIO y3araabHEHHX
¢ynkuiid ['piHa Ta aHaMITUYHUX METOMAIB I1HTErpyBaHHSA PIBHAHb TEPMONPYKHOCTI.
AHaNITAYHI MeTOau, mpeacTtaBieHl y [56] 1 [57], M03BOJNSIOTH OTPUMYBATH TOYHI
PO3B’SI3KU I 3aj7a4 TEPMOIPYKHOCTI, OJHAK y BHUIAJKaxX CKJIQJAHOI reomeTpii abo
HEOHOPITHUX MaTepialiB YHMCEIbHI METOIW, TaKi SK METOJ CKIHUCHHHUX CJICMCHTIB
(MCE) a6o meton rpannunux enemeHTiB (MI'E), € 61nb11 epexTuBHUMH.

VY 0araTh0X JOCHIIPKEHHSX TEPMOIPY>KHOCTI BUKOPUCTOBYIOTHCS METOAM
CKIHUEHHHUX €JIEMEHTIB Ta METOJM TPAaHUYHUX €JIEMEHTIB JJI PO3B'SI3KY TEPMOTIPYKHUX
3ajay y OaraTo3B's3HUX TuTax. J[omaTkoBo, AOCHIIKEHHS MOXYTh BKIIIOYATH PIi3HI
(b13M4HI TPOLIECH, TaK1 K TEIJIOBUH MOTIK, Heopmanis, 1udy3is Ta XIMiuHa peakilis, 1o
noTpeOyIOTh I1HTETPOBAHOTO TIAXOAY JO0 TEPMOMNpPYX HOCTI. Y ctarTi [58] aBTOpHM
BUKOPUCTOBYIOTh y3arajlbHEHUW METOJl TpPAaHUYHUX €JEMEHTIB Ta ITepaliiHy
JIEKOMITO3UINI0 JOMEHY $K e(deKTUBHUN Crocid MOJEMIOBaHHS HEOTHOPITHUX
CEpellOBUI] Y KOHTEKCTI TEPMOIPY>KHOCTI Ta TEIIONPOBIAHOCTI. [HmMI miaxifg
JEMOHCTPYEThCA B cTaTTi [59], me mns peanizallii MeTO/la TPAaHUYHUX EJIEMEHTIB Y
TPUBUMIPHUX 3a7a4ax TEPMOMPYKHOCTI MEPETBOPEHHS MOB’SI3aHOTO 3 TEMIIEPATYPHUM

MOJIEM MOTPIHHOrO 1HTErpasga y MoBepXHEBUH B IPAHMYHOMY 1HTErpajIbHOMY PIBHSHHI
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3MIUCHIOETRCS 3a AonomMororo ¢yHkiii ['pina. Ile 3HauHO criporye o0uncIeHHs s Ti
ckiaaHoi reomeTpii. Y [60] po3pobiieHo METOT TPaHUYHUX €JIEMEHTIB JIJIsT JOCIIHKCHHS
CTaIllOHAPHUX TEIJIOBUX 1 TEPMOMEXAHIYHUX IOJIB y TijdaxX 3 TPIIIMHAMU 1 TOHKHUMH
NPY>KHAMH BKJITIOYeHHSIMU. OCTaHHI MOJEIOIOTHCS Ha OCHOBI TIPUHITUITY CTIPSHKEHOCTI
KOHTHHYYMIB Pi3HOI po3MipHOCTI. JIJIsi BUpIIIEHHS MOCTaBJIEHO1 3a7a4l BUKOPUCTAHO
METOJ TOJABIMHUX TPAaHUYHUX €JIIEMEHTIB pa3oM 13 OTPUMAHUMH MOJEISIMU
TEIUIOMPOBITHOCTI Ta TETLIOBOTO PO3IIUPEHHS TOHKOTO BKIIOUCHHS.

Y crarti [61] ommcaHO METOJ aHATITUYHOTO PO3B'A3aHHA 3a7a4 IIOCKOi
NPY>KHOCTI Ta TEPMONPYNKHOCTI ISl TUIOHIMH 1 HAMBIUVIOWIMH 3 HEOJHOPIAHUMH
BJIACTUBOCTSIMUA MaTepialy B OJIHOMY 3 IUTaHApHUX HanpsMKiB. OCHOBHI PiBHSHHS
3BOJIATHCS 0 IHTETPAJIBHOTO DIBHSHHA, SIKE PO3B'SI3YETHCSA 3a JOMOMOIOIO IPOCTOT
1TepaliiftHOl TeXHIKH 31 MBUAKOI 301kHICTIO. Llel miaxin 3abe3nedye BUCOKY TOYHICTh
JUTsE 337124 3 0araTomapoBUMU CTPYKTYpaMu.

VY [62] mocnimpKeHO MOBEAIHKY IMOPOXHUCTUX IWIHIAPIB 3 (YHKIIOHAIBHO-
rpagieHTHUMU Matepianiamu (FGM), siki miagarThCsd MEXaHIYHOMY Ta TEPMIYHOMY
HaBaHT&KEHHIO. OTpUMaHO AHANITUYHUN PO3B'S30K IS PO3MOJUTY NEPEMIleHb Ta
HampykeHb 3a JIOMIOMOTOK  METOIB  IHTETpajJbHOro Ta JU(epeHIliaIbHOTO
MEPETBOPEHHS, OTPUMAHUX 3 PIBHSHb MEXaHIYHOI piBHOBaru Ta TerioT. [1o0ymoBaHo
YHUCEJIbHI MOJIETIl 3 BUKOPHUCTaHHSIM MeToay ckiHdeHHuX eneMmeHtiB 3 USDFLD Ta
METOAY CKIHYEHHUX pI3HUIb [JIsI TEpPEeBIPKA TOYHOCTI AHAIITUYHOTO PIIICHHS.
AmnaniTnyHa GOpMYITIOBaHHS Ta MPOTHO3HM YMCEIHLHOTO MOJICTIOBAaHHS MAalOTh BUCOKHUUN
PIBEHb Y3TO/I’KEHOCTI.

VY crarTi [63] BUKOpUCTAHO TEOPit0 aHAMITUYHUX (PyHKIIH Ta popmanizm LllTpoxa
JUIst TOOYIOBH 1HTETpaIbHUX 3aJeKHOCTEH Ta piBHSIHL TUy CominbsHu. LI piBHIHHS
3aCTOCOBYIOThCA JJIs 3a7a4 TEPMOMPY>KHOCTI y HAMiBIUIOIIMHI, 1110 MICTUTh OTBOPH,
TPIIIMHYN Ta CTOPOHHI BKIOYeHHS. OcHOBHA miepeBara ¢hopmanizmy Lltpoxa momsirae y
MOXJIMBOCTI BpaXyBaHHS BC1X MOXJIMBUX KOMOTHAIIIM MEXaHIYHUX 1 TETNIOBUX KpaOBUX
YMOB Ha MeEXI1 HaIiBIOPOCTOPY. IHTErpangbHi 3aJ€KHOCTI J03BOJSIOTH €()EKTUBHO
OMMKMCYBATH B3aEMO/III0 TPIIIUH 1 BKIIFOYEHB Y MaTepialii, 0 pOOUTH 1EH MiaXi1 3pyIHUM

TS aHami3y aedekTiB. MoaudikoBaHUN METO IPaHUYHUX €JIEMEHTIB, IPEICTaBICHUN Y
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CTaTTi, JEMOHCTPYE BHUCOKY TOYHICTh PO3PAXyHKIB HaBITh IS 3aJad 13 CHJIBHO
HEOTHOPITHUMH BKJIIOYEHHSIMH. 30KpeMa, BiH J03BOJIsi€ OOYHMCIIOBATH TEMIEPATypHI
IOJIs Ta HAIIPY’KEHHS B 30HAX JIOKAJII30BaHUX Je(PEKTIB 13 MIHIMAJIBHOIO TTOXHOKOIO.

Y poborTi [64], Ak anpTepHATHBA METOIY CKIHYCHHHUX €JIEMEHTIB, JJIs1 PO3B'SI3aHHS
IPOCTOPOBHUX 3aJad TEOpii MPYKHOCTI Ta TEPMOMPYKHOCTI MPOMOHYETHCS METO/]
CKIHYCHHUX KOMIPOK, SIKUM TIO€HYy€ B coOl1 iet0 (PiKTMBHOI 00JIacTi 3 MepeBaramu
METOJIy CKIHYEHHUX €JIEMEHTIB BUCOKOTO mopsiaky. Lleit minxia 1o3Bosis€e MigBUIIUTH
TOYHICTb PO3PaXyHKIB I HEOJHOPITHUX MaTepiajiB 1 CKIAIHUX T€OMETPIi.

VY crarti [65] 3anpomnOHOBAHO METOJI TPAJIEHTHOTO 3IJIaJ)KyBaHHS Ha OCHOBI
LEHTPY Kparo 3 BUKOPUCTAHHSIM €JIEMEHTIB HU3bKOTO MOPSAIKY Ul MOB'SI3aHUX 3ajad
TepMonpykHOcTi. OCHOBHUM pe3yibTaTOM € MoOyA0Ba JIHIHHOTO T'PaJIIEHTHOTO IO
BCEPEIMHI €JIEMEHTA 3 Y3rOKEHUM TPaJI€EHTOM B IIEHTPl CTUKY €JIEMEHTa, BKII0Yal0un
KpalloBU LIEHTP TPUKYTHOI'O €JIEMEHTA Ta LIEHTP IPaHl TETPACAPUYHOTO eJIEMEHTA.

ABTOpH cTaTTI [66] 3aCTOCOBYBAIIX PIILIEHHS AJI CTAIOTO PO3MOALUTY TEMIIEPATypH
B IpPSAMOKYTHIM 00nacTi Ta TpaHUYHUM I1HTErpajJbHUM METON Il OTPUMAaHHS
HAOJIMKEHOT 0 PO3B'A3KY /7S IUIOCKOI 3a/1a4l HE3B'sI3HOT TEPMONPY>KHOCTI 3 MEXaHIYHUMHU
IPaHUYHUMU YMOBaMHU pi3HOTO THUMY. ABTOpH Te3 [67] BUKOPUCTOBYIOTH METO/
BIJIOKpEMJICHHSI 3MIHHMX JJI aHAJITUYHOTO PO3B'A3aHHS 3ajadvi Jijisi 0araTomapoBOro
NPSMOKYTHOTO  Tapajenerninena 1 BHUKOPUCTOBYIOTh TapMOHIYHI — (YHKIIT IS
MPECTABJICHHS 3arajlIbHOTO PO3B's3Ky. PO3B'A30K 3amaui 3BOAUTHCS 10 PO3B'S3aHHS
CUCTEMHU JIIHINHUX anreOpaiyHuX piBHIHB 3 OJIOYHO-/[1arOHAIbBHUMH MATPHUIISIMH.

VY crarri [68] po3risigaeTbecsi CTBOPEHHS SIBHUX PO3B'SI3KIB KBAa31CTaTUYHUX
kpaioBux 3an1a4 (KK3) 3B's13aH01 Teopii TEpMONPYHKHOCTI 17151 TOPUCTOT IPYKHOT chepu
Ta MPOCTOPY 31 CHEPUUHOI0 MOPOKHUHOW. JlOCTIIKEHHSI BUKOPUCTOBYE PETYJISIPHUI
PO3B'SI30K CUCTEMHU PIBHAHD JIJISl 130TPOIHOTO MOPUCTOIO MaTepiaty, o MO0y J0BaHUH 3
BUKOPUCTAHHSAM  €JeMEHTapHuX (QyHKIIH  (TapMOHIYHUX, OIrapMOHIYHMX  Ta
MeTarapMoHI4Hux). Y [69] BUKOpUCTAHO eleMeHTapH1 QYHKIIIT 1Sl pO3B's3aHHA 3a7a4
TEPMOMNPYKHOCTI i1 CHEepUUYHMX MaTepialiB 13 TNOpOXKHUHAMHU. [ apMOHIYHI,
OirapMOHIYHI Ta MeETarapMoHIYHI (YHKIi TO3BOJSIOTH MOJETIOBATH PO3MOJILIT

HaIpy>KeHb 1 TEMIIEpaTyp y TPUBUMIPHUX CEPEIOBUIIAX.
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VY crarti [70] posrisimaeTbest nepiia pyHaaMeHTaabHa 3a1a49a TEPMOSTaCTUIHOCTI
JUISL CTUCHEHOTO c(pepoina 3 KOHIIEHTPUUHOIO CHEPUYHOIO TTOPOKHUHOIO 32 JIOIOMOT OO
y3arainbHeHoro Merony ®dyp'e. Lleit Meroa € epekTUBHUM IS 3a7a4 13 CHMETPUUHUMU
TEeOMETPIsIMH, JIe TeMIepaTypHi Ta MEXaHIYHI BIUIMBU MOXYTh OyTH TpPEICTaBJICHI y
BUrjsial psaiB dyp'e. 3amava Oyna 3BefeHa J10 HECKIHUCHHOI CHUCTEMHM JIIHIMHHMX
anreOpaiuHux piBHAHb 3 ornepatopoM @DpenrosbMa, SKIIO TPaHUYHI TOBEPXHI HE
nepetuHaioTbes. Onepatop Openronasma 3ade3neuye cTablIbHICTh PO3B'A3KIB, 0COOIHBO
I 3ada4 13 TapMOHIYHMMH 30ypeHHsMHu. Jlns BHpImICHHS 1€l  CHUCTEMH
BUKOPHUCTOBYBAJIUCA SK YHUCEIbHI, TaK 1 aHAIITHUYHI METOAM, IO J03BOJISIE JTOCATTH
BHUCOKOI TOYHOCTI. Pe3yIbTaTH YUCENbHUX Ta aHANITUYHUX MOJIENEH MoKa3aal BUCOKY
y3TOJIPKEHICTh 1 JIEMOHCTPYIOTh MEPCIEeKTUBHICTh y3arajibHeHOro merony dyp'e mis
3amad TepMmonpyxkHOCTi. Ciiff 3a3HAUUTH, IO METOJA € e(PEeKTUBHUM MJisi OaraThox
reoMeTpii 1 BiAMOBIHI poOoTH [71 -76] mpucBsUYeH1 po3B’ 3Ky pi3HUX 3a1ady Y MO,

Y crarmi [77] BuxkopucroBaHo teopito Hynmiato-Koyina nns matepianmis 3
NOPOKHEYAMHU 3 METOI0 PO3POOKU Teopli TEPMONPYNKHUX TBEPAHMX TUI 3 MOJABIHHOIO
NOpUCTICTIO. BiAMIHHICTH HOBOI TEOPIi MOJISATAE y TOMY, 1110 BOHA HE 0a3y€eThCs Ha 3aKOH1
Hapci. HocnimkeHo npedopmarliito OPY>KHOTO TPOCTOPY 3 OJHIEK C(HEpUUHOIO
HOPOKHUHOIO.

Momnorpadis [78] onucye Teopiro BU3HaYEHHS TOJIIB TEMIIEpaTypH, HAMPYKEHb 1
nepeMiiieHb s AeOpMIBHUX TBEPAMX TIA 13 TOHKUMH BKJIFOUCHHSIMU. OCHOBY III€i
TeOpii CTAaHOBJIATh METOJH, 3aCHOBaHI Ha amapari (PyHKIIH KOMILJIEKCHOI 3MIHHOI Ta
IHTErpajJbHUX MEpPeTBOpEeHb. BOHM 3a0e3neuyloTh BUCOKY TOYHICTh I 3aj1ay 13
aHI30TPOMTHUMH MaTepiajlaMu, 10 MarTh HEOJHOPIAHI TepMO(I3UYHI BJIACTUBOCTL. Y
MoHorpadii TAKOXK MPEICTABICHO KOHKPETHI IBOBUMIPHI IPUKJIAIH JIs1 PI3HUX THITIB TiJT
13 BKJIIOUeHHsIMU. OcO0JIMBY yBary MpUAUICHO BIUIMBY TEMIEPATYPHUX TPAIIEHTIB Ha
HIAC wmarepianiB. Metoau iHTErpajdbHUX TIEPETBOPEHb TO3BOJISIIOTH BPaxOBYBaTH
CKJIaJH1 TPaHWYHI YMOBU Ta B3a€MOJIi Mk BKJIIOUEHHAMH PI3HOI (opmu il po3Mmipy.
MeTon CHUHTYISPHUX I1HTETpadbHUX PIBHSAHb BHUKOPHUCTOBYETHCS JUISI BH3HAUCHHS
TEMIIEPATypHOTO Ta HAMNpPyXeHO-Ie()OpMOBAHOTO CTaHy TIA 13 TpPIMIMHAMH U

BKJIIFOUCHHsIMU.
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Meton ckiHuyeHHHX eneMeHTiB [79-81] mepenbauae mogaHHS KOHCTPYKIUT Y
BUTJISIII CYKYITHOCTI IPOCTUX Ti00aCTeH, K1 HA3MBAIOTHCS CKIHUCHHUMH €JIEMEHTaMH,
HaIPUKJIAJ, TETpaeApiB YU MIECTUTPAHHUKIB Y TPUBUMIPHOMY MPOCTOPL. Y KOKHOMY
€JIEMEHT! BHUKOHYIOTh ANmpOKCHMALII0 IIyKaHWX (YHKIH TepeMilieHb MOJIHOMaMH,
TICJIS YOTO CUCTEMA PIBHSHB JIJI BCIET KOHCTPYKIIIi 3BOAUTHCS JI0 alreOpaiyHuX PIBHSIHD
JUIsL BY3JIOBUX 3HA4yeHb IMepeMilieHb. Y cTaTTi [82] po3risIaeThcs METOIUKa,
OpI€EHTOBaHAa Ha BUKOPHUCTAHHS METOJYy CKIHYCHHHUX €JIEMEHTIB JUIi pO3B’sI3aHHS
IrCOMETPUYHO HEMHINHUX 3a/1ad MEXaHIKA TBEPAOTro AehOpMIBHOIO Tijla, sika 0a3yeThCs
Ha MPUHIUIN BIPTyaIbHUX TMEepeMillieHb. Y pooOoTi [83] mpeacTtaBieHO METOIUKY
pO3paxyHKy HaIlPy>KEHOT'O CTaHy CKJIAJEHUX OOOJIOHKOBUX KOHCTPYKIIH Ha OCHOBI
PIBHSIHb TPUBHUMIPHOI TeOpii MPYKHOCTI 13 3aCTOCYBaHHAM METOAY CKIHYEHHHX
ejeMeHTiB. B pamkax oOJiHiI€I pO3paxyHKOBOi CXEMH BUKOPUCTAaHO SIK TPUBHMIpHI
CKIHUEHHI €JIEMEHTH, TaK 1 MOAu(IKOBaHI €JIEeMEHTH, 10 BPAaXOBYIOTh MPUIYIICHHS
Teopii o0onoHok. Ha mpukmaai a"amisy cpepuyHOro pe3epByapa BHUCOKOTO THUCKY 3
pajiaibHUM LWJIIHIPUYHUM MAaTpyOKoM OyJi0 TPOJEMOHCTPOBAHO €(PEKTHUBHICThH
po3pobisieHoro miaxomy. Y poOoTi [84] po3rismaeTrbcs  OCECHMMETPHYHA KOHTaKTHA
3a/1ada JyUIsl TPUILAPOBOTO MPYKHOTO LMIIIHJAPA 3 CKIHYEHHUMH PO3MIpamu, sIKUM Mae
JKOPCTKUI HEPIBHOMIPDHO HArpiTUH CEepJACYHUK Ta TMIJJIAETHCS  30BHINIHHOMY
KOHBEKTUBHOMY TEIIIO00MiHY. Ha MOKIIMBHX KOHTAKTHUX MOBEPXHSIX MK IMIIHAPOM,
CEepICYHUKOM 1 OKpPeMHMH IIapaMH BCTAaHOBIIOIOTHCS yYMOBHU  1/1€aJIbHOTO
OJIHOCTOPOHHBOTO MEXaHIYHOT'O KOHTAKTY Ta HE1/1eaJTbHOTO TEIJIOBOT0 KOHTAKTY. 3a/1aya
chopMysibOBaHa y BapialliifHiil MOCTaHOBI, a JJIS i1 PO3B’SI3aHHS 3aMPONOHOBAHO
ITEepaLliiiHuil METOJ, y AKOMY Ha KOKHOMY KpOILll BUPILIYIOTbCS OKpEMI 3ajadi Teopii
MPY>KHOCTI Ta TETUIOMPOBITHOCTI 3 BUKOPUCTAHHIM METONY CKIHUYCHHUX €JIEMEHTIB JIJIst
JIMCKPETH3allii.

JlocmimKkeHHsT TEPMOIIPYKHOT TTOBEIHKA HEOJHOPITHUX ITIHAPUIHUX Ti [85] €
aKTyaJIbHOIO MPOOJIEMOI0  Cy4acHOi MEXaHIKM, OCKUIBKM Il Tija IMIHPOKO
BUKOPUCTOBYIOTbCS B PI3HUX c(epax JIOJACHKOI MISUIBHOCTI, @ TaKOX 3 OrJsAy Ha
CTPIMKUU PO3BUTOK TEXHOJIOTIM BUTOTOBJICHHS KOMIIO3UTHUX MaTepialliB, 30KpeMa

(GYHKLIOHATBHO-TPAAIEHTHUX 3  Hamepex  3aJaHuMHU  OpoPuIsIMH  pO3MOALTY
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TEIIO(QI3UYHUX T4 MEXaHIYHUX XapaKTepUCTUK. Y [86] AOMOBiAl OMUCAHO METOIUKY
OTPUMAaHHS aHAJTITUYHUX PO3B'SI3KIB 3a7ad TEPMOMNPYKHOCTI JJIsl TOPOKHUCTOTO
IUJIHApa 3a Jii OCEeCHMMETPUYHOrO0 TeIJIOBOro HaBaHTaxkeHHsA. Koedimientu
TEIUIOMPOBITHOCTI Ta JIIHIMHOTO TEIJIOBOTO PO3IIMPEHHS B3ATO JOBUIBHUMH (DYHKIISIMU
paaialibHOI KOOpJWHATH, a IHIN BJIACTUBOCTI MaTepialy BBa)KalOThCA CTAIUMH.
3acTocyBaBIId  METOJ  O€3MOCEPEeHbOr0  IHTETPYBAaHHs, BIANOBIAHY  3aJady
TETJIOMPOBITHOCTI 3BEIM JO I1HTErPAJbHOTO PIBHSIHHSA JPYroro poay, ske OyIio
aHATITUYHO PO3B'SI3aHO 3 BUKOPUCTAHHSM METOJY PE30JbBEHTU. Y poboTi [87] mpu
pO3B’sI3yBaHHI CTAlIOHAPHOI TEPMONPYXKHOI 3ahadi JUuisl 130TPOMHOrO ILMJIIHApA
CKIHUEHHO1 JIOBXXUHU TeMIIepaTypHe ToJie 0yJi0 po30UTO Ha /Bl CKIAJOBl: CHMETPUUYHY
Ta aHTUCUMETPUYHY BIAHOCHO OCHOBOi KOOpJAMHATH LMJIHApA. Y KOXXHOMY BUIAAKY
TEMIIEpaTypHE IOJIE€ 3HAXOAATh y BUIIAIL psaay Dyp'e mo ocboBiii KoopauHaTi. 3a
pajiaibHOI0 KOOPJAMHATOI0 PO3YMHHM pO3KiajnatoTbes B psaau beccens — Jini. Ilicns
3a/I0BOJICHHSI TPAHUYHUX YMOB BUXOJUTh HECKIHUEHHA CHCTEMA JIIHIMHUX alreOpaidHux
PIBHSIHb, SIKA PO3B’SI3YEThCA METOAOM YIOCKOHAJIEHOI peaykmii. Y crarti [88]
noOyJI0BaHO AaHAMITUYHUNA PO3B’S30K TPUBUMIPHOI 3aJadi TEPMOIPYKHOCTI ISt
TPaHCBEPCANIbHO-130TPOMHOTO MPOCTOPY 3 BHYTPIIIHIMU CTAlllOHAPHUMU JDKEpeIaMu
TeIuia. 3a JOMOMOTOK METOAY MPSMOrO IHTErpyBaHHs 3aJady 3BEACHO JI0 CUCTEMH
KJIIOYOBHX PIBHSHB JJIi KOMIIOHEHT TEH30pa HaIlpyXeHb, sSIKa PO3B’SI3y€TbCSA 3a
JIOTIOMOTOI0 TOJIBIHHOTO 1HTETPaJIbHOTO NMepeTBOpeHHS Dyp’€.

Y upoMy JochipkeHH1 Oyina JOCHDKeHa OJHOBHMMIpHA BiCECMMETpPUYHA
KBa3ziCTaTU4YHA 3B’si3aHa TEpPMOMpYKHA 3anada [89]. 3aranbHl pO3B’SI3KU 11 KEPIBHUX
PIBHSHb OYJIM OTPUMAaHI B 00J1aCTi IEPETBOPEHHS, @ TAKOK HaBEICHO PO3B’SI3KH B JIACHIN
o0acTi s BUIMAJKIB HECKIHYEHHO JOBTOTO CYLIUJIBHOTO HMIIHIpa Ta HECKIHYEHHOTO
CepeNoBUIIA 3 MIWIHAPUYHUM OTBOPOM. [[71s1 BUpileHHs 1i€l 3a7a4i BUKOPUCTOBYBAJIU
nepeTBopeHHs Jlamaca, a iHBepcis 10 AicHOT 00yacTi Oysa JOCSITHyTa 3a JOTIOMOTOO
Teopemu 3anuiikiB Ko ta reopemu 3roptku. OTpumani pe3ysibTaty 0yJiv MOPiBHSAHI 3
omyOJIIKOBAaHUMHM Pe3yJIbTaTaMH, e OyJii 3po0JieH] OAIOH] NMPUITYIIIEHHS Ta HaKIaJAeH1

OJIHAKOB1 TPAaHUYHI YMOBH, 1 TOKA3aJI1 IOBHY 3rOJTY.
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VY crarti [90] po3risgaeThes 3amada Mpo BU3HAYEHHS TEMIIEPATYPHOTO TOJS B
MOPO’KHIN CKIHUEHHIH BiICECUMETPHUUHIN TpyOIll 3 MaTepiajaoM, SIKU 3aJIEKUTh BiJ IBOX
KOOpJIMHAT, 3 METOI0 JIOCSATHEHHS BiJICYTHOCTI TE€PMOHANpPYKeHb. ABTOPH OTpUMAIU
TOYHUN aHAIITUYHUA PO3B'A30K 3a1adi, B SKOMY BHUKOPHUCTOBYIOTHCS (PYHKIII]
HOpMaJIbHOTO po3mnoAuty ['aycca ajis IBOKOMIOHEHTHHUX (DYHKI[IOHAJIBHO-TPAAIEHTHUX
MatepiaiiB 3 TemIo(pI3UIHUMHI TTapaMeTpaMu, L0 OMUCYIOThCS 32 MOJEIUII0 MPOCTOI
cymiiri. Po3paxyHKu mokasaiu, 0 MOKJIMBO JOCATHYTH BiJICYTHOCTI TEPMOHAIPY>KEHb
y TpyOlli, BUTOTOBJICHIA 3 peaJbHUX MaTepialliB, IpH Tepemnajl TemrepaTyp Mix
MOBEPXHAMM TPYOKH Ha JEKIJIbKAa COTEHb TPAIYCIB.

Po3pobnena metoauka [91], 1o 103B0JII€ BU3HAYUTH CTATUYHUM TEPMOIPY>KHUN
CTaH IIapyBaTOro UWJIIHAPA 3 (YHKIIOHAIBHO-IPANIEHTHUMH TEPMOUYYTIUBUMU
CKJIQJIOBUMH 3  ypaxyBaHHSIM KOHBEKTHBHO-IIPOMEHEBOTO  TEIUIOOOMiHYy, IO
B1JIOYBAETHCS Uepe3 3aJIeKHI BiJ] TEMIIEpATypu T'YCTUHOCTI NMOBEPXHEBUX Ta 00 €MHUX
JpKepen Tera. J{ns 3HaxXoKeHHs TeMIepaTypHHUX MOJIiB BUKOPUCTOBYIOTHCS PO3B'SI3KH
JOTIOMIKHUX 3a/lad  TEIJIONPOBIAHOCTI, IO 3BOASATHCA JI0 PO3B'S3aHHS OJIHOTO
HEJTIHIHHOTO anreOpaidyHoOro piBHSAHHA. Y pOOOTI HaBEACHO pPE3YIbTaTH YHCIOBUX
JIOCHKeHb. Byno oTpumaHo po3B'si3ok [92]  TepMONpPY>KHOCTI [Jii CKIHUEHHOTO
IUAJITHIpA 3 JHKEPEJIOM TeIla Ta KOHBEKTUBHUM TEIIOOOMIHOM 3a JIOITOMOTOI (DYHKITIH
['pina, y3aranpHeHux (DyHKIIIH Ta 1HTETpaIbHUX NEpeTBOpeHb ['aHkens. B ducenbHux
JTOCTIDKCHHSAXPO3MIISIHYTO ~ BUMAJOK  TpUIIapoBoro uwiiHapa. Y [93] Oyna
3aMpoNOHOBaHa MoOJU(DIKaIlis aJIropuTMy MOOYTOBM aHANITUYHUX PO3B’SI3KIB TEOPii
NPY>KHOCTI Ta TEPMOIPYKHOCTI A LWIIHAPIB 3  paAlalbHO-HEOJHOPITHUMU
KoakcianbHUMHU InapamMu. HoBuii minxiy Oa3yeTbcsi HAa BHUKOPUCTAaHHI KIACHYHUX
MOX1JTHUX 32 PaJllabHOI0 KOOPINHATOIO, 1110 JT03BOJISIE€ CIIPOCTUTH TTOOYIOBY TTOBTOPHUX
IHTErpajJbHUX SIIEp PE30JIbBEHTHOTO PO3B’S3KY.

HaBenemo po60oTH, B SKMX AOCTIKYIOTHCS CTalliOHApHI TEPMOTPYXHI 3a7adi 3
TeIIOBUIUICHHSIM. B [94] po3risiHyTo MeTOJ pO3B’SI3aHHS OCECUMETPUYHUX 3aaad
CTaI[lOHAPHO1 TETJIONPOBITHOCTI Ta TEPMOIPY>KHOCTI JIJIS T171a 3 TOHKUM T€PMOAKTUBHUM
BKJIIOUEHHsIM. JloKkasi3oBaHi TOHKI TUIOIIMHHI HEOIHOPITHOCTI MOJICITIOIOTHCS 3aBiCOIO

JOKEpen Teria, sKi pO3TallloBaHl B IUIONIMHI HEOOMEXKEHOTO Tila 1 3aJar0ThCs
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nepeTBOpeHHAM ['aHkens pagiaibHOT 3MIHHOT A€SKOi MapaMeTPpUYHOI TBIPHOI (PyHKIIII.
3a paxyHOK Takoi TpaHchopmallii TakoX BUPAKCHUN HANPyKEHO-AePOPMOBAHHIA CTaH
BCbOro Tijla. PoO3B’A30K 3ajayl OTPUMAHO MICHS TMEPETBOPEHHS CHHTYJISIPHOTO
IHTErpaJILHOTO PIBHIHHSA 3 /IpoM beccerns 3a 1ormoMororo po3pruBHEX iHTETpaiiB Bebepa
— [TadreiiTaina B psg 3a1aHoi PYHKIIIT 32 OPTOrOHAIBHOO CHCTEMOIO TIOJIIHOMIB SIKO001.

3actocyBaHHs JOrapu(MIYHOTO TMOTEHIAly MPOCTOrO IIapy, TEPMOIPYKHOTO
MOTEHIIay nepeMmimienb, GpyHkuii HanpyxeHb Epi Ta ¢yHkiii byccinecka 103B0oiumio
BUPIIIUTH CTaIllOHApHI JBOBHMIPHI 3aJadi TEPMOIIPOBIIHOCTI Ta TEPMOIPYKHOCTI Y
IJIOCKIN nedopmariii mBOE3MEXKHUX TUI 32 YMOBHU TEIIOBUAUICHHS y HapajieiabHINd 10
MEXI1 CTPIYKOBIM 00JacTi, e TemiepaTypa a0o TEIUIOBHH MOTIK 3amadi. Llei miaxina
ormucanuii B po6oti [95]. [lobynoBa dynkuiii byciHecka 3BOAUTHCA 10 BUPIIICHHS
KpaloBUX 3a7a4 JJIsl TapMOHIMHUX PYHKUIM y mBOpocTOpi. OTpUMaHO CHiBBIIHOIIEHHS
JUTSL TIEPEMIIICHD 1 HANPYXKEHb, 5K € BIANOBIAHUMEU (yHKIIsIMU ['piHa 1 MOXKYTh OyTH
BUKOPUCTaHI JUII BU3HAYEHHA TEPMOIIPYKHOIO CTaHy MIBIPOCTOPY BHACIIAOK
TEIUIOBUJIUIEHHST B obOsacti cmyru. Crarrs [96] npucBsueHa BHU3HAYEHHIO
TEMIEPATypPHOTO TMOJIA 1 HAINpPYXEHOro CTaHy HECKIHUEHHOro TuUla 3 OIHHUM
TEIJIOBIABIAHUM C(HEPUYHUM BKIIOUEHHSAM 3a PI3HUX TEIUIOPI3UYHHUX 1 MEXaHIYHHMX
napameTpiB, a TaKOX 13 CHCTEMOI0 CQEpUYHUX TEPMIUHI BKIIOUEHHA. TepMidHi
BKJIFOUECHHS - 1€ BKJIIOYEHHS, MaTepialid SKMX MAOTh TakKl X MPY>KHI BIACTUBOCTI, SIK 1
Matepian Marpuili. [Ipu oMy BIIPI3HSAIOTHCS JUIIE KOS(IIIEHTH TETUIONPOBITHOCTI 1
JHIAHOTO TEIIOBOTO po3mupeHHs. [10TyXHICTh JpKepen Tako mocTiiHa. [ ogqHoro
BKJIFOUEHHSI TOUHHMI PO3B’A30K 3a7adl BUXOJUTH uepe3 (yHIaMEHTAIbHUN PO3B’S30K
piBusiHHs Jlanaca. J{s cucteMu BKIIIOUEHB PO3B’SI30K (DAKTHYHO OTPUMYETHCS METOIOM
CYIEpHO3UIlii MOMEepPeIHbOr0 PO3B’A3KYy 3 MOTEHLIaJaMH, 3B’SI3aHUMHU 3 LIEHTPaMU
BKItOUeHb. Y [97, 98] mnobOymoBano ¢yHKIii bycciHecka cTarioHapHUX 3ajad
TEPMOTIPYKHOCTI JUIsl MIBIOPOCTOPY 3 BUIBHOI, >KOPCTKO, IUIABHO YW THYYKO
3aKPITUICHOI0 MEXEI0 TP HYJIbOBIM TeMiiepaTypl abo TEII0130Js11ii HAa HbOMY Ta JI€I0
Ha HBOTO TEIJIOPO3CIIOI0YOTO TEIJIOBOTO C(HEpUUHOTrO BKIIIOUCHHS. J[J11 MoOy10BH MX
GyHKIM BUKOPUCTAHO TEPMOIPY>KHI MOTEHINIATM TMEPEMIIEHb y MPOCTOpl 3 JABOMA

C(l)epI/I‘IHI/IMI/I BKIIFOUCHHsIMMU. POSFJ’ISIHYTO 3ajjauy [Jiid  TCIIJIOBOIO  BKJIIOYCHHS.
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BukopucToBy€eThCST PO3B'SI30K 3a/1a4i JIs1 OJHOTO BKIIFOUEHHSI (MOTY>KHOCTI MOCTIHHUAX
JDKepeN) y MPYKHOMY HOpPOCTOpl Ta METOJ CHUMETPUYHOro abo aHTUCUMETPUYHOTO
MIPOJIOBXKEHHS Yepe3 IPaHUIlIO MiBIPOCTOPY (METO 300pakeHb ).

B poGoti [99] 3a aii cTamioHapHOro JpKepena Termjaa MOOyIoBaHO (yHKIIT
Bbyccinecka 3amadi TepMONPYKHOCTI 3a TUIOCKO1 AedopMaliii HarmBOOMEKEHOTO TijIa 3
BUIBHOIO, KOPCTKOIO, TJIaJK0 a00 THYUYKO 3aKPIIJICHOI MEXEI0, Ha SIKIM MIATPUMYEThCS
HYJIbOBa TeMmIiiepaTypa abo temoizonsiis. [loOynoBy dyHkmii byccinecka 3BeneHo 110
pO3B’sA3yBaHHs KpalOBUX 3aj]ay JJisl TapMOHIYHUX GYHKIINA y miBnpocTtopi. OTpuMaHo
CITIiBBiTHOILIEHHSI JIJIs TIEPEMILIIEHD 1 HANIPYKEHb, AKi € BiAMoBiAHUMHU (QyHKIissMu [pina i
MOXXYTb OyTH BHKOPUCTaHI MPHU BU3HAYEHHI TEPMOIIPY>KHOTO CTaHy MIBIPOCTOPY 3a
TEIJIOBUIICHHS] Y CTPIYKOBIM oOsacti. bymna po3pobieHa MeToauKka Jyisi BUZHAYCHHS
TEPMOIPYKHOTO CTaHy y OaraToIIapoOBHUX TUIAX 3 YpaXyBaHHSM TEIJIOBUX (DAKTOpIB Ta
b13UKO-MEXaHIYHUX XapaKTePUCTUK MaTepiay 3a Jii Jpkepedn Tera. Jis po3B's3yBaHHs
3a/lay BUKOPHUCTOBYIOThCSl mneperBopeHHs Kipxroda, itepamiiinuii meron HsroToHa,
y3aranpHeHi Qydkuii ta ¢Qyskuii Ipima. Takoxk 3ami uis  6ararocjaoMHUX — Tij
npeacTtasiieHo y poooti [100]. Asrop [101] po3risaaB TepMivHi HANIPyKEHHS, 3yMOBJIEHI
pI3HHIICI0 KOE(DILIEHTIB TEMJIOBOIO PO3MIMPEHHS CHEPUYHOTO BKIOYEHHS Ta MaTPHIL.
[TepenbOauaeThcsi, MO 1 BKIIOYEHHS, 1 MaTpUIll MarwTh KyOiuHy cumerpiro. Js
BUPIIICHHS 3a7a49l BUKOPHUCTAHO METO]I €KBiBaJICHTHOro BKItoueHHS Emen6i. ¥V [102]
aBTOPH, BUKOPHCTOBYIOUM 3arajibHi po3B’s3ku JIsBa, OynyloTh pO3B’S3KM KpaloOBUX
3a/ia4y i MPYXKHOTO Ta TEPMOMNPYKHOTO MPOCTOPY 31 CHEPUYHUM BKIFOUEHHAM a00
TIOPOKHUHOIO.

B poGotax [103-105] mpencraBieHo 3agayi Jjsi 0araTo3Bsi3HUX Til. Y poOOTI
[Tinctpuraua f. C. ta Konsno FO. M. [103] mochimKyrOThCsl piBHSHHS y3arajJbHEHO1
TEPMOTIPY>KHOCTI JUTS TiJ1 3 TOHKHMH BKIFOYCHHSAMA. ABTOPH PO3TIIAIAI0OTh MaTeMaTHIHI
aCMeKTH MOJICTIOBAHHS TEPMOIPYXKHOTO CTAaHy MaTepialliB, IO MICTATh MIKpO- Ta
MaKpOCKOMIYH1 HEOJHOPITHOCTI. 3apOIOHOBAHMM MM1IX1]T J03BOJISIE BPAaXOBYBAaTH BILIMB
TOHKHX BKJIIOYEHb Ha PO3IMOIi HANpPYXXEHb 1 TEMIEpaTypH, IO € BaXKIMBUM JIJIS
MPOTHO3YBAaHHS TOBEMIHKMA KOHCTPYKIIIMHUX MaTepiaiiB B yYMOBax HEPIBHOMIPHOTO

TerioBoro HaBaHTaxkeHHs. Jlocmimxenns Mensenesoi H. 1O. [104] mpucsiueHe
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PO3B’sI3aHHIO 33Ja4 HEJIHIAHOI CTATUCTUYHOI TEPMOIPYKHOCTI AJisi 0arato3B'sI3KOBUX
oOnacteii. ABTOpPKa aHaji3ye OCOOJMBOCTI HAaMpy>KEeHO-I1e()OPMOBAHOTO CTaHy
MaTepiajliB MpU il TEMNEepaTypHUX 1 MEXaHIYHUX HaBaHTAKEHb, BUKOPUCTOBYIOUHU
METOAM HENHIHHOrO aHamizy. B poOoTi po3rismaeTbcs BIUIMB CKJIQIHOI TeOMETpii
obmacted Ta B3aeMojii MK PI3HUMH BKJIIOYEHHSMH Ha PIBHOBWXHUH CTaH
tepMornpyxHux Tul. Po6ota I'y3s I'. B. [105] 30cepemkena Ha BUBUCHHI POCTOPOBUX
3a/1a4 TePMOTPY>KHOCTI IJ1s1 0araTo3B's3K0BUX 00acTeil. BoHa MicTUTB aHAITI3 KpalOBUX
YMOB Ta METO/IIB PO3B’SA3KY 3aJad TEPMOIPYKHOCTI Y BHIIaJIKaX CKJIAJHOI TeoMeTpii
KOHCTpYKIIK. [locmikeHHs: crpsiMOBaHE Ha pO3pOOKY METOMAIB OLIHKH HaIpy>KEHO-
neopMOBaHOTO CTaHy MaTepiadiB, IO JO3BOJIE€ TOYHINIE TPOTHO3YBAaTH IXHIO
MOBEIHKY B YMOBaX CKJIaJIHOTO TEIJIOBOTO BILIUBY.

Teopiss ONTUMAILHOTO KEPYBaHHS ChOTOJIHI € KJIIOUOM JI0 PO3B'SI3aHHS Oe3miul
MPAKTUYHO BAXKIMBHUX I1HXKEHEPHUX 3a/lad B YyCIX Taly3siX JIOJCHKOI isUTbHOCTI.
[TepeniuuMo nuIe OKpeMmi 3 HUX, HE 30BCIM TPAAUIIIHI: MEHEIXKMEHT 1 ekoHoMika [106],
NpoeKTyBaHHS KOHCTpYKLiK [107], 6iosoris [108], crpaxyBanns [109], dinancu [110].
OxpeMo ciifi cKa3aTH Mpo MpoOJieMH KOHCTPYIOBAaHHS MEXaHIYHUX OO0 €KTIB, SKi
IUTAHYETHCSI eKCIUTyaTyBaTh B YMOBaX TeMIEpaTypHUX ModiB. TyT Temmneparypa Moxe
BUCTYNATU $K KEpPyBaHHS IMpPU MiHIMI3alli HaNpy»XeHb B 30HaX iX MOXJIUBOI
KOHIIEHTpAIlii, 30KkpeMa Ha Mk(}a3HUX TPAHUIISLX Y CKIAACHUX TiJaX.

OCHOBHMM METOAOM Il PO3B’A3KY 3a4ad, IO KEPYIOThCA 3BUYAHUMU
nudepeHIiaTbHIMIA PIBHAHHIMH, € TpUHIUN Makcumymy I[lontpsrina [111, 112].
[Ipuban3HO B TOM ke Yac BaxJIMBUNU BHECOK B Teopito 3poduB P. bemnman [113, 114],
3aCTOCYBAaBIIIM CTBOPEHHMI HUM METOJ TUHAMIYHOTO MPOTPAMyBaHHS IJIsl PO3B'SI3aHHSA
JeSKUX 3a7a4d ONTUMaIbHUX TporieciB. CucteMu KepyBaHHS, 00'€KTH SIKUX OMHUCYIOThCS
3a  JIOMOMOTo Ju(epeHIialbHuX PIBHSIHL y YacTUHHUX noxigHux[115, 116],
HA3WBAIOTHCS CHUCTEeMaMH 3 posnofuieHumu mapamerpamu[117]. ¥V poGoTi[118]
pO3TISIAIOTECSA 3a/ladl ONTUMAJIBHOTO KepyBaHHSI JJIsi O0'€KTIB 3 PO3MOAUICHUMU
napamMeTpamM, SKi ONHCYIOTbCS HENIHIMHUMHU JAUQPEPEHIIHNHUMU PIBHSIHHAMU 3

YAaCTUHHUMU TOXITHUMHU MapabOIIYHOTO THUITY.
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VY po6oti Hikomaesa O. I'. [119] po3risiHyTo MeTOA BU3HAUYEHHSI ONTUMAJIbHOTO
KEepYBaHHS HANpy>XCHO-1€(POPMOBAHUM CTaHOM CKJIAIHOTO Tila 3a JOMOMOTOI0
CTaI[lOHAPHOTO TEMIIEPATYPHOTO MOJIs, 171l PO3B’°SI3KYy OYyJI0 BAKOPUCTAHO y3araJbHEHHM
mMetoa Dyp’e(YM®D). ABTOp mpOIOHYE MiAXiI, IO JO3BOJISE 3A1CHIOBATH KOHTPOJIb HAJT
pO3MOJIIJIOM  HaIpykeHb 1 jJedopMmaiiii y Marepiai IIISXOM  PETyJIIOBaHHS
TEMIIEpaTypPHOTO BILUTMBY. 3alPONIOHOBAHUM METOJ] 0a3yeThCsl HA BUKOPUCTaHHI PiBHSHb
TEPMOTIPYKHOCTI Ta ONTHUMI3alliiHUX aJITOPUTMIB, IO 3a0e3Meuye MOMIUBICTh
KepyBaHHA HaIpy>KeHO-Ie(QOPMOBAaHMM CTaHOM VY CKJIAJHUX 0araTo3B'A3KOBUX
obOnactsax. OcoOnuBa yBara npujijeHa 3aCTOCYBaHHIO OTPHUMaHUX pe3yJbTaTiB 10
IPOEKTYBaHHS KOHCTPYKIIHM JITaJbHUX anapariB, 1€ KOHTPOJIb 332 HAIPYKEHHIMH Mae
KpUTHYHE 3HAYCHHS JJIs1 3a0e3ledYeHHs JOBTOBIYHOCTI Ta HAAIMHOCTI €JIEMEHTIB
KOHCTpYKIii. JloCHiPKEHHSI € I[IHHUM BHECKOM Y pPO3BUTOK METOJIIB KEpyBaHHS
MEXaHIYHUMH XapaKTepUCTHUKAaMU MaTepialliB IIJITXOM BIUIMBY Ha iX TeMIIepaTypHE MoJje
Ta BIAKPUBAE MOKIMBOCTI I MOJAJBIIMX JOCIIKEHb Yy cdepl ONTUMaIbHOIO
NPOEKTYBaHHS CKJIQJHUX TEXHIYHUX CHUCTeM. [IpOMOBXKEHHS MOCHIIKEHHsS 3adadi
ONTUMAJILHO KepyBaHHsI Y M® Oyro BuKoHaHO y po6oTi [120].

Y poGorax [121-126] Oyno po3risgHyTO 3a1adl ONTUMAJIbHOTO KEpyBaHHS
TEPMOHANPYKEHUM CTaHOM TBepAuX Ti. OCHOBHHUM METOJOM pO3B’S3KYy 3ajaad OyJjio
3BEJICHHS /10 OOEpHEHUX 3a/1a4 TEPMOIIPYKHOCTI. 3 BUKOPUCTAHHAM BHUIIE3a3HAYEHOTO
METOAY OTPUMAHO KEPYBAaHHS HarpiBaHHSM KAHOHIYHHUX TUT 3 OOMEXEHHSMH Ha
KepyBaHHsA. Y poOoTi [127] Ha ocHOBI 00EpHEHOT 3a7a4i TEPMOMEXaHIKH PO3POOJICHO
MaTeMaTUyHy TIOCTAaHOBKY 3aJadl ONTHUMAJIbHOIO (32 IIBUAKICTIO) KEpyBaHHS
HarpiBaHHSAM TEPMOYYTJIMBUX KAHOHIYHUX TUI (HECKIHYEHHOIO IIapy, MOPONKHUCTOTO
nuiiHgapa abo cdepu) 3 0OMEKEHHIMH Ha KOHTPOJIb 1 MaKCHMMajbHE TaHTCHIAIbHE
TEpMIYHE HANpPyKEHHS 3 ypaxXyBaHHAM IJIACTUYHOI Aedopmallii MmaTepiany; po3po0sieHo
QITOPUTM YHCENIbHOI MO0YyMoBU pO3B’si3Ky. Y poboti [128] po3pobiieHo MeTon
KBa3iCTaTUYHOI OOEpHEHOI 3ajJadi TEpMOIpPY>KHOCTI JJIsi  PO3B’SI3aHHS  3ajadyl
ONTUMAJIBHOTO (32 IUBHUJKOJIE€I0) KEpPyBaHHS JIBOBUMIPHHM HEOCECUMETPUUYHUM
HECTAI[IOHAPHUM TEIUIOBUM PEXKHMOM Yy JOBTOMY TIOPOKHHCTOMY IIWJIIHAPI 3

OOMEXXEHHSIMU Ha TEPMOIPYKHI HaIpy>XKeHHs. 3a JOMOMOTOI I[LOT0 METOJY 3ajady
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OyJ0 3BEJICHO 10 IHTErpajJbHOro piBHAHHI Ppearoabma Mepioro poay Ta po3podiaeHo
METOJIMKY HOTO CTIHKOTO PETyJIIPU30BaHOTO PO3B's3KY. Y po6oTi [129] onrcano ocHOBHI
€TaIy PO3BUTKY JOCIIKEHb, 3all04aTKOBaHUX ITpodecopom Birakom, y ramysi Teopii Ta
METO/[IB ONTHUMAJIBHOTO KEpyBaHHS TEIUIOBUMHU IMPOLIECAMU Ta TEPMOHAMPYKEHUM
cTaHOM J1e()OPMOBAHUX TBEPAMX TiJ, TeOpii OOCPHEHMX 3ajlay TEIUIONPOBIIHOCTI Ta
TEPMOMEXaHIKH, a TaKOXX MaTeMaTH4HI METOJM B MeEXaHilll TBEpAOro Tija, IO
nedopmyerbea. Y po6oti [130] mig BUManKy mpyKHO-IUIACTUYHOTO JehOpMyBaHHS
Matepiany chopMyIbOBaHa MATEMAaTHYHA TTOCTAHOBKA 1 PO3POOJIEHO AJITOPUTM YHUCIOBOT
noOyJI0BH PO3B’SI3KYy JBOBUMIPHOI 3a/ladl ONTUMAJIbHOTO 3a IIBUJKOJIEI0 KEpyBaHHS
HarpiBaHHSAM JIOBIOI'O TEPMOYYTIUBOrO MPSIMOKYTHOTO IIapajenernineaa 3a 00MeXeHb Ha
KEepyBaHHA 1 MAKCUMAJIbHY BEJIMYMHY 1HTEHCUBHOCTI IOTUYHUX TEPMOHAMPYKEHb.
Crarti [131-134] npucBsiueHi 3a1ayaM ONTUMAIBHOTO KEPyBaHHS TEPMONPYKHUM
CTaHOM IMITIHJIPIB( MMOPOKHUCTOTO, JOBIOT0, CKIAJOBOTO Ta 1H.). Yci po3B’si3ku Oyio
OTPUMAHO 3a JOMOMOIOI0 TPAJI€EHTHHX METOJIB, 3BOPOTHUX KpaloBUX 3ajad.
[IoOynoBaHO B SIBHOMY BHIJISiAI BUPa3W TPATIEHTIB (DYHKIIOHATIB HEB’SI3KH IS
1meHTUdIKaIll mapaMeTpiB 3ajadl TepMONPYKHOCTL. Y poboTi [135] po3risiHyTo HOBI
3a/1a4l  ONTUMAJIBHOTO KEPYBaHHSA PO3MOAIJICHUMHU CHUCTEMaMH, SIKi OIMUCYIOThCS
KpaloBUMHU 3aJja4aMHu ISl ETINTUYHOTO PIBHSHHSA B 00’ €THAHHI IBOX 0OMEXEHUX CTPOTO
mnmuieBux obaacteil. O6macTi  MawTh CHUIBHY JIISTHKY MEXKI, Ha SIKif TTOCTaBJICHO
YMOBH CHPSDKEHHSI Y BUTJISIIL PIBHSAHHS TEIUIONPOBiAHOCTI. KepyBaHHS BXOJIUTH y MpaBy
YacTUHY IU(EpPeHIIAIbHOTO pIBHSAHHSA. [CHYBaHHA Ta €IMHICTH PO3B'S3KY KpanoBOl
3a/1ayl OKa3aHo 3a 10noMororo Teopemu Jlakca — Minbsrpama. AHanorigyba reopema Jjist
ONTUMAJIBHOTO KEPYBaHHS, SIKE€ HAJEXKHUTh ONMYKJIA 3aMKHEHIM MHOXKEHI OCHAIIEHOIrO
riJIbOEpPTOBOTO  MPOCTOPY, ITOBOJUTHCS 3a JIOMOMOIOIO0 Yy3arajJbHEHOTO PO3B'S3KY
CHPSDKEHOr0 PIBHSHHS Ta KBAJPAaTUYHOTO (PYHKIIOHANA BapTOCTi. [[s BCiX omucaHux
BUIIAJIKIB JOBEJACHO TEOPEMH ICHYBaHHS Ta €IMHOCTI ONTUMAJILHUX KepyBaHb. Y pPoOOTI
[136] mochimKeHO MUTAaHHA ONTUMAJIBHOTO KEepyBaHHS HECTAllOHAPHUM AUQY31HHUM
MPOIECOM B TOHKOMY HEOJHOPITHOMY CKIHYEHHOMY CTPYDKHI TIPU 33JJlaHUX 3HAYEHHSX
TEMIIepaTypyd Ta TMOTYKHOCTI TEIJIOBOTO TOTOKY Ha MOTO KIHIAX 3 KBaJPAaTUYHUM

¢dbyHkuioHagoM BapTocTi. KepyBaHHS 311MCHIOETHCS MOTY>KHICTIO TEMJIOBOTO MOTOKY Ha
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OJHOMY 3 KiHILIB CTpwxHS. JlOBOAMTBCS Teopema, aHanoridyHa Teopemi Jlionca, mpo
ICHYBaHHS Ta €JMHICTb PO3B'SI3KY BapialliiiHOT HEPIBHOCTI, sIKa 3a7a€ HEOOX1IHY YMOBY
ekcTpemMymy (QyHkiionana. HaBeneHo cxemMy mnoOynoBH HaOIMKEHOTO PO3B'S3KY
BapialliifHOi HEPIBHOCTI TPAIIEHTHAM METOJIOM 3a IOTIOMOTOO SSBHUX BHPA3iB IPaJi€HTIB
byHKIIOHATIB-HEB'sI30K. Y poboTi [137] posrisgaeTscss 3ajada  ONTUMAJIBLHOTO
KepyBaHHS PIBHSIHHSAM TEIUIOMPOBIIHOCTI B IMOPOKHBOMY IMMJIIHAPI, JI€ KEpPyBaHHS
BU3HAYAETHCS TEIUIOBUM MOTOKOM Ha BHYTPIIIHIM MOBEpXHI HMIiHApPA 1 (PyHKII€O
TEIJI000MIHY Ha 30BHINIHIN HOro MoBepXHi. 3aCTOCOBAHO METOJMKY 31 cTarti [136]. ¥V
YUCEIbHOMY PO3B'sI3KYy BUKOPHCTOBYETHCS METO/] CKIHUEHHUX €JIEMEHTIB. Y po0oTi [138]
BUBYAIOTHCS MPOOJIEMHU ONTHUMAIBbHOTO KEPYBaHHS TEPMOIIPYKHUM CTAHOM JOBIOTO
MOPOKHUCTOTO KPYroBOTrO LUJIIHApa. Po3risgaeTbes cTalioHapHa OAHOBUMIpHA 3a/1a4a
TEPMOIPY>KHOCTI BIIHOCHO PaJilaJIbHOTO 3MIIIEHHS, $IKE€ BHU3HAYAETHCS CTAIUM
HOPMAJIbHUM HaBaHT)XCHHSM Ha TMOBEPXHSX Tija 1 CTaI[lOHAPHUM pajialbHUM
TeMrepaTypHuM mosieM. KepyBaHHS 3M1HCHIOETBCS] TETNIOBUM MOTOKOM, HPUKIIAJCHUM
710 TIOBEPXH1 MOPOKHUHM. {1151 KBaIpaTUYHOTO (PYHKI[IOHAJIA IKOCTI MIOCTABIEHO 3a7a4y
ONTUMAJbHOIO KEPYBAHHS, ICHYBaHHS Ta €IMHICTh PO3B'SI3KY SIKOI JTOBOJIUTHCS 3a
JIOTIOMOTOI0 y3arajibHEHOT0 PO3B'S3KY CHIpsbKEeHO1 3aaa4ui. Ha0muxeHnuit po3B'si30k 3a1a4i
KEepYBaHHSI 3HAXOJAUTHCS TPATIEHTHUM METOJIOM.

VY pob6oti [139] nns 3amaui onmTuMmizaliii TEPMOIPYKHOCTI OTPUMaHI HEOOXIJIHI
ONTUMAJIbHI YMOBH 32 JOTIOMOI'OI0 Bapial[liHOrO YMCIEHHS, B MOAAJIBIIOMY PO3B’A3KU
OTPUMYIOTHCS 32 JIOMTOMOTOI0 METO/Y CKIHUEHHHX €JIEMEHTIB 1 CIIOJIyYeHUX IPaJII€HTIB.

ABtopamu [140] posrismaeTbes 3amada IIOA0 BU3HAYEHHS ONTHUMAJIBHOIO
cnocoO0y HarpiBaHHs HECKIHUEHHO TOHKOi TUUIAaCTUHKH, SIKa Ma€ KOHTaKT 3
TEIUIONPOBITHUM CEPEIOBUINEM B3J0BX OJIHIET 31 CBOIX IOBEpXOHb. Kpurepiem
ONTUMAJIBHOCTI € YMOBA, IO MOJSArae B MiHIMI3alii (QyHKI[IOHAYy €Heprii MmpyxHOi
nedopmarrii.

VY po6oTi [141] po3riisiHyTO 33724y BU3HAUCHHS ONTUMAJILHOTO 32 HANPYKEHHIMU
peXUMYy HArpiBy KyCKOBO-OJIHOPIJHOII CKJISHOI HMJIIHAPUYHOI OOOJIOHKH 31 CTaJIOIO
TOBIIMHOIO 32 YMOBH BIJICYyTHOCTI 30BHIITHLOTO HaBaHTaXeHHs. O00JIOHKA HATPIBAETHCS

KOHBEKTHUBHO HETEPEPBHO PO3MOJIIEHUMH 30BHIIIHIMU JKepeaamMu Tersia. BHyTpiiHs
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MOBEPXHS OOOJIOHKH € TeII0130JIb0BaHOI0. MeToro 3a7aul € 3HaXOMKEHHS PeKUMY
HarpiBy 30BHIIIHBOI MOBEPXHI 0OOJOHKM BiJ] MOYATKOBOI TEMIEPATypU O 3a/aHOi, B
(bikcoBaHUI MOMEHT Yacy IpH MEBHUX OOMEXKEHHSX Ha MapaMeTpy TEPMOHAIPYKEHOTO
CTaHy 1 IIBUAKICTh HarpiBy. KpuTepieM onTHMManmpHOCTI BHOpPaHO YMOBY MIHIMyMY
MEpPUAIOHAIBHUX 1 KPYTOBUX HOPMAJIbHUX HAMpPy>KEHb. 3alpolOHOBAHO METO/I,
3aCHOBAHUM Ha TPUHIMUIN TOKPOKOBIM IMapaMeTpUyHIM ONTHMI3aIli 3 BapilOBaHHSIM
3Ha4YeHb Kepyro4oi (QyHKIIIT Ta yTOUHEHHSIM KpOKy auckperusarii. [licisa ycepenHenns
32 TOBUIMHOIO OOOJIOHKM 3a/iladya (PaKTUYHO CTAa€ OJHOBHUMIPHOIO 3a IMPOCTOPOBOIO
3MiHHOIO. Y crarTi [142] PO3IIIAHYTO 3aJady OINTUMAJIBbHOIO KEpyBaHH:A
OCECUMETPUYHUM TEPMOHAIIPYKEHUM CTAaHOM CYIUIBHOTO IMJIIHAPUYHOIO TUIa HUIIXOM
3MIHM PO3MOAUTY 00’€MHMX Jukepen Tema. g po3B’s3yBaHHS 3ajadl 3aCTOCOBAHO
X170, SKui 0a3y€eThCsl Ha BapiallitHOMY METO/I1 OJTHOPIIHUX PO3B’A3KiB, pO3pOOICHOMY
paHile st po3B’sI3yBaHHS OCECUMETPUYHUX 3a7a4 Teopii MPY>KHOCTI. BimMiTumo
TaKOX, 110 MpU OUTBII MIMPOKOMY TPAKTYyBaHHI ONTUMAJIBHOCTI TEOPIs ONTUMAIBLHOTO
KEpyBaHHS MEPETUHAETHCS 3 TEOPISIMH aBTOMATUYHOTO 1 aJJallTUBHOTO KepyBaHHs [ 143].

®izuxo-iHpopmoBani HeuponHi Mepexi (PINN) BoctanHe crtanu a0CUTH
NOMYJIIPHUM METOJIOM Uil PO3B'SI3aHHS SIK NPSIMUX, TaKk 1 OOEpHEHMX 3aJady, SKl
KOHTPOJIIOIOTHCSL PIBHSHHSAMHM B YAaCTUHHUX MOXiAHUX. OCHOBHA OCOOJIMBICTH IIHOTO
X0y TOJITa€ B TOMY, IO BiH BKIIIOYA€E 3AMIINOK PIBHSHb B YACTUHHHUX MOXITHUX Y
GyHKIIIO BTpaT CyporaTHOi Mojenli, sika 0a3yeThbcsi Ha HEUPOHHIM Mepexi, s
HEBIJJOMOIO cTaHy cuctemu. lle 103BoJisie JIeTKO MO€AHYBAaTH JlaHI BHUMIPIOBaHb 3
b13uuHMMH 0OMekeHHsIMU. B naniil po0oTi [144] aBTOpM pO3MIMPIOIOTH LEH Miaxia Ha
3a7a4i ONTUMAJILHOTO KEPyBaHHSI.

Crarta [145] cnpsmoBaHa Ha KepyBaHHs Jedopmalii€ro Ta TeMIepaTyporo
TEPMOIPY>KHOTO TiJIa 32 JOMOMOTOI0 30BHIIIHBOI CHIIM, fIKa JII€ HA OKPEMY YAaCTHHY
I[LOTO Tija. Y IbOMY BHITQJIKy B OCHOBHIM MOJIEl HEMAE 3HAYEHb y BUXITHHUX JaHUX.
BiacyTHICT, JaHUX y PpO3TJSHYTIA MOJENI BHMAara€e 3acTOCYBaHHS KOHIICHIIIi
OE3IKOJIHOTO KepyBaHHs, sika Oyna BBeaeHa J. L. Lions ais BupimieHHs 3agad

ONTUMAJIBHOTO KEpPyBaHHSA y PO3MOMAUICHUX CHCTeMax, Je JaHi BiAcyTHi. Cucrtema
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ONTUMAJBHOCTI, $KAa CKJIAQJA€ThCS 3 B3a€EMO3B'A3aHUX PIBHAHb Ta CYMDKHHX
B32€MO3B'SI3aHUX PIBHIHB, XapaKTePU3Y€ ONTUMAIIbHY TIapy (KepYyrOUHil CTaH).

OnHoOMO 3 MOHEPCHKUX POOIT, MPUCBIYEHUX MOUIMPEHHIO TPUHIIUIY MAaKCUMYMY
[Tontpsrina Ha nudepeHITianbHi PIBHIHHS B YaCTUHHUX MOX1IHUX, € cTaTTA [ 146]. B Hiil
pPO3TISAIAETHCS ONTHMalIbHE KEPyBaHHS HAIMIBIIHIMHUM EIINTUYHUM PIBHSHHAM Yy
BUIAJIKY PO3MOJUICHOTO KepyBaHHA B 00JiacTi Ta Ha ii MeXl MpU JOJAaTKOBHX
OoOMeKEeHHSIX Ha cTaH cucTeMU. B po6oTi moOynoBaHo CIpsHKEHY KpaioBy 3a/1a4y, B SIKY
byHKIii mTpady BXOIATH SK JOJATKOBI WICHH B IpaBl YaCTUHH AU(EPEHINaTbHOTO
piBHAHHS 1 TpaHuyHOl yMOBH. DyHKIisA ["aminbToHa (popMyeThCst OKpeMo sl 00JacTi
KepyBaHHA Ta ii Mexi. OTpuMaHO HEOOXiHy yMOBa ICHYBaHHS ONTHUMAaJIbHOTO
KepyBaHHs, Ha IKOMY 00U/B1 PYyHKIIT ['aMIIbTOHA JOCATAIOTh MIHIMYMY.

Y crarri [147] po3risiHYyTO Kiac 3aJad ONTUMAJIbHOIO KEpyBaHHSA I
KBa3UIIHIMHUX  €NINTUYHUX  PIBHSAHb, B  SKUX  KOCQILIEHTH  EIINTAUYHOTO
nudepeHIiaIpHOro oreparopa 3ajiexarhb BiJ QyHKIT cTaHy. 3HaWIEHO YMOBHU MEPILIOTO
1 JIpyroro MOPSJKY ONTUMAIBHOCTI. JIJI1 IIbOTO JETaNbHO MOOCHIIKEHO PO3B'SI3KH
PIBHSIHHS CTaHy CHCTEMH Ta MHOro JiHeapu3aiii. BuBeneHo aHaior MNpUHIIMITY
MakcuMyMy [loHTpsITiHA Ta TOCTATHI YMOBU ONTUMAIBHOCTI. Y po6oTi [148] moBoauThCs
CWIbHA 30DKHICTh YHCEIBHOI JUCKpPETH3aIlil 3aJadi ONTHUMAIBHOTO KEpYyBaHHS IS
KBa3UTIHIHHOTO €JIITHYHOTO PIBHSHHS 3a JOIMIOMOTOI0 METOJa CKIHUYCHHUX CIEMEHTH
JUIS CTaHy Ta Pi3HI BUAM JUCKPETHU3allli JAJII KOHTPOJHO. JIJIsl IbOro OTpUMAaHO OILIIHKH
NMOXUOOK TPH TUCKPETU3aIlil PIBHSHHS CTaHy Ta TMOB’S3aHOTO CIPSHKEHOTO PIBHSIHHS.
PerynsapHi po3B's3kv LUX pIBHSHB, SKI HEOOXIOHI JUIsl LBOTO aHali3y, 3HAWIEHO 3
HEOOXITHUX YMOB ONTUMAIBHOCTI NEPIIOTO MOPSAKY, OTpUMaHUX y cTaTTi [147].

VY poborti [149] posrmsimaeTbesi 3aada ONTUMAIBLHOTO KEPYBAaHHS ISl OJHOTO
KJIacy HENIHIMHUX eNINTHUYHUX PIBHAHb TUIY pIBHSIHHS PeliHonbaca. JloBoautbes
TeopeMa ICHyBaHHS Ta €QUHOCTI C1ab0ro po3B'sI3Ky PIBHSHHS CTaHy CHUCTEMH. TaKoXK
JIOBOJUTHCS ICHYBaHHS OMTHUMAJIBLHOTO KEPYBaHHS. BUKOPHCTOBYETHhCS METOJWKA, SKa
3acHOBaHa Ha Teopemax BkiameHHs CoOoneBa. YucenbHI pe3ynbTaTd OTPUMAHO

JTUCKPETU3AINEI0 32 JOMOMOTOI0 XapaKTepUCTUYHUX (YHKIN 1HTEpBaIiB pPO3OUTTS.
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HaBeneHo 3actocyBaHHs Ui BU3HAUEHHS ONTUMAIbHOI BIJCTaH1 3aUCYI0Y0i TOJIOBKU
BiJl MarHiTHOTO JIMCKY.

Y crarti [150] posrnspaeThes 3ajadya  ONTHUMAJIBLHOIO KEPYyBaHHS IS
ctamioHapHoro piBHsSHHS Crtokca. OOMeXeHHS Ha MIBHJIKICTb 3a/1a€ThCS - HOPMOIO.
YMOBHU ONITUMAJIBHOCTI MEPUIOTO MOPSAKY JJIsl HEMEPEPBHOI Ta TMCKPETU30BAHOI CUCTEM
BUBOJIAThCS 3 yMOB Kapymia-Kyna-Takkepa st pyskiionana Jlarpanxa miciist 3aMiHU
ix Ha cnabki audepenmianbai ymMoBu. [Ipu quckpetusariii cucTeMu BUKOPUCTOBYIOTHCS
CHeKTpaibH1 HaOMMKeHHs ["anepkina, s AKUX OTPUMAaHO anpiopHi OLIHKHU MOXUOOK. 3a
JIOTIOMOT 010 1TepaliiHoro anroputmy KO3aBu 1 MpOEKIIHOT CXeMU OTPUMAHO YUCETbH1
PO3B'SI3KM 3a7a4i.

VY crarti [151] posrnsgaeTrbecs 3aadya ONTHUMAIBHOTO KEpyBaHHS B JIBO- Ta
TPUBUMIPHUX JIINIIMIEBUX TMOJITONHUX O00JIACTSIX HANBUIIHIMHUM  EIINTUYHUM
PIBHSIHHSIM 3 TPAHUYHUMH YMOBAMHU MEPIIOro poay Ta JT0JaTKOBUMU OOMEXEHHSIMU Ha
KepyBaHHs. J[J1 3anpONOHOBAaHOT aBTOpaMU OOYHCIIOBAIEHOI CXEMH, SIKa TUCKPETU3YE
PIBHSHHS CTaHy Ta CHpPSsDKEHI PIBHSHHS KYyCKOBO-JTIHIMHUMHU (PYHKIISIMH, a KEpPYIOUy
3MIHHY KYCKOBO-CTJIMMU (PYHKIIIMH, OTPUMAHO OIIHKY TOYHOCTI HaOIUKEHOTO
PO3B’sI3Ky. 3HAWJIEHy OI[IHKY IMOXMOKM PO3KJIaJCHO HAa CyMy TPhOX CKJIAJOBHUX, SKi
MOB’5I3aH1 3 IUCKPETU3AIIEIO0 PIBHAHD CTAHY Ta CIPSHKEHOTO CTaHY, a TAKOXK Kepyrouoi
3MiHHOi. [To/110Ha OlliHKa € BaXKJIMBOIO MTPH KEPYyBaHHI TOXUOKOIO B aIalITUBHOMY METO/I1
CKIHYCHHUX €JICMEHTIB.

VY po6orti [152] po3pobieHo HOBUM MiAXid A0 KOHTPOJIO IMOMMJIOK 1 agamTariii
METO/Y CKIHYEHHMX €JIEMEHTIB IPH JAMCKPETH3alli 3a7a4 ONTHUMI3alli, SKi KepyITbCs
nuepeHIlaJbHUMI  PIBHSHHAMHM B YAacTMHHMX NoXigHuX. Popmanizm Jlarpanxka
BUKOPUCTOBYETHCS JUJIA OOYMCIIEHHS CTalllOHAPHUX TOYOK HEOOXIHMX yMOB
ONTUMAJIBHOCTI MEPIIOro MOPSAKY. AJanTailisi CITKM KepYyeTbCs arnocTeplOpHUMHU
OLIIHKaMH MOMMJIOK Ha OCHOBI 3aJIMILIKIB KIITHUHOK CITKA. OCOONMBICTIO PO3IJISHYTOI
3aa4l € TPUPOJHUM BHOIp (yHKIlIOHATA KOHTPOJIKO TOMUIJIOK, SIKMM 30Iira€rbcs 3
(GbyHKIII0HATIOM BapTOCTi 3ajayvi ontumizauii. MHOHUK JlarpaHkxa BUKOPUCTOBYETHCS

JUTS 3BaKYBaHHS 3QJIUIIKIB KIIITHHOK B OI[IHIOBAaHH1 TTOMIJIOK.
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B pobGoti [153]  posrmsimaeTrbcst omnTuMizaliiiHa 3amada IS JIHIHHOTO
napaloJIYHOTO PIBHAHHS 3 KEPyBaHHSM, SIKE BXOAWTH Y MpaBy YaCTUHY PIBHSIHHS 1 B
rpaHuyHy yMoBY. OCHOBHUM pe3yJbTaTOM POOOTH € 3aCTOCYBaHHS METOAY MPOEKIIil
rpajieHTa Ais 3HAXOJDKEHHS ONTUMAJIbHOTO KEpyBaHHA. 3HaiieHo (opMmyity is
rpajieHTa (QyHKI[IOHaJIa BapTOCTI 4epe3 PO3B'A30K CIPSHKEHOI KpailoBOi 3ajadl.
JloBeneHo TeopeMy Mpo pi3Hi BUAM 301KHOCTI TTOCTIIOBHOCTI KEPYBaHb, 110 MiHIMI3YIOTh
¢dbynkionan BaptocTi. Y ctarri [154] posrnsgaerbes 3amada onTUMI3aili A
KBa3UTIHIHHOTO MapaOoIidYHOrO PIBHAHHS, B SIKE KEPYBaHHS BXOJHWTh SIK BEKTOPHUU
napameTp B Koe(DilleHTH (BKJIIOYAKOYM CTApIIMil) 1 B TpaHW4YHI yMOBH. OCOOIMBICTIO
IIOCTAHOBKHU 3ajaul € T€, 110 KEPYBAaHHS BBAXKAEThCS HE IMPOLIECOM, a TOUKOIO KyJi B
CKIHUEHHOBUMIPHOMY €BKJI1JIOBOMY MPOCTOPi. Y poOOTI peai3oBaHO KJIACHYHUH MiIX1],
3T1HO 3 IKMM HE0OX1Ha yMOBA ONTUMAJIbHOCTI 3HAXOAUTHCS 3 MPUHIUITY MAKCUMYyMY,
axuit popmymoerbes A GyHKii ['amiibToHa, MTOOYI0BaHOT 3a JOIMOMOTOI0 PO3B'sI3KIB
BUXIJTHOI Ta CHpPSDKEHOI KpaloBUX 3ajad. YWCeNnbHUN alropuT™M pO3B'S3aHHS 3a]adyl
BUKOPHUCTOBYE 1TEpaLlIfHy CXEMY 1 METO/ CIIPSKEHUX T'PAJIEHTIB.

Y  poGoti [155] mocmimKyloThbes 3a7adi  ONTHUMI3aIli, $KI KepyrThCs
HaIBJIIHIMHUMHU TapaOOJIYHUMH PIBHSHHSAMH 3 KEPYBaHHAM B TPAHUYHUX YMOBaX.
OcoOnuBICTIO 33/71a4 € TTOTOYKOBI MilllaHi OOMEXEHHSI Ha KepYBaHHS Ta CTaH CHCTEMH.
BuB4aroThcs HEOOXiHI yMOBHU ICHYBaHHS ONTHUMAJIbHOTO KEPYBaHHS B TIEBHUX
(GyHKIIOHAJIBHUX MPOCTOPAX, a TAKOXK YMOBH PETYJISIPHOCTI MHOXKHMKIB Jlarpanixka, ki
BUKOPHCTOBYIOTHCS MPHU MOOYA0B1 CIPSIKEHUX PIBHSHb.

VY crarti [156] posrnsmaersbest JiHIAHE MapaOoyiiyHe PIBHSHHS B oOjlacTi 3
OUTIHIMHUM KepyBaHHSM, sSIKe Jl€ Ha MAMHOXUHI 1HTepBany . Koediient qudy3ii mae
BUPO/DKCHHS B KIHIIEBUX TOYKaxX IHTEpBaly. ABTOpaMH JOBOJUTHCS ICHYBAaHHS Ta
€IMHICTh CIA0KOTO PO3B'SI3KY KpailloBOi1 3ajayi JJis BUXIJHOTO PIBHSHHSI, 1CHYBaHHS
ONTUMAJIBHOIO KEepyBaHHS i1 KBaJAPAaTUYHOTO (PyHKILIOHANA 3 PEryJspU3yIOuuM
yieHoM. HeoOXxifHy yMOBY MEpLIOTO MOPSAKY B 3aJadl ONTUMAJIBHOIO KEpyBaHHS
OTPUMAHO Yy BUIJISIAI BapialiiHOT HEPIBHOCTI BIAHOCHO NoXiaHOT Dpemie GyHKIIOHATA

BapTOCTi. BI/IBOI[I/ITI)CH TAKOX JO0CTAaTHA YMOBa iCHYBaHHSI OIITUMAJIBHOI'O KCPYBAHHAL.
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VY po6oti [157] po3risimaeTbest MilliaHa IMUIOYMCIIOBA ONITUMI3AIIS 3 00MEKEHHSIMHA
y BUIIISII AU(EepeHIiabHOTO PIBHAHHSA B YACTUHHHUX MOXIIHUX €BOJIOIIHOIO THITY.
OmnepatopoM piBHSAHHS € 1H(DIHITE3UMALHUNA TE€HEpPaTOp PIBHOMIPHO HEMEpPEepBHOL
HiBrpynH JiHIMHUX OOMeXeHuX omepaTopiB. Jluckperusarisi 3amadi MPOBOAUTHCS 32
yacoM Iiciisi 00epTaHHs €BOIIOLIMHOIO OMepaTropa 3a JI0NOMOTOI0 orepallli 3rOpTKH.
Jluckperuzailisi 3a NPOCTOPOBUMHU 3MIHHMMHU 3acHOBaHa Ha MeToial ciTok. JlaHo
3aCTOCYBAaHHS JI0 PO3B'S3aHHS 3a]adl ONTUMAJIBHOTO PO3MIIICHHS JKEpEN Teria B
o0J1acTi mpu 0OMEKEHHI 1X KIJIbKOCTI.

Y poGoti [158] posrisigaeTscsi 3ajada ONTUMAJIBHOTO KEPYBaHHS PIBHSHHAM
TEIUIONPOBIJTHOCTI 3 HEONMYKIMMHM OOMEXKEHHSMHU. 3ajadya 3B’si3aHa 3 IMPAKTUYHUM
IPOLECOM aJWTUBHOTO WIAPOBOTO BUPOOHMIITBA, SIKUH BHUKOPUCTOBYETHCS IJIs
BUTOTOBJICHHS TPUBUMIPHHUX JeTaliell 13 METalleBUX MOPOIIKIB MUIIXOM IOIIAPOBOTO
IUIaBJIEHHs Matepiany. JlazepHuil NpOMiHb CKaHye€ MOBEPXHIO JeTalll, HOKPUTY
MOPOIIKOM, HarpiBaroud ii /10 HEOOXIZHOTrO piBHA. MIiHIMI3Y€TbCA KBaJpaTUYHUI
(GyHKILIOHAT 31 CKJIAJAOBUMH, SIKI 3alie)kaTh BlJl BIAXWJIEHHS TEMIIEpaTypH AETall Bij
HOMIHAJIbHOI, IpaJleHTa TEMIIEPaTypHOIO MOJIs 1 KepYBaHHsS — TPAEKTOPII JIa3epHOro
MIPOMEHS B3JI0BK 00J1aCTl CKaHYBaHHA. Y MOBH Ha TPAEKTOPIIO MPUBOJIATH /10 HEOITYKJIMX
oOMeXeHb Ha KepyBaHHsS. Pe3ynbTaToM poOOTH € HEOOXiJHa yMOBa ONTUMAJbHOCTI,
OTpUMaHa y BUTJIA/II BapialliifHOT HEPIBHOCTI.

Y crarti [159] po3rnsgaeThes 3agada  ONTHUMI3alll  JJIsI  HAMIBIIHIMHOTO
napaboIIYHOrO PIBHSHHS, B MPaBYy YACTUHY SIKOT'O KEPYBAHHS 1 CTaH BXOJSATh Y BUTJISII
OumHIMHOT (Qopmu. OOMEXEHHS Ha KEpyBaHHS 3aJal0ThCsl JBOMA TI'PAaHUYHUMH
¢byHkuisimMu 3 npoctopy. Ilpy mNeBHHX yYMOBaX MOHOTOHHOCTI IHTETPAJIBHOIO
dbyHKIIOHATa B pOOOTI JOBOJIUTHCSA, MO OYyIb-SKHI PO3B'SI30K OMTUMI3aIliiHOI 3a1adl
3a/1a€ThCsl bang-bang QyHKIE€O, sKa OYyIyeTbCs Yy BUIUIAAL JIIHIMHOT KOMOIHAITi
XapaKTEPUCTHYHUX (DYHKI[IN BUMIpHOI MHOKMHU Ta 1i monoBHeHHs. Koedimientamu
IpU XapaKTEPUCTHUUHUX (DYHKISAX € TrpaHuuHl (QyHKLI, SKI 33Jal0Th JIOMYCTUMY
MHOKEHY KepyBaHHs. B 3a7a4i onTuMizaiiisi IpoBOIUThCA (PAKTUYHO MO 00JACTSX, K1 €
HOCIsSIMU  xapakTepucTuuHux (Qyskiii. I[lomiOHi 3amadi  BiTHOCATHCA N0 3a1a4y

ontumiszatii Gopmu.
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VY crarti [160] gocaimxyeTbes aOCTpaKTHE €BOIOLIIHE PIBHSAHHS MapaboIIdyHOTO
TUMY 13 3aMi3HEHHSIM, B SIKOMY OIEpaTOp € TeHEepaTopoM EKCIOHEHIIAaTbHO CTIMKOI
NiBrpynu. 3ami3HeHHS BBAXKAETHCS PO3MOAICHUM Ha BIIPI3KY MIHCHOI OC1 1 BXOJUTH Y
CTaH CHUCTEMH, BIJ] AKOTO 3aJEKHUTh JOAATKOBHM WiieH piBHSHHA. [logiOHMM YHHOM
dbopmyeThes PyHKIIOHAT BapTOocTi. HeoOXimHa yMOBa ONTHUMAaIbHOCTI (DOPMYITIOETHCS Y
BUTJISAMII TIPUHLIMNY Makcumymy Tuiy IlonTpsrina. IlomiOHi 3amadi BHHUKAIOTH,
HANPUKIIAJ, PU KePYBaHHI MOTOKOM TEIUIa B TUIAaX 3 MaTepiajiB 3 MaM ATTIO, A€ BXKE
BUKOHYEThCS y3araJibHEeHUH (HE JTOKaIbHUI) 3aKOH Dyp’e.

VY pob6oTi [161] po3risiHyTO 3a/a4y ONTUMAJIBHOTO KEPYBAHHS IS BEKTOPHOTO
HAITIBIIIHIMHOTO MapaboJiYHOrO PIBHSIHHS Y YacTKOBUX NoxigHuX. Kepyroua 3miHHa
BXOJIUTh y MATPUII0 KOe(DII€HTIB Mpu cTapmux mnoxigHux. HeoOximHa ymoBa
ONTUMATBHOCTI MPUBOJUTH JI0 IPUHIIUITY MAKCUMYMY, SIKHI (DOPMYITIOETHCS aHAIOTIYHO
KJIAaCUYHOMY BHMAJKy. J[OBEJEHHS 3aCHOBAaHO HAa BUKOPHCTAHHI METOJY TOIYacCTHX
Baplaliid, fAKi BHOUPAIOTbCS TAKUM  YUHOM, II00 OTpUMATH  HEOOXITHY
T epeHIHOBHICTh CTAaHy CUCTEMH BIJHOCHO KEpYBaHHS.

Y crarti [162] [OCHIKYyEThCS CHUCTEMA, SKa OIUCYEThCS  HESIBHHUM
nu(epeHiaJbHO — ONEPATOPHUM PIBHSHHSAM MapaboJIIYHOTO THITY, HEPO3B’I3HUM
BITHOCHO cTapiuoi noxiaHoi. KepyBaHHs BXOOUTH B IMpaBy YaCTUHY PIBHSHHS, SIK B
3BUYAMHOMY, TaK 1 B IMIYJbCHOMY BuUTIIsAAl. Ontumiszailis 3A1HMCHIOETHCA 3a JBOMA
BUJIaMU KEpPYBaHHA, IPUUYOMY IMIYJIbCH PO3IIIAIAIOTHCS B (DIKCOBAHI MOMEHTH Hacy 1
KEPYIOThCSl 3a JIONOMOIOK iX I1HTeHcHBHOCTEH. OKpeMO po3IiIaeThCcsl 3anadya 3
ONTHUMI3alll€l0 MOMEHTIB 4acy .ii IMIyJsibciB. MeTox MOCHIIKEHHS 3aCHOBAaHO Ha
PO3B'SI3KY IU(EPEHIIAIbHOTO PIBHSHHS, MOOYJIOBAaHOTO 3a JOMOMOTOI OINEpaTOpPHOL
MIBrpyNH, siKa 300pa)xye€ThbCs. IHTETPAJIOM BiJl TICEBIOPE30JBBEHTH OINEPATOPHOTO
KMYTKAa.

VY crarti [163] posrismaerbcs NMiHIHHO-KBaApaTUYHA 3a7ada ONTHMAJIbHOIO
KEPYBaHHS OCECUMETPUYHUMH KOJIMBAaHHSAMHU KpyTioi MeMmOpaHH. 3a JOMOMOTOIO
METO/1y MHOKHHUKIB Jlarpanxa oTpruMaHo HEOOX1JHI YMOBU ONTHUMAaJIbHOCTI. JloBeneHO
€IMHICTh ONTHUMAJbHOTO KEpPyBaHHsA. 3aJauy 3BEJIEHO JO CUCTEMH I1HTErpo-

nudepeHiaIbHuX PIBHSIHBb PiKKaTI Ta 10JATKOBUX YMOB JI0 HE.
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OxpemMO pO3TasSHEMO JesKi 3a/ayl ONTUMAIbHOTO KEPYBAHHS TEPMOMPYKHUM
ctaHoM TuUI. Y ctarTi [164] aHami3yeThcs 3B’s3aHA CTAIlOHApHA OMNTHMI3aIliitHA
TEepMOIpYy>KHa 3a7ada JUIsl JOBUIBHOTO CKIHUEHHOTO Tija 3 MINIaHUMHU TPAaHUYHUMHU
yMOBaMU JIJIsl TEMIIEPATYPHOTO TOJIS 1 MOl TIEPEMIIICHh Ta TPAHUYHUM KEPyBaHHSIM.
MeTtonamu KJIIaCMYHOTO BapiallliHOTO YKCIICHHS 3a JIOMOMOTOK0 MHOKHHUKIB Jlarpanxka
CIIOYATKy BUBOJATHCS HEOOX1HI YMOBH ONTHUMAaILHOCTI. 11 yMOBM BKJTIIOUAIOTh CUCTEMY
nudepeHLiaTbHUX PIBHSIHB BIIHOCHO TEMIIEPATypH, MIEPEMIIICHD 1 CIPSHKEHUX (QYHKITIH.
JInst 4KMcIoBOTO PO3B'A3KY 3a/layl MPOMOHYETHCS METO/A, Y SKOMY IPOCTOpOBa
JUCKpeTu3aliss AudepeHIialbHUX pIBHSIHb JOCATalOThCS 33 JOMOMOIOK METOIY
CKIHUEHHHUX €JIEMEHTIB, a IpH MiHIMi3aIlli (yHKI[IOHAIa BAPTOCTI - METOJI CIPSKEHUX
rpagieHTiB. Y po6oTi [165] AochipKyeThes MOCTAaHOBKA Ta MOOYI0Ba YHUCEIHHOTO
PO3B’SI3Ky 3a7adl ONTUMAJIBHOTO KOHTPOJO (B CEHC1 MIBUAKOII) HArpiBy IJIACTUHU
BHYTPIIIHIMH JPKEPEIaMH TETlIa TPU HAsIBHOCTI OOMEKEHb Ha KOHTPOJIb 1 MAKCUMAaJIbHE
3a a0COJIOTHOIO BEJIMYMHOIO TEPMIUHE HAMpyXeHHsI. BUKOPHUCTOBYeThCS METON
PO3B's13aHHS OOEPHEHOI 3a/1a41 TEMJIONPOBIIHOCTI pa30M 3 METOIOM CKIHYEHHUX PI13HULIb
Ipu a”ami3l mpsMoi 3amadi. Meroro pobotu [166] € kepyBaHHs jaedopmaliiero Ta
TEMIIEPATYPOIO0 TEPMOTIPY>KHOTO TiJia IIJITXOM BIUIMBY Ha HHOTO 30BHIIIHBOT CHUIIH, IO
Jie Ha Horo yactuHy. [locTaHoBKa 3aa4i BIIPI3HAETHCS Bl KJIACHYHOI, OCKIJIBKU B HIM
BIJICYTHS 1H(pOpMAIIisi TPO TOYATKOBI JaH1 — MEPEMIIIEHHS Ta PO3MOJILT TEMIIEpaTypu B
Tutl. HemoBHOTA JaHuX Mpu3Besa 10 HE0OX1THOCTI BUKOPUCTOBYBaTH po3BuHeHY XK.-JI.
JlioHCOM KOHIIEMIIiI0 6€3MPOorpamrHoro KOHTpodto (KoHTposs [lapeto). Jmns 1i peanizarii
aBTOPAaMH BBEAECHO MOCIIIOBHICTh (DYHKIIIOHAJIIB BAPTOCTI, KA 3aJIEKUTH BIJl 1OJATHOTO
napametpa. [lpm KOXKHOMY 3HAu€HHI MapaMerpa (YHKIIOHANI BapTOCTI BIJIMOBIIAE
KOHTPOJIF0O 3 MiHIMaJIbHUM TporpamoM. [lokazano, mo Oe3nporpamHuii KOHTPOJIb
MO>KHa OTPUMATH 13 KOHTPOJIIO 3 MIHIMaJbHUM IPOTpaIloM IPaHUYHUM MEPEXOIOM 3a

YMOBH, 10 3a3HAYCHUM ITapaMeTP NPSAMYE 10 HYJIS.

BucnoBok po3uiny 1
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[IpoBenenuii ormsia giTepaTypu 3aCBIAUYMUB 3HAYHHUNA MPOTPEC Y PO3BUTKY METO/IIB
pO3B’sI3aHHS 3a/1a4 Teopii MPYKHOCTI Ta TEPMOIPY>KHOCTI SIK y JTBOBUMIPHHX, TaK 1 B
TPUBHMIPHHUX MTOCTAHOBKAaX. YBara JIOCIIJHUKIB OyJia 30cepekKeHa K Ha aHATITUYHUX,
TaK 1 Ha YUCETbHUX MIAX0JIaX, Cepe]] AKUX HAOLIbII MOMIMPEHUMH € METOIU (PYHKIIIH
HaIpy>KeHb, METOJAM KOMILJIEKCHOIO aHalli3y, a TaKOX YHUCEIbHI METOJU — METO]I
ckinueHHux eneMmeHnTiB (MCE) 1 meton rpannunux eneMentiB (MI'E). KoxkeH 13 HUX Mae
CBOi mepeBarn Ta OOMEXEHHS, II0 3yMOBIIIOE€ BHUOIp METOIy 3aJIHO BiJl XapakTepy
3aJlayl, CKJIaJHOCTI TEOMETPIi Ta yMOB HaBaHTaKEHHS.

Oco0nuBy yBary B JiTepaTypi NPUIUICHO 3ajadyaMm JJisl TUT 3 BKJIIOUCHHSIMH,
TpilIMHAMH, MOPOXKHHHAMU Ta IHIIMMU HEOAHOpiAHOCTsAMH. lle moB’s3aHO 3
aKTyaJbHICTIO aHAN3y peajbHUX KOHCTPYKIINA 1 MaTepialliB, IO MAalOTh CKJIAJIHY
CTPYKTYpy. Y 1IbOMy KOHTEKCTI BaXXJHMBE MICIE 3ailMalOTh  JOCHIIKEHHS
TEPMOTPYKHOTO CTaHy OaraTomapoBHX 1 PYHKIIOHATBHO-TPAIIEHTHUX MaTepiaiiB, s
AKUX XapaKTEpHI HEOAHOPIIHI (P13MKO-MEXAaHIUHI BIACTUBOCTI. PO3B'A3aHHs Takux 3a1a4
noTpedye He JHIIEe BHUCOKOI TOYHOCTI, a W €(QEeKTUBHUX aJITOPUTMIB, 3/IaTHUX
BpPaxOBYBAaTH B3a€MO/III0 P13HUX (HI3UUHUX TOJIIB.

Oxpemy Tpymy CTaHOBJISATH pOOOTH, NPHUCBSYEHI 3aja4aM ONTUMAaIbHOTO
KEpyBaHHS  HamlpyXeHO-Ie(OpPMOBAaHMM  CTAHOM  KOHCTpPYKUiHA. Bukopucrtanss
TEPMOYIIPABIiHHS SK 1HCTPYMEHTY JUIsi MiHIMI3allli Hampy>KeHb € MEePCHEKTUBHUM
HaIpsMOM, 110 J03BOJISI€ MOKPAIIUTH HAAIMHICTD 1 JIOBTOBIUHICTh CKIaAHUX TEXHIYHUX
CHCTEM.

Cepen ycix pO3TJIIHYTHUX METOJIB OCOOJIMBE MiCIle 3aiiMae y3araJibHEHUU METOT
Oyp’e (YM®D). Lleit meTon BUSBHUB ceO€ K MOTYXHUM IHCTPYMEHT ISl aHATITHKO-
YHCEJIbHOTO PO3B’sI3aHHS NMPOCTOPOBUX KPAaHOBHX 3a7au Y KAHOHIYHUX 0araTo3B’sI3HUX
o6macTsx. FIoro OCHOBHUMHM IepeBaraMy € MOKJIMBICTh TT06YI0BH 0a3UCHHUX PO3B’A3KiB
piBHsHHS Jlame, edexTuBHE BITOKPEMJICHHS 3MIHHUX Y CKIAIHUX KOOPJAMHATHHUX
CUCTEMax Ta 3/IaTHICTb JI0 TOYHOTO BpaxyBaHHsS IeOMeTpli ¥ (I3MYHMX BIACTHBOCTEU
Marepiay. 3aBisgku 1boMy YM®D He nwuine AOMOBHIOE KJIAaCHYHI METOAM, ajie U
BIJIKPUBAE HOBI MOKJIMBOCTI JUUI aHATI3y CKJIQJHMUX 3a7a4 MEXaHIKH Je(hopMOBaHOTO

TBEPJOTO TiJIa, 30KpeMa y cepi ONTUMAIBLHOTO KEPYBaHHS TEPMOIPY>KHUM CTAHOM.
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PO3JILI 2
PO3BUTOK ATIAPATY Y3ATAJBHEHOT'O METOJY ®YPBE

2.1 InBapianTHHII BicecuMeTpu4YHU 0a3uc 1A piBHAHHA Jlame

[{ro r7aBy MpUCBSIYEHO MOAAIBIIOMY PO3BUTKY arapaTy y3arajlbHEHOTO METOIY
®dyp'e HA BiceCUMETPUYHI KpaloBi 3a/1a4i CTaIliOHAPHOT TEPMOIIPYKHOCTI TSI IPOCTOPY
31 chepUUYHUMH HEOTHOPIAHOCTSIMU. PO3BUTOK Tonsrae B MOOyAOBI i1HBaplaHTHHUX
BICECUMETPUYHUX Oa3uCHUX pO3B'A3KIB piBHAHb Jlame 1 [roamens — Helimana B
cepUyHUX KOOpJIMHATaX 1 OTPUMaHHI TEOPEM JAOAaBaHHs IMX PO3B'S3KIB B OJJHAKOBO
HAMpSMJICHUX CHUCTEMax KOOPAMHAT, TMOYATKU SKUX JIOBUIBHO 3CYHYTI B3JIOBX OCI
cumeTtpii. Ha BigMiHy BiJI 3aragpHuX 0a3uCHUX PO3B'A3KIB piBHAHHSA Jlame B chepuuHmx
KOOpJIMHATax, Akl Oyjo moOynoBaHo B [44], B nucepTallli BUKOPUCTOBYIOTHCS 1HIII
PO3B’SI3KH, B SIKI HE BXOJUTH MapaMeTp TPaHUIHOI TOBEPXHi.

VY TpUBHMIpPHOMY MPOCTOPI BBEAEMO JEKAPTOBY CHUCTEMY KOOpAHMHAT (X,),z) 3

noyatkoM y touti 0(0,0,0). CyMmicTUMO 3 JEKapTOBOIO CHCTEMOIO C(pepUyHy CUCTEMY
koopauHat (r,0,¢), r€[0,0),0<[0,7],p €[0,27]. B obnactsx OF - {(r,0,0): r<>11§}’

K1 337]a10Th 30BHIIIHICTD 1 BHYTPIIIHICTb KYJI1 3 HEHTPOM Yy MTOYATKY KOOPIAUHAT pajilyca
R, po3risiHeMo HAOOPH PETYJIAPHUX BICECUMETPUYHUX PO3B'S3KIB piBHsAHHSA Jlamiaca
Au=0 2.1
y chepuUHHUX KOOpAMHATAX
w (r,0)=r""P (cos®), w, (r,0)=r"P (cosb). (2.2)

2 2 2
Tyrac 0,0

+ + — oneparop Jlamnaca, P, (x) — mHorounenu Jlexxanmapa, 3HaK
2 2 2 g
ox~ oy~ oz

+ (-) BigmoBigae o6acTi QF (Q ). OyHKuil w;: (w;) OyJieMO Ha3WBaTH 30BHINIHIMH

(BHYTpIITHIMHU) PO3B'I3KaMu PiBHAHHS Jlarnmaca s Kydi.

Posrasinemo piBHsiHHs Jlame

AU %) +(1-2v)'V(divU(x)) =0, (2.3)
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sSIK€ OMUCY€ BEKTOp nepemimieHb U(X) Touku X y npyxHoMy Tull. TyT v — koediieHt

[Tyaccona, V — omeparop Habna.

[ToOyayemo HabOpH BiCECUMETPUYHHX PO3B'sI3KIB piBHAHHA Jlame, perynspHi B

obmactax Q1 (Q7).

OCKiTbKH BUKOHYIOTBCSI TOTOKHOCTI
[A+(1-2v)"'V(div)[V = AV + (1-2v)'V(divV) = VA + (1-2v) 'VA =

:2—2V§A’
1-2v

TO poO3B'A3kamMH piBHsAHHA Jlame B oOmacTsax ot OyayTh Taki HAOOpPU BEKTOPHUX
bYHKITIH:
W (r,0) =Vw, (,0). (2.4)
Hpyruit HaOip po3B'A3KiB OyJAeMO IIyKaTH y BUTIISAIL
W, (r,0) = 2,V (r.0) = W (r,0), Vi 0) =VIrw (r,0)],  (2.5)
ne y.,¢ 7 — nmeski umciosi koedimientu. 1106 ix 3HANHTH, BUKOHAEMO MOIEPEIH]

MEPETBOPEHHS

divV*(r,0) = A[F*w' (r,0)] = 6w’ (r,0) + 4x

ow, (r,0) +ay ow, (r,0) 4z ow, (r,6) N
ox oy oz

: 24
AW (1,0) = 6w (r,0) + 4 DO 2T e gy (2.6)
or 6+4n

. L, 2-4n| . . 2—4n| -,
AVE(r,0) = VAP W (r,0)] = VWi (r,0) = Wi (rn0),  (27)
6+4n 6+4n| -

div[r* W (r,@)]:aﬁ[rz Mj i er M} 9 (,,2 6w;(r,9)]:
X

ox oy oy 0z 0z
* —2-2
=r’Aw: (r,0) + 2]’M = " w(r,0), (2.8)
or 2n

AP (r,0)] = 61 (r,0) + 4r§ W (r,0) + 1AW (r,0) =
r
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. 2-n) ., —2—4n
=06, (r,0)+4 { W, (r,0)= dn+? w5, (r,0). (2.9)

[TincTaBuMO BeKTOP-(QyHKIIIIO an (r,0) B niBy yacTuHy piBHAHHA Jlame, BpaxoByOUH
oTpuMaHi popmynu
[A+(1=2v) ' V(diV)T;, (r,0) = AW, (r,0) + (1-2v) ' V(div)V; (r,0) =
= 2, 1AV, (,0) + (1= 2v) 'V (div)V [ (r,0)] -

—5:[A(r2%(r,0»+(1—2v>-1?(div><rlej<r, 0)]=

_ 2T O+ (-2 12T 0
=20 V6 a an W (r,0)+(1-2v)" 64 W (r,0) |-

—¢7 {:(4;1 + W (r,0)+(1-2v)" { 2 W (r,0) }

I R P T g (4n+2)(1—2v)+2+2n
“H V6 pan( 12y O —(4n+2)(1-2v)—2n

} _'li (I", 9) .
Jlnst Toro, mo0 BeKTop-QyHKIIIi W;ﬂ (r,0) Oymu po3B'si3kamu piBHsAHHS Jlame, BUOepeMo
Koeditientn ¥, y TAKOMY BUTJISIII:
Xr=n(4v-3)+2v-2, y. =n(4v-3)+2v -1, (2.10)
S'=2n-1)2v-2), ¢ =2n+3)2v-2). (2.11)

3anmiueMo po3BUHEHHs po3B’si3kis W), (r,0), W, (r,0) 3a KOOpAMHATHUMH OPTAMH

[~(n+1)P,(cosO)é. + P (cosO)é,], (2.12)

-, 1
VI/L" (l", 6) = T2
r
W, (r,0) = " [nP,(cos 0)é, + P! (cos 0)é,], (2.13)
Wgﬂ (r,0)= in[—n(n +3-4v)P(cosO)é, +(n+4v—4)P (cosh)é,], (2.14)
v

Wz‘,n (r,0)=r""[(n+ D) (n+4v —2)P (cosO)é. +(n—4v+5)P (cosO)é,]. (2.15)

Hactynuuii pe3ynbrar BHKOPUCTOBYE TOHSATTS Oa3MCHOI CHCTEMH PO3B'S3KiB
piBHsiHHS JlaMe B 0JTHO3B’ sI3HIM KaHOHIYHIM 00J1acTi, BBeZieHe B poboTax [51, 52]. Becroau

y IOJANIbIIIOMY BBaxaemo, 1o v € (0;0.5).
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Teopema 2.1. Bekrop-¢hyHKIii <{I/I7L+O(r,6’),Wl+ (r,@),VT/zfn(r,@)}f:l YTBOPIOIOTh

N/
0asucHy cHuCTeMy pO3B'si3KiB piBHsSHHS Jlame B oOumacti ot Bexrop-dynkiii
Wy (r,0),W,(r,0),W, (r,0)},., yTBOPIOIOTb Oa3sHUCHy CHCTEMy PO3B'A3KiB PiBHIHHS

Jlame B o0Onacti QQ .

JloBeaenns. PosrisiHemMo kpailoBy 3a7auy B MepeMILICHHIX B 00J1acTi of

AUF) +(1-2v)'V(@@ivU (%)) =0, xeQT, (2.16)
U(%), o = 2 (B P,(cos 0), + b7 Pl (cos0)é,), (2.17)
n=0

ne {é.,é,} —opTu chepuuHOi cucTeMH KoopauHaTt, b\” =0, a rpaHHYHA BEKTOp (yHKIIis
3aJI0BOJIbHSIE YMOBY
> (B [+n|B? ) <oo. (2.18)
n=0
Bynemo mrykatu po3B'sa30K i€l 3a71a4i, peryJIsspHUN Ha HECKIHUEHHOCTI, Y BUTJISII
T2y S 1) pn+2yp7+ 2) 7+
Ux) =) [a"R™W; (r,0)+aR'W, (r,0)]. (2.19)
n=0
[Ticnst mepexoay A0 KOOPAMHATHOTO 3aMUCy 0a3UCHUX MEPEMIIIEHB 1 3a10BOJICHHSI

I'PaHUYHOT YMOBH OTPUMAEMO alre0paiuHy cCucteMy

M __pm @ _
a,” =-b,’,a,” =0,

b

~(n+1)a'” —n(n-4v+3)a’? =p",
m oy "=l
a,’ +(n+4v—-4)a,” =b

n 2

KA Ma€ PO3B'sI30K

n A > Ym0 A

n n

. (2.20)

pI(&
A =2[3=4v)n+2-2v]. 2.21)

[Tpu v €(0;0.5), n € N BUKOHY€TBCS OILIHKA

A >2(n+1). (2.22)
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[TimcTaBuMO oTprMaHi KOS(MIIEHTH B P IJIs1 TIEPEMIIICHHS U (X). Iicns neskux

NIEPETBOPEHDb MAEMO

U(X) = ZR—n[b;”g (cos@)e. +b PP cos9)é,] +

n=0 r

+i (}’l+4V_4)bn(1) Zn(n_4v+3)b’52) {R}Hz B R

n=0 n

][—(n +1)P.(cos0)é, + P' cosO)é,].

n+2 n
r

r

(2.23)

CxkopucraeMoch omiakamu (pyHkii Jlesxanapa
| P(cos@) <1, | PlcosO)|<n+1,
o0 JOCHITUTH 30DKHICTh psAAiB y monepenHid (opmyni. Ha nmpomikky 7 e[R,0)

yKazaHi QyHKIIOHATIBHI PSIIM MaXKOPYIOTHCS YUCIIOBUMU PsilaMuU

o0 n

—|B" P (cos 0)é, + B P} cos0)é, | +

n=0

r r

+i (n+4v — )b + n(n—4v +3)b® [sz R

2 n
A n+
n=0

J[—(” +1)P (cosO)é. + P (cos9)é, ]| <

n

o0 1 o0
<D (B |+ + DB )+ EZ(” +3)(15,” |+n| B ). (2.24)
n=0 n=0

3 ymoBu (2.18) BUIUIMBAE, 110 YUCIIOBI psAau mpaBopyd y (2.24) 306iraroThcsi, TOOTO

¢dbyHKL10HANIBHI psiau B (2.23) 30iraroTbesi pIBHOMIPHO BITHOCHO ¥ €[R,0), 0 [0, 7].
To/1 BUKOHYIOTBCSI YMOBH:

U(%) e CHQHNCQY), (2.25)

lim U(x) =Y [b"P,(cos0)é + b Pl cos0)é,]. (2.26)

n=0

TakuM YMHOM, TOBENEHO Oa3UCHICTL cucTeMu po3B's3kiB (W) (r,0),W, (r,0)},_,

piBHsHHS Jlame B oOacTi ot JIyst BHYTPIIIHIX pO3B’SI3KIB JOBEICHHS aHAJIOT1YHE.
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2.2 YacTuHHi po3B'sa3ku piBHsAHHA {roamess - Heiimana

+ . .
Posrnsaemo B obnactax Q— piBHsaHHSA roamens — Heitmana

2X W o), (2.27)

_ 1 - _
AU (X) + VdivU(x)) =«
%) 1-2v ( 2 1-2v

SKE€ OMHCYE MEPEMIIICHHS B MPY>KHUX TiJaX NPy HASIBHOCTI TeMrepaTypHoro nossd. Tyt
- : + . g
T(X) — cramioHapHe TeMIiepaTypHe MoJie B 00JacTax Q—, o — Koe]illeHT JiHIIHOTO

TEMIIEpaTypPHOTO PO3IIMPEHHS. By1eMo IlyKaTH YaCTUHHUHN PO3B'SI30K 1IbOTO PIBHSHHS B

o0J1acTIX Qi y BUTJISAIL

U(X)=VD(¥), (2.28)
ne O(xX) — nesxa ponomixHa ¢yHkuis. [lincranoBka (2.28) y piBusiHHA [{roamens —
Heiimana moka3sye, mo BOHO Oyje 3aJ0BOJIeHO, sKIo ¢yHKIito P(X) BuOpaTH sK

po3B’s30k piBHsHHSA [lyaccona

AD(F) =2a"T (%), ¥ QF, (2.29)

Ham Oyae motpeba y po3B’s3kax piBHAHHS (2.29) B obOmactsix ot LTSI
TEMIIEpaTypHHX TIOJIB, AKi 3a1aroThes QyHKImiamMu: w, (,0), r*w. (r,0). TakuM 1onsm
3QJIOBOJIBHSIIOTh  TOMOMIXKHI ~ (DYHKITIT CDj(r,Q) 1 d);“)(r,@), Kl € BIAIOBIIHO
OIrapMOHIYHMMH 1 TIOJITapPMOHIYHUMH (YHKIISIMH TpeThoro mopsaky. Ilepie
TBEpJHKEHHS BUTLIUBAE 3 hopmyiu (2.6) 1 mpuBOIUTH 10 PYyHKITIH

(1-2n)"

. (rf)=a {(2;1 +3)"

}rzw;(r,e) | (2.30)
Jlpyre TBEPKEHHS € HACIIAKOM MIEPETBOPEHHS
AP W (. 0)] = 207w (r, 0) + 87 w AW (r,0) =
a

=20r*w. (r,0) + 8nr*w, (r,0) = 4(2n + 5)r’w, (r,0), (2.31)

3BIJIKU
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a\/
2

TakuM 4YWHOM, 4YacTMHHI pO3B'SI3KM piBHAHHA (2.27), sKi BiANOBIIAIOTH

O V(r,0)=—2n+5)"r'w (r,0). (2.32)

+ 2 *
TeMIepaTypHuUM noisim w, (r,80), r“w, (r,0) MaroTh BUJ

(1-2n)"
(2n+3)™"

(1-2n)"

U*(r,0) =VO:(r,0) = a"
, (7,0) . (7,0) { (2n43)"

}ﬁ[rzw;(r,e)] = av{ }ﬁ*(r,e), (2.33)

U, (r.0) =V, (r0) == 2n+5) 'VIr'w, (r.0)] =
- "; Qn+57" V- O@,0), V0,0 =V[r'w (r,0)]. (2.34)

3anumemo nepeminieHHs (2.33), (2.34) y BUIIIAAl PO3BUHEHHS 3a KOOPAUMHATHUM

0a3ucoM chepuIHOI CUCTEMU KOOPIUHAT

U*(r,0)=a" {(l -2n)” H”}Hl - "}Pn(cos 0)é_+ P'(cos e)ég}, (2.35)
r n

(2n+3)™ +2
U, (r,0)= 0; @n+57" 7" [(n+4)P(cos0)¢, + Pl(cosO)é, | (2.36)

2.3 HamnpyxeHHss Ha noBepxHi c¢epu, sAKi BiANOBiIalOTH BBEICHUM

nepeMileHHAM

Ak Bimomo [2], mojie mpyxKHUX TepeMimieHb U(X) Ha riagkuil moBepxHi [T 3
OJIMHWUYHUM BEKTOPOM HOpMaJi 7 , pO3TalloBaHiil B 00J1aCTi MMOJIs1, CTBOPIOE HAMIPYKEHHSI

FU=2G| %

idive +2Y & l(ﬁ xrotl) |, (2.37)
1-2v on 2

ne G — MOIyJib 3CyBY. 3acToCcyeMo 110 hopmyiy g0 0a3ucHuX nepemimiens (2.4), (2.5)
Ha c(hepuuHii MOBEPXHI 7 = R 3 BEKTOPOM HOpMaJll 7 = €,. OOUnCINMO OKpeMi CKIIaJ0BI

B popmyi (2.37) nns 6a3ucHUX miepeMilieHb. [ nepinoro Habopy 6a3uCHUX PO3B'SI3KIB

piBHsiHHS Jlame 3 (2.4) BUIIIMBae

diviv, (r,0) = div[Vw; (r,0)] = Aw. (,0) =0, roti¥;", (r,0) = rot[Vw’ (,6)] = 0. (2.38)
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ToMy HanpyKEeHHSI MalOTh BUTJIA]L

FFW]; (r,0)=-2G ( ;:32) [~(n+1)P.(cosO)é. + P! (cosH)e,], (2.39)
r
FrW]_n (r,0)=2G(n—1)r"*[nP,(cos 0)é. + P! (cos0)é,]. (2.40)

s apyroro Habopy 0a3uCHUX po3B'A3KiB (2.5) 3 BUkopuctanusm dopmyi (2.6), (2.8),

(2.10), (2.11), (2.14), (2.15) orpumaemo

diviy, (r,0) = 7 divV; (r,0) - £ iV W (r.0)] = 1, { ) 4”}w:(r, 0)—
’ ’ +4n

.| =2-2n| |, 9) =2 2n—-1n(1-2v) - 5 41
o [T e smenr—n 0 (241)

rotiv;, (r,0) = yirotV' (r,0) — S rot[r° W, (r,0)] == rot[r° W, (r,0)] =

e +

X

= —{:rot[rzﬁwf (r,0)]=-¢; {2

o ow, (r,0) - ow, (r,0) 5 4|y ow, (r,0) 2y ow, (r,0) A
Ox 0z g oy Ox

’ ow, (r,0) 2, ow, (r,0)
0z oy

= 2L (Fx VW (r,0)) =-2L5 (6. x r'Vw (r,0)), (2.42)
%[ér xrothy, (r,0)]= =, [6, x (&, x rVw, (r,0)] = ={,[€,(¢., /YW, (r,0)) -

=—C7[é, x (6. x rVw, (r,0)] =~ [€,(6.,rVw. (r,0)) - rVw; (r,0)(é.,é,)] =
= [rVw (r,0) = €,E . rVw, (r,0)] = £ (rVw, (1,0),6,)8,. (2.43)
[TinctaBumo (2.31), (2.43) y (2.37)

_ oW (r,0
d é,,diVI/V;n(r,Q)+—2’”(r ), 1
1—2v ’ or 2

FWy,(r,0) = ZG{ (é. xrotiV;, (r,&))} =

= 2G{2v{ S }wi (r,0)e +(2v - 2){’“11 (2n- I)}Pn1 (cosB)e, +
—-(2n+3)(n+1) r"(2n+3)

) {rnl }[ { n’(n+3—4v) }Pn (cosO)z. + { —n(n+4v —4) }P; (cos g)éf)ﬂ _
r’ (n+1°(n+4v-2) (n+D)(n—-4v+5)
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- +3n-2
~264" n(n s n-2v) P (cosB)e, +
r" (n+1)(n"—n-2v-2)
—(n* +2v -2
+ 2(" V=2 L pl(cos)s, |. (2.44)
(n"+2n+2v-1)

Temnep 3HaiineMo HanpyKeHHsI Ha CEPUUHIM MOBEPXHi 7 = R 3 BEKTOpOM HOpMAJIi
n=e

ro

SK1 BIJIMOBIIAIOTh TEPMONPYKHUM MepemimieHHsM (2.33), (2.34). Jlna 1poro

Tpeba BUKOpUCTaTH (opMyJTy, aHaJoT1uny (2.37), alie, sika BpaxoBY€ TeMIIepaTypHE M0JIe

7T
FO" =26 ——iidivi” + Y 4 Liixrott) - 222 o | (2.45)
1-2v on 2 -2v
Kopucryrouncs popmynamu (2.6), (2.31), (2.33) — (2.36), oTprumaemo
. 1-2n)" . N
div*(r,0) = 4 1720 LAivEE(r,0) = 20" W (r,0), (2.46)
(2n+3)
e (1) a’ -1 yee 77-(1) V.2 -
divU, " (r,0)= 5 2n+5)"divV V' (r,0)=2a"r'w, (r,0), (2.47)
n(n—1) n |
T+ —n-1
oY, (.0) _ o )7 =21 Lp(cosg)e, +{ 2" 1L P(cost)e, |, (2.48)
or r' (n+1)(n+2) n+1
2n+3 2n+3 ]

0U,"(r,0) _a" n+3 ..
or 2 2n+5

[TincraBumo (2.46) — (2.49) y (2.37)

[ (n+4)P,(cos0)é, + P! (cos0)é, |. (2.49)

nn-1)

" 2
FU*(r,0)=2Ga" | 1=2n P (cosO)é +
r" (n+1)(n+2)_2

2n+3

127" plcosaye,
n+1

2n+3

(2.50)

-
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(n+3)(n+4)
2(2n+5)

(n+3)

22n+3) P (cosBO)e, |.(2.51)

FUY(r,0)=2Ga"r"™ K —~ Zan(COS 0)é, +

Temep 3HaiiieMo HampyXeHHSA Ha TOBEPXHI 7 =R 3 OJUHUYHUM BEKTOPOM

HopMalll 7 =¢€,. OCKUIbKA JE€KapTOBUMM KOOpAMHATaMu Oa3UCHHUX OPTIB c(hepruHOi

CHUCTEMH KOOPJUHAT € TaKi:
e =(sinfcos@,sinfsinp,cosd), e, =(cosdcosp,cosdsinp,—sinb),

TO BUKOHYIOTHCSI HACTYTH1 (hopMyu 1udepeHITiFOBaHHS OPTIB

80 = (cosfcosp,cosOsing,—sind) =¢,, (2.52)
[ J _10

sin@cos @,—sin@sin @,—cosf) = — 2.53
o0~ v v )= a0 (23)

Jliist mopansioro € norpeda B hopmynax audepeHiitoBants GyHkiii Jlexanapa

1
dp, (gssﬁ) _ P'(cosd), dp, SJ;)SH) COSZ P!(cos0) — n(n + )P (cos0) . (2.54)

BpaxoByroun Gopmynu (2.12), (2.13), (2.37), (2.38), (2.52) — (2.54), moxHa 3anucaTu

FJE(r,0)=2G {r:: }H_” - 1}(13; (cosO)E, + P, (cos 0)&, ) +

r n

a’P1 (cos 9) _
do

_ 26{ _ }H ; +2)}Pl (cos )2, +[M+{_(HH)}P (COSH)]EQ] o
e (1 (B 4o no "

Tenep kopuctytouucs popmynamu (2.14), (2.15), (2.42), 3naiinemo
oW, (r,0 - —n(n+3-4
10W,,(r,0) _ {r n }H n(n V) }( P'(cos@)é. + P, (cos 9)59) +

— P/(cosO)e, }

r 00 (n+1)(n+4v-2)

) {(n 4y 4)}(&3 ©00); _ plicostrc ﬂ
(n—4v+5) do

T =P+ (v —dn+4-4
_Jr nz+( v—4)n+ 1% P(cos0)é. +
r" n +@v-2n+8v-7
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[ Jnrav=4) alP,j(coses»)+ —n(n+3—4v)
(n—4v+5)| do (n+1)(n+4v-2)

}Pn(cosé?)jég}, (2.56)

%ég xrotly, (r,0) =—C (6, x (F x VW (r,0)] = —{ [6.(6,, 7V w, (r,0)) -

—-n-1
r

n

—W:(r,exég,f)]=—;,:é,<é’9,r?w:<r,e»=—;;{ }311(0059)%- (2.57)

3 dopmyi (2.41), (2.56), (2.57) ocTaTOYHO BUILIUBAE

- —n—1 3,2 2_2
Fﬂm,n(rﬂe):2G{r n }|:{ " Y }B1l(cose)ér+

r n+2n+2v—1

J{{(n + 4y — 4)} dP!(cos0) N { n[(4v —D)n—-3+2v]

}Pn(cos Q)Jée} . (2.58)
(n—4v+5) do (n+D[(1-4v)n—-2v-2)

OTtpumaemo noAiOoH1 popMyIH JIJIsi TEPMOIIPYKHUX TiepemilieHb. Kopuctyrouuch

(2.35), (2.36) 3Haiinemo

lwzav{(l—zn)lHrnl}Hl—n}(mcosg)gr + P (cos0)é, ) +

r 00 Qn+3)" | ¥ n+2
1 1_ 2 -1 —n—1 _
+M§g — Pl(cos)é, |=a" ( n)_l 4 " Pl(cosO)e, +
do (2n+3) r" n+1
dP'(cos@) [1-n .
(G e L

10U0,"(r,6) _
r 00

v 1
0; (2n+5)" " {(n +4)(P!(cos0)é, + P, (cos0)é, ) + %{;5‘9)@9 — P'(cos e)é,} =

o

v 1
@n+5)"r {(n +3)P'(cos0)é, + (M

+(n +4)Pn(cos9)jée}. (2.60)

Tenep 3 popmyn (2.45) — (2.47), (2.59), (2.60) ocTaTOuHO OTPUMAEMO
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i n
-n-1
FU(r,0) = 2Ga’ r 2—VPn(cos 0)é, - MPﬂ(cos 0)é, + 2n-1 P!(cosO)eé, +
ol 1-2v 1-2v n+1
i 2n+3
1 n—1 | i n
- | —n—1
2n—1 M + 2n-1 P.(cos®) |é, |=2Ga" g 2n-1 Pn1 (cosB)e, +
1 dé n+2 r" n+1
2n+3 2n+3 ] L (2n+3
1 n—1
- 1 —
2n—1| dF, (cos0) LJ)2n—=1 P (cosb) |é, |, (2.61)
1 do n+2 B
2n+3 2n+3
Fgljn’(l) (r,0)=2Ga"r"" MP; (cosB)e. +
2(2n+5)
1
. 1 dP, (cos®) N n+4 2P (cost) |6, ! (2.62)
2(2n+5) do 2(2n+5)

2.4 TeopeMu 101aBaHHA 1 0a3MCHUX PO3B'A3KIB piBHsAHHSA Jlame

B TpuBMMipHOMY TIpocTOpi 3adikcyemo aBi pisHi Touku O, (j =1,2). 3 KOKHOIO 3
IIMX TOYOK CyMICTHMO OJIHAKOBO HAIPAMIICHI JICKAPTOBI CUCTEMU KOOPAUHAT (X, ,,Z;)
, SIKI po3TamoBani Tak, mo oci O,z matotk Hanpsm Bekropa 0,0, =(0,0,z,), z,>0.
PazoM 3 JiekapTOBUMH pO3IVIIHEMO CepuyHi cucreMu KoopauHat (r;,60,9,) 3
OJJHAKOBUM HAIIPSIMKOM OCEH 1 I0YaTKaMHu B 3alaHuX To4kax O,. YBe/eHI KOOpAMHATH

noB's3aHi hopMyIamu:
Xy =Xy V1 =Yy 2 =2, T 2, (2.63)

x; =r;sind,cosp;, y,=r;sinf,sing,, z, =r,cosd,. (2.64)



62

Posrnsnemo Ha®opu BiceCMMETPHUYHUX PO3B’s3KiB piBHAHHA Jlammaca (2.2) y

. . e :
chepuunnx koopauHatax (r;,60,¢,). s BIANOBIIHUX PO3B'A3KIB OIrapMOHIYHOIO

PIBHSIHHSI BUKOHY€ETHCSI HACTYITHA TEOpeMa.

Teopema 2.2. [Ipy BUKOHAHHI YMOBH 7;_; < z,, IPABUIBHUMH € (HOPMYIIH:

—ih” 1 2nk-n—-k 1, 2n-1

- w, (r,_.,0, ), (2.65
J P n,k n+k 1 (n+k)(2k 1) Z1r12+k+1 2k+3 k( 3-j2>73 J) ( )

. o '
ge n=0+owo; _]:1,2, hn(]k) :(_l)jk-i—(j—l)nm.
’ nlk!

JoBenennsi. CKOpUCTaEMOCH TEOpEMaMH JOJaBaHHS JUIsl TAPMOHIYHUX (DYHKIIIH

(2.2) [74]

0 (])
0)=2, ,,+k+1wk(3,, L), n=0+0; j=12. (2.66)

k=0 £

3 ¢popmynu (2.66) BUTUIMBAE, 110

(/)
0,)= Z n+k+1 _2( 1) 2,2, /+le)Wk( 0=

0
k=0 212

(J) o h(/)
=2 = ,Hkﬂ (r, + 2w (15,0, ) — (1)’ Y =21 cos 6, B, (cosb;_). (2.67)

o0
k=0 Z k=0 <12

Kopucryrounch pekypeHTHUMH (popMyiamMHu jisi MHOrowieHiB JlexaHapa, OCTaHHIO

cyMmy B (2.67) MOXHa NEpEeTBOPUTH TaK

0 (/) k+1

Y g [k DR (eos6, ) + KB (cos6, )]

k012

1 TCJIS IESIKUX MEPETBOPEHD 3aMUCATH TAKUM YHHOM:

-3 WY 2k -3 By 2ntk+D)

) Y. ,9
— 1112+k1(2k 1)(l’l+k) k(3] 3-Jj ks 1112+k+1 2% +3 3] k(3/ 31)

[lincraBnstoun et pesynbrat y popmyiy (2.67), orpumaemo

(/) )
2k° 2 h’ 2n+2k+2
) Z n+k+1 12|: (2k 1)(n +k):| Z n+k+1 |: 2k 3 :|I/' Wk( 3- J’ )

o0
0 Z 0212

,3BiI[KI/I BUIJINBA€ OCTATOUYHUM pe3yJibTar.

3ayBaxkenHsi. MoxxHa toBecty, o npu # =0 koedilieHTt
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2nk-n—k 1

n+k)2k-1)  2k-1

Tenep po3ristHeMo 0a3WcCHI PO3B'SI3KM  piBHAHHA JlamMme 1 BEKTOPHOTO

OirapMOHIYHOTO piBHsHHS (2.4), (2.5) B chepuyHux cucremax koopauHar (r,,0,,9;),
3B’s3aHKMX 3 Toukamu O,. [l 1ux po3s’s3KiB OTPMMAHO HOBI TEOPEMHU JOJABaHHS,

HaBeIEH1 Jall.

Teopema 2.3. [Ipy BUKOHAHHI YMOBU 7;_; < Z,, IPABUIBHUMH € (HOPMYITH:

" 0., (2.68)

k=0 12

® )

T+ hnk
W, 07.0) = S 2y W (00, ) =S (500, ) |, (2.69)

k=0 <o

h(l)
V (l" 9) Z +k+1': IZAISIIZVVH((’% j’03 ]) l(z)V (’% 1’03 ]):' (270)

k0212

aen=0+o0; j=1,2;

n2nk-n—-k—-4v+4 n2n—-1
o M ), oo _mantl) 2.71)
(n+k)(2k —1) 2k +3)(k +1)

2nk —n— 2n—1
o 2konok e 2ol 2.72)
(n+ k)(2k —1) 2k +3

3aysaxenus. [Ipu n=0 xoedinienr ') = n(2nk —n—k=4v, +4) YBaKAEThCH
’ (n+ )2k —1)

1
iBHUM HyMIO, a ) =————— mpH Bcix k.
p Y 0.k k-1 p

HMoBenennsi. @opmynu (2.68), (2.70) Ge3mocepenHe BUIUIMBAIOTH 3 TEOPEMH
JI0/1aBaHHs rapMOHIYHUX (2.66) 1 6irapMmoHiuHuX (2.65) dyHnkuiil. Josegemo popmyiry
(2.69).

Kopucryrouncs Teopemamu jgonaBanus (2.65), (2.66), apyruii HaOip Oa3uCcCHUX

PO3B's3KIB piBHAHHS Jlame MOXHA MTOAaTH Yy BUTIISAL

( )

Vﬁ;,—n( 0) (Z é/ )Z n+k+1 |:2122’;51/ZVVIk(’% ]’03 ]) ﬂ“(z)V (7‘3 ]’03 ]):|

k=0 12

J
k
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(])

= pl
+$IV@E)D. MH w; (1;_,,0;_)). (2.73)

k=0 Z12

BukonaeMo mepeTBOpeHHsI 3 OCTaHHIM psAJioM B popmyidi (2.73). Ilicas HUX oTpuMaEMo

0 (J)
+V(l" )Z n+k+1 W (I"3 1’03 ])

k=0 Z12

h7 2k +1)—n(2k +1)
Zz+k+l(2n D(2v - ){ (k+1)(2k +3) k(3j=‘93 J)

o0
k=0

bk e G g -,->] (2.74)

[TincraBumo (2.74) y (2.73)

© (1) 2k(2n B 1)(2V B 2) N
0 (1) W 60 )—
) ; 12+k+1 |:(Z é/ (I’l N k)(Zk _ 1) 12"k (7'3_1 3_1)

(/)

i {(zn ¢HAD = (@2n-1)2v -2)

k()Z

—j% 73~

2k +D-nk+D],
(k+1)(2k+3) | “

o0 (J)
+Z n+k+l (21’1 1)(2V 2) k(3]9 _j)- (275)

k=0 212

O6uncIuMo KoedIlieHTH B psAgax Mpu 0a3uCHUX PYHKITIAX
2k2n-1)(2v-2)

(n+k)2k-1)

2nk—n—-k  2k(2Zn-1)(2v-2) n(2nk n—k—4v+4) (2.76)
(n+k)2k-1) (n+k)2k-1) (n+k)2k-1)
2k +1)—-n2k+1)
(k+D(2k+3)
20k +1)—n2k+1)

(k+D)(2k+3)

_n(2n-D[(4v -3)k +2v —1]
- (k +1)(2k +3) '

(s —<DA -

=(n+4v—-4)

(X, —¢HAZ —@2n-1)(2v -2)

~D2v-2)

(2.77)

[TinctaBumo (2.76), (2.77) y (2.75)
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9) th , n(2nk —n—k—-4v+4) -

o 21 W (r_,0, )+
k=0 Z, (n+k)2k-1) ' ! !
© h(]) -1
_Z nZkkH n(2n-D[(4v =-3)k+2v 1] > k(3j,03 J)+
k=0 21 (k+1)(2k+3)
0 (]) ~
+2 i (2n =2y - 2) o W0, ). (2.78)
k=0 Z12

Tenep cKOpHUCTAEMOCH TOTOXHICTIO

n2n-D[(4v-3)k+2v-1] 5 . B
TR A R s R e [ RUATCRU L

"D 0, )
(k+1D)(2k+3) 2,k N335/

B pesynbraTi po3BuHeHHs (2.78) HaOyBae BUTIISALY

12

- h” n(2nk —n—k—-4v+4) -
VVZ,n( 9) Z +k+1|: ; (n+k)(2k—1) lk( 3- ]’63 ])

k=0 |2

_ n(2n-1) e 1.
(k + D2k + 3) Wil 6

10 OCTaTO4YHO JOBOAUTH TCOPEMY.

Hacnigkom Teopemu 2.3 € HACTYNHUN pe3ynbTar.

Teopema 2.4. IIpy BUKOHAaHHI YMOBU 7;_; < Z,, IPaBUIIBHOIO € popMyJia

U,:(r,,,a,):zzw |~ 2 AW (.0, )+ U (0, ) ], (2.79)
(]
fk): 2nk—-n—k . (2.80)
Y+ kQRk-D(2n-1)

Teopema 6e3nocepenne BurmBae 3 popmyu (2.70).
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2.5 BucHOBOK po3aiay 2

Amnapar y3aranbHeHoro wmetony @Dyp'e OTpUMaB TOAAIBIINN  PO3BUTOK.
[ToOynoBaHo HOBI BicecUMETpHYHI Oa3UCHI PO3B'SI3KH PiBHAHHS Jlame 1151 BHYTPILTHOCTI
1 30BHIIIHOCTI KYJIi Ta JOBEAEHO iX Oa3ucHicTh. Ha BiaMiHy Bij 0a3MCHHUX PO3B'A3KIB
piBHsHHS Jlame s Kyji, BBeAeHUX y poOoTi [44] 1 BUKOpUCTaHUX Yy OaraTtbox
NOJaJbIIUX POOOTAaX TOTO X aBTOPA, PO3B’S3KM B JHUCEpTallli HE MICTATh Yy c00i
napamMeTpiB chepuaHoi moBepxHi. [ moOy10BaHUX PO3B'SI3KIB OTPUMAHO HOBI TEOPEMU
JI0JTaBaHHS B OJTHAKOBO HANPSIMIICHUX CPEPUYHUX CHCTEMaxX KOOPJAMHAT, TIOYATKH STKUX
JIOBUIBHO 3CYHYTI B3IOBXK OC1 CUMETPIi.

Y napyromy pos3nili TakoXX IOOyJA0BaHO Oa3uCHI HAOOpPH BiCECHUMETPHUYHHX
TEPMOIPYKHUX PpO3B's3KiB piBHsAHHA J[roamens — Heiimana 1 BHYTPINIHOCTI 1
30BHIIIHOCTI KyJi, SKI BIJMOBIJAIOTh Oa3MCHUM BICECUMETPUYHUM TapMOHIYHUM 1
OIrapMOHIYHUM TEMIIEpaTypHUM NOJIAM. J{J1s X pO3B'A3KIB TaKOXK JOBEACHO TEOPEMU
JT0JTaBaHHS B CUCTEMaX KOOPAMHAT BKa3aHUX BHIIIC.

Jiist Bcix moOyoBaHUX PO3B'sI3KIB 3HAMIECHI BIAMOBIAHI BEKTOPH HAIPY>KEHb Ha
chepuyHiil MOBEPXHI HA IMJIOIIMHKAX, HOPMAJISIMU 10 SIKMX € OPTH CPEPUUHOT CUCTEMHU

KOOpAUHAT.
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PO3JILT 3
JIOKAJIbHA MOJEJb CTAIIIOHAPHOT'O TEPMOITIPYKHOT'O CTAHY B
MMOPMCTOMY MATEPIAJI B OBJIACTI MIJK IBOMA COEPUYHUMMU
IMOPAMU

3.1 IlocTanoBKka 3axauvi

Po3zrasaeMo JIOKAJIbBHY MOZACJIb CTaHiOHapHOFO TCPMOIIPYKHOI'O CTaHy B

MIOPUCTOMY MaTepiani B o0nacti Mk JBoMa chepuanumu nopamu Q. (j =1,2), axuii

BHU3HAYA€TLCA CTAJIOO TCMIICPATYypPOIO Ta BiI[CYTHiCTIO HaIIPpY>KCHb Ha IIOBCPXHAX IIOP.

LleHTpH 1Op 3HAXOAATHCS B ToUKax O, a iX pajlycH IOPIBHIOIOTE R, . YBaxaemo, 10
HopH He nepeTuHaroTbes, T00to |00, > R, + R, .

YBeseMO OJHAKOBO HAINpPAMIICHI JEKapToBi (X,,y;,z;) 1 chepu4Hi cucremMu
KOOpJIUHAT (rj, 49]., (p].) 3 MOYaTKaMU B TOYKaX 01. TaKUM YHHOM, 1100 CITIBBIHOIIICHHS
MIK KOOpJIMHATaMU 3aJlaBajiucs (popmyiaMu:

x; =r;sin6,cos@;, y, =r;sind,sing,, z, =r,;cosd,, (3.1)
X, =Xy, W=V, 5 =5+ 2, 00,=(0,0,2), z,>0. (3.2)
Ob6macti Q; Ta iX rpanuii 0Q; (j=1,2) B JOKaNIbHUX CHCTEMAaX KOOPIMHAT

OIIMCYIOTHCA TaK:

Q, = {r, <R,,0,€[0.7],9, [0,27]}, 8Q, = {r; = R.0, €[0,7]. 0, €[0,27]} .

MareMaTtryHa MOJIeNb HE3B’ SI3aHUX TEMIIEPATyPHOTO TOJISI 1 MO MepeMillieHb

3aJ1a€ThCSl KpPAMOBUMH 3a1aYaMMU:

AT()=0, ¥€Q; T(X)gn, =Tj» j=1,2; (3.3)

AUX) +(1-2v)"'V(divU (%)) = a, 2 +2V) VT (%), XeQ; (3.4)
—ZV

(O-r)\agj = (Tre)\agj =0, j=L2, (3.5

ne Q=R’\Q UQ,, T(¥) — temnepaTypHe mole, U(X¥) — moie mepeMileHp, o, —
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KOE(ILIEHT JIHIHHOIO TEIUIOBOrO PO3UIMpEeHHs, v — KoediuieHt Ilyaccona, o,,7, —

KOMIIOHEHTH TE€H30pa HaIlpy>XKeHb, V = grad .

3.2 [Ilo0ymoBa 3arajJbHOr0 PoO3B’SI3KY 3aaadyi Ta 1 3BeJeHHS [0

PO3B’A3yBAJIbLHOI CHCTEMH

KpaiioBy 3anauy (3.3) — (3.5) 6ynemo po3B’s3yBaTu MOCIIOBHO, TOOTO CIEPIITY
po3B’shKeMo 3a1a4y (3.3) ais BU3HaUYEHHA TeMiiepaTypHoro nojs. lllykaemo po3B'sa30k y
BUTJIA1

2 o
T(x)=) > tR"w, (r,,0)) (3.6)

Jj=1 n=0
3 HEBIIOMUMH KOe(iIieHTaMU tf,-’ ),

Kopuctyrouncs hopmyioro (2.66) po3B’s30k (3.6) MokHa 3anucaTé B cepUyHiii

CHCTEMi KOOpJMHAT 3 moyaTkom y touti O, (j=1,2)

n+l k+1

» (R - (r R |
T@®=21"| ~1| Peosd)+d o P(cos@)Zh(” T (3)
n=0

)i n=0\_Z12 Zpp
Ilicns BUKOHAHHS TpaHMYHMX yMOB (3.3) s Bu3HaueHHs Koedimientin ¢

OTPUMAaHO PO3B’SI3yBaJIbHYy CUCTEMY

k+1

. R, .
tr(zj) +| =L Zh(J) 3-j t(3 7 _ T5
Z

n0 o
12

n=0=o0, j=1,2. (3.8)

Teopema 3.1. 3a ymoBu z,, > R, + R, oneparop cucremu (3.8) € ppearoabsMoBUM
orepaTopoM B pocTopi [, X/, .
JoBenennsi. [Ipy BUKOHAHHI yMOBH TEOpPEeMHU 11 TBEPIKEHHS BWIUIMBAE 31

3015)KHOCTI psiLy

S 4

k,n=0

n k+1 n k+1

& Z (n+k)' R3

| =

3
1/
12 Zy Km0 nlk! 212 Zyy

N
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k+1 n k+1 —k-1
=0\  Z12 o k! z, =0\  Z12 Zp

SIK TEOMETPUYHOT MPOTPECii 31 3HAMEHHUKOM

-1
R3_j Rj

1-—| <I1.
Zyy Zyy

Sk B1iIOMO, 3arajbHUI PO3B'SI30K HEOAHOPITHOTO PiBHAHHSA (3.4) MOXKHA 3aMucaTi

B TAKOMY BUIJISIJII:

UX)=U°X)+U" (%), (3.9)
nme UY(X) — saransHmii po3B’si30K BimmoimHoro omHopigHoro pismsuus, U’ (X¥) —
YAaCTUHHUH PO3B’A30K HEOAHOPIAHOTO PIBHAHHS (/1aJ11 HA3UBAETHCA BEKTOPOM TEPMIYHHUX
MEePEMIIIICHB ).

3aranbHUN PO3B'SI30K  piBHSAHHA JlamMe OyayemMo 3a J0MOMOror Oa3HUCHHX

po3B'si3kiB (2.4), (2.5)

- 2 o 2
UC(x)=D. > a’RI°W (r,,0)+ D> a/)RIMW, (r,,0,), (3.10)

j=1 n=0 j=1 n=0

) ()
Ac a1; >a2jn

— HEeB110M1 KOe(DII[IEHTH.
Bynemo BBaxkaTu, 1110 B o0acTi {2 3a/1aHO CTallioHapHe TeMIiepatypHe noJie (3.6).
Kopuctyrounchs NpuHIMIIOM CYNEPHO3UIlT BEKTOP TEPMIYHUX MEPEMIIICHb, KU
BIJINOBIJIa€ TeMIepaTypHoMy oo (3.6), MOXKHA TTOJATH Y BUTIISIL
2
ST =y (j) pr+ly
U'(X)=) D tVRMUN(r,.0,), (3.11)
j=1 n=0
ne U’ (r;,0,) yBeneno B popmyii (2.33).
Tenep 3aranbHuil po3B'a30K KpaioBoi 3axa4i (3.4), (3.5) npu x € Q mae BUrIAn

U(f):iiamk"” (7,0, )+ZZa(’)R”” Wy (7, ej)+iiz,5f>R;+IU;(rj,9j).

J=1 n=0 j=1 n=0 j=1 n=0
(3.12)
3 BUKOpHUCTAaHHSIM TeopeMm nomaBaHHs (2.68), (2.69), (2.79) Bexrop-¢dynkimito (3.12)

3aUIIEMO y chepryHi CUCTEMI KOOPAUHAT 3 oyatkoM y Touui O, (j =1,2)
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® (3 7)

U(r] 90 ) Za(J)Rn+3 r/ ’ 9 ) + Za](3 ])Rn+3z )1+k+l »_k(rl’ej) +

o (3 J)

< B
+Za§’,3R7“W 0)+Za(3 DRI | 2 W (r,0) = W (r,,0) |+

k=0 <1y

© (3 i)

C i) pn+ly7 3- n 1
+> tVRMU(r,,0, )+Zt< SR

n=0 k 0 le

g 2 AOW, (r,,0) + U, (1,.0) |

[Ticst 3amMiHU OPSIAKY MIJCYMOBYBaHHS B MOJBIHHUX CyMaX OTPUMAEMO

0 0 (])
(J) pn+3177+ T nk k+3 (3 J)
(9) ZaJRn W j’ej)—l_ZOVVL 0); n+k+1R3] Lk +
n= 12
© 00 (])
SR 0,0) 0005 R -

n=0 n=0 k=0 Z12

0 (/)

S 008 R S )
n=0

k=0 12 n=0
0 0 (J) 0 (J)
v 7 nk 3) pk+1,(3—)) nk k+1,(3—))
—a Z(;Wl 9); L AR +ZU (r;,6, ); LR (3.13)
n= 12 12

Iepeiinemo y mepemiuenti (3.13) 1o BekTopa HampyXeHb Ha MOBEPXHi 0L,

3rijiHo 3 popmynamu (2.39), (2.40), (2.44), (2.50)

FU(R ©
z D(n+2)[(n+1)P, (cos®, )e ~-P (cos®, )ea 1+
0 h(])
+ZR” *(n=1[nP, (cos®, )é, + P (cosd, )é, ]Z nz:ﬂ R;”fal3 D4
k=0 212

+>a)[n(n* +3n—2v)P,(cos6,)é, —(n” +2v =2)P)(cos,)é, ]+
n=0 '
0 [ (/)

+Y R (n=1)[nP,(c0s6))é, + P (cos6))z, Z i R Al -

n=0 k=0

=Y RI[(n+1)(n* —n—2v—2)P,(cos 0,), +(n’ +2n+2v—1)F,(cosb,)é, ]
n=0

0 h(])

n.,k (2) k+1 (3 J)
Z n+k+1 R3 -Jj 4k T
k=0
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+a Zt(’){ (n(n i)+2jP(cos6’)e +2 1P(c0s6?)eg}

n_
0 [e'e) (J)
—a" Y R (n—1)[nP,(cos 0,)é, + P, (cos0,)é, Z j AR +
n=0 k=0
A L (D +2) j . on+l .
+a R’ —2 |P(cos@)e. + P (cosB.)e, |-

; ’K 2n+3 (cos6))e, 2n+3 . (086))e,
© h}g]) .
Z n+lf+1 k 1 (3 & - (314)

k=0

[licnss BuKOHaHHA TpaHUYHUX YMOB (3.5) MPUXOAUMO 10 HECKIHYEHHOI CHUCTEMHU

4D

JIHIHHKX aareOpaivHuX PIBHAHD BiTHOCHO HEBIIOMUX 47, 4,
0 (])
(n+2)(n+ l)a(’) +n(n® +3n— 2v)a(’) + R *(n— l)nz szn Rk+3 O g

0 (J)

+z n+k+1|: 12Rn 2(’7 1)”7(1) R"(n+l)(n —n=-2v-— 2)7/(2)]Rk+la§3k”

© ()
n(n—1) () Vv pn-2 hn,k (3) pk+1,(3—))
—av(—+2jtn-’ —a"R7(n=n) i ADRE +

2n—1

o h(/)
+aVR7((n+1)(n+2)_2jz n,k Rk+1t(3j) O,n=0+00,j=1,2; (3-15)

2n+3 e gkt 73
(0))
) @) n—=2 h"k k+3 (3-))
—(n+2)ay, —(n*+2v— 2)ay, + R (n— 1) R a7 +
e 3-j %1k

0 h(])
n-2 nk () pk+l _(3=j)
+R;(n - 1)2 ke —ei Vil a0

12

) ‘h(])
—R!(n* +2n+2v 1)) j,fH YOIR al ) +
k=0
n ' o p)
+a’ ——t — a"R;” *(n— I)Z zlf - }L@)Rk”t(3 s
2n—1 Z,
n+l < h(J}c) k41, (3-7)
14 n n, + - — _ . .
a'R’ Y RN =0, n=0+0, j=1,2. (3.16)
2n+313 z,

HepeTBOpI/IMO CUCTCMY 10 HOPMAJIbHOI'O BUIIIAAY, AJIA AKOr0 OIepaTop CUCTEMU
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CKJIaIa€ThCS 3 CYMU TOTOXKHOTO 1 IIIJIKOM HENEPEPBHOTO ONEPATOPIB

a9 4 (n— 1)(2”““1)2;1(]) ) I

a,, + e On=2 k43N e

n

n—
Zh“’( @n+ 100, -+ DEn+3)y 2, Jal" =

y 2n— 1)_ () 4o (n— 1)(?” +D) < th%sn) O, 15 -
2n-1yd,

n

S el a0 =000, =12 G.17)

) _ (n- 1)”(2" D<o o (/) N By o) 4D
a h, a;’”’ + ¥ a
I,n Z n -2,k+37"1,k (n+2)(2n+1)kz nk/ k,n nk+1 2.k

}’l

n—-Dnn-1)<&
( (zn)+(1)d‘ ) > hY [(2n +Dyal) . —(n+D)2n+3)y el ] 4l =
n k=0

=aV[ I 2(-Dn jt’ij) v (n—1)n(Zn - I)th/ﬂtm e

Qn+1) @n+)d, d- e Ol
o’ 2 +(n—1)n(2n—1) Z Ko® (9D p=0sw, j=1,2.(3.18)
Qn+1)(2n+3)  (2n+ld, )&= Orerli ’ ’
IS
R n R k
d; =2[n* +(1£2v)n+1xv], @ ”—[—f} [#j :
21 21

Teopema 3.2. 3a ymoBu z, >R +R, oneparop cucremu (3.17), (3.18) €
(pearonLMOBMM ONEPaTOpOM y TIpocTopi /.

JloBeieHHS TEOPEMHU aHAJIOT1YHO JOBEACHHIO TeopeMu 3.1, TOMy TyT HE HAaBOJAUTHCS.
3.3 YUuceabHUil eKCIEPUMEHT
JI7is BU3HAUEHHS HANpY>KEHOTO CTaHy B 3a/Jaul HEOOX1IHO YUCENIbHO PO3B’sA3aTu

cuctemy (3.17), (3.18). Ockinbku oneparop cucteMu (peAroabMiB, ISl [IbOTO MOXHA

KOPEKTHO  3acTOCyBaTH  MeToi  penykiii. YucenbHud  po3B’S30K  CUCTEMU
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BUKOPHUCTOBYETHCS JIA BU3HAUCHHA ACAKUX XAPAKTCPHUX HAIIPYKCHb.

Al 0,/(2GaTy) 1.5 3.0

Vo

-1.0

-2.0

)

-3.0 / N T,/5-025

Pucynok 3.1 — I'padixu Hanpyxenb o,/ (2Ga"1)) Ha OBEpXHi MOPOKHUHU 7, = R,

npu R /z,=02, R, /z,=0.6.

A %/QGATH) 1.5 3.0

¥y

-2.0 \ T

T/5=4.0

[11

5/5=1.0

-3.0 17 T/T-025

Pucynok 3.2 — I'padikn Hanpyxens o, / (2Ga"T}) Ha TOBEpXHI MOPOXXHUHU 7, = R,
npu R, /z,=03, R, /z,=05.

I'padixu Hanpyxenb o, / (2Ga"T}) Ha MOBEpXHi MOPOKHUHM 7; = R, B 3aJI€KHOCTI
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BIJl BIJIHOIIEHHs TemmepaTyp noepxoHb nopoxHuH (7, /7, =0.25;1.0; 4.0 ) HaBeneHo
npu: R /z,=02, R, /z,=0.6 (puc. 3.1), R /z,=03, R, /z,=0.5 (puc. 3.2),
R /z,=04,R,/z,=04 (puc. 3.3).

A 6o/QGa T}

\

o 3.0|6

-1.0

-3.0 \/

Pucynok 3.3 — I'padiku Hanpyxens o, / (2Ga"T}) Ha MOBEpXHI MOPOXKHUHU 7, = R,

/ L/1=0.25

npu R /z,=04, R, /z,=04.

Ha pucynkax 3.4 — 3.6 HaBeneHo rpadiku HanpyxeHb o, / (2Ga"T,) Ha IOBepxHI
NOPOKHUHU 7, = R, B 3aJI€KHOCTI B1Jl BIAHOCHOI'O PO3Mipy MOPOKHUH IPU B1IHOIIEHHI

temneparyp: 7,/ T, =0.25 (puc.3.4), T,/ T, =1.0 (puc. 3.5), T, / T, =4.0 (puc. 3.6).



6,/2Ga¥Th)

N~

=

R1/21;=0.4, Rz f212=0.4

Zd

NN

N

\:}( R,/2,,~0.3, R,/%,=0.5

lezl:=0.2, Rz /Zu=0.6
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Pucynok 3.4 — I'padixu Hanpyxenb o,/ (2Ga"1) Ha OBEpXHi NOPOKHUHU 7, = R,

npu BigHouieHHi Temneparyp 1,/ T, =0.25

-1.0

| 65/(2Ga 1)

1.5

3.0

Yo

A

lezl 2=0-3, Rz f212=0.5

- ‘Rl /212=0. 4, Rz /le=0.4

\

R]. f212=0.2, Rz /212=0.6

Pucynok 3.5 — I'padixkn Hanpyxens o, / (2Ga"T}) Ha MOBEpXHI MOPOXXHUHU 7, = R,

npu BigHomieHHi remmneparyp 1, /T, =1.0

I'padiku mokazyroTh, M0 NPU BEIUKOMY BIAHOCHOMY PO3MIpi APYroi MOPOKHUHU
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HaANOTbIIIa KOHIIEHTPAIIisl CTUCKAIOYMX HAMPY>KEHb CIIOCTEPITa€ThCs B OKOJI BEPXHBOTO
MOJIIOCY TEpIIOi MOPOKHMHU B 00JjacTi HaOmmk4doi A0 npyroi mopokHuHu. [Ipm

3MEHIIIEHH] BIIHOCHOTO PO3MIpy APYroi HOpOKHMUHU 13HadeHH1 7, / T, = 0.25 HaiOubLi

3a MOJIyJIEM HaIpPYXEHHsI 3CYBaIOThCS B €KBATOpiaibHy 00JaCcTh MEPIIOT MOPOKHUHH.

e A 6/ (2Ga¥T) 1.5 3.0
-1. T

Yo

. A
-2.0 N \\ ——
\ \\\ \lez]:|=0_2‘ Rz"'z]2=0-6
\ kK
\ N\aeas, a6
\ N, Rl-"g.]:l-loj! R:-’t|3=0.5
\\
\\
-3.0 pw

Rl le 2;0.4, Rz"le2='}.‘-l

Pucynok 3.6 — I'padixu HanpyxeHb o, / (2Ga"1)) Ha NOBEPXHI IOPOKHUHU 7, = R,

npu BigHowmeHHi Temnepatyp 1,/ T, =4.0

6/QGa"T;) 1.5 2.0

T,/T,=4.0

1,/Ty-1.0

-0.5

T, /T,=0.25

-1.0

Pucynok 3.7 — I'padixu Hanpyxenpb o, / (2Ga"T}) Ha 0ci MiXK OPOKHUHAMH MTPH

R /z,=02,R,/z,=0.6
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Ha pucynky 3.7 300paxeno rpadiku Hampyxkenb o./(2Ga'T)) Ha oci Mix
MOPOKHUHAMU IIPU PI3HUX TEMIIEpAaTypax NoBepxoHbi R,/ z,=0.2, R, / z,, =0.6. Bonn

MOKa3yloTh, M0 B HAMOMIKYMX TOYKaX MOBEPXOHb IMOPOKHUH (HA OCI CHUMETPii)
BUKOHYIOTHCSI TPAHUYHI YMOBHU KpaioBoi 3a/1adi.
3ayBaXuMO, 10 HaBeAeHI rpadiku Y3TOKYIOTBCS 3 TOYHUM aHATITHYHUM

PO3B’SI3KOM 3aj1a4l JJIsl OJTHIET TOPOKHUHHU, B SIK1M
o,/ 2QGa'T))=-2.
VY tabnaumi 3.1 mokazaHO MNpPaKTUYHY 30DKHICTH METOAY PEAyKIli Ha MPUKIIAIl
oOumCIeHHS 3HaueHb HanpyxeHes o,/(2Ga’l})) mpu R /z,=02, R, /z,=0.6 i
1, /T, =0.25 B 3anexxHOCTI B mapamerpa iHAykuii nmax. IIpu napamerpi pemyxuii

nmax =20 (mopsaoK po3B’A3yBaJbHOI CHUCTEMHU CTAaHOBUTH 84) TOUHICTH OOYHUCIIEHb

CKJIaJla€ 5 BIPHUX 3HAUYIIUX HUGDP.

Tabmuusa 3.1.11pakTruHa 301KHICTh METOY PEAYKIIIT 32 3HAUCHHSIMU

o,/ (2Ga,1}) Ha TOBepXHi MOPOXHUHU ¥, =R, pu R, /z,=0.2, R,/ z,=0.6,

1,/T,=0.25.
7
amax 0 /3 27 /3 T
10 327138 1.71151 2.62491 1.51581
20 3.26018 1.71283 2.62482 1.51578
30 3.26019 1.71283 2.62482 1.51578

3.4 BucHoBKH 10 po3aiay 3.

B nmamomy  po3mimi moOyJoBaHO — JIOKaJbHY  CTAl[lOHApHY  MOJIEJIb
TEPMOHAIPYKEHOI0 CTaH MOPUCTOro MaTepiady. Mojelb OCHOBaHa Ha HE3B S3aHUX
KpaloBUX 3a/1auax JiJIsl CTalllOHApHUX PIBHSAHbB TEIJIONPOBIIHOCTI 1 TEPMOIPY>KHOCTI JJIs1
IpOCTOpY 3 ABOMa CHEpPUYHUMHU TMOPONKHUHAMU. TemrepaTypHe IoJie BHU3HAYAETHCS

CTAJIOI0 TEMIIEPaTypol0 Ha TMOBEPXHSAX TMOPOKHUH, SKI BBAXKAIOTHCS BUIBHUMHU BiJ
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3ycuib. 3a7adi po3B’sI3yBaMCA y3araibHeHHM MeTtogoM Dyp’e. Dopmainizm YMD nar
MOKJIMBICTh 3BECTH KpahoBl 3amadi 0 ajreOpaidHux po3B’SI3YBAIBHUX CHCTEM 3
(bpearonsMoBMMHU  omepaTopamMM B TpocTopax [, i [} 3a yMOBHM HelepeTHHAHHs
cepuyHUX TMOBEPXOHb. llpM YmcensHOMY pPO3B’S3aHHI CHCTEM BUKOPHUCTAHO METO]
penykuii. OTpuMaHO rpadikud HanpyXeHb O, Ha IOBEPXHI OJHIEI 3 IOPOXKHHH 1
Halnpy>keHb O, Ha OCl CUMETpii 3aJayl MK MOPOKHUHAMM IpPU PI3HUX BIIIHOCHUX

po3Mipax TOPOXXKHUH Ta pI3HMX TemrepaTypax ix HarpiBy. OTpumaHi pe3yJabTaTH
y3TOJUKYIOTBCS 3 BITOMHUMH JIJIS OJTHI€T TOPOKHUHU 1 OMTOCEPEAKOBAHO IMIATBEPIKYIOThCS

rpadikamu 3 pucyHky 3.7. 301KHICTh METOIY PEAYKIIii MEPEBIPEHO YUCEIBHO.
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PO3JILI 4
OCHOBHA BICECUMETPUYHA KPAVMOBA 3AJJAYA TEOPII IIPYKHOCTI
JUIS KYJII 31 COEPHYHOTO HEOTHOPLIICTIO

4.1 ITocTanoBka 3axauvi

Po3srisemo kymro 3 meHTpoM y Toumi O pagiyca R, sika Ma€ KOHLEHTPUYHE
cepruHe BKIOueHHs paaiyca R, (R, < R,) 3 iHmoro marepiaity. Beegemo chepuuny
cucreMy KoopauHar (r,0,9), modatok skoi cymictumo 3 Toukoro O . [lozHaummo
obmacti Q,={(r,0,9): R, <r<R,}, Q ={(r,0,p):r<R,}. bynemo BBaxaru, IO
Marepiall YaCTHHU Kyii, sika 3aiiMae oOmacth (), Ma€ MeXaHi4Hi XapakTepHCTHKH
(G;,v;) (j=0=+1), ne G — monynb 3cyBy, v — Koedimient [lyaccona, Ha moBepxHi
BKJIFOUEHHS! BUKOHYIOTBCSI YMOBH 1/1€aJIbHOTO MEXaHIYHOTO KOHTAKTY.

PosrnsHeMo OCHOBHY BiCeCHMETpUYHY KpaiOBY 3aiady B HANpPYKCHHSX IS
KYCKOBO oHopiauoi kymi Q, U (Tl, KA 33J1a€ThCS YMOBAaMU:

1

!

v j+1_2vi(ﬁ(j,):o, XeQ,, j=0+1; (4.1)
J

(U, )R =(, )|r=R1’ (FU, )|r=R] =(FU, )|r=R] : (4.2)

(FU, )V:RO :2G0i[ FOP (cosB)e. + £ O Pl (cosO)é,]. (4.3)
n=0

Tyt wepes U, (j=0+1) mosnadeno mone nepemimieHb B obmacti Q,, FU,; — BeKTop

HanpyxkeHb Ha noBepxui I', ={(r,0,p):r=R,} 3 HOpMaIO 7, =¢€,, BIINOBIIHUI

BEKTOpY mepemimienb U,, V — omeparop HabOna, {€,,€,} — OpTH CHEPUIHOT CHCTEMH

KOOpPJIMHAT, X — TOYKA TPUBUMIPHOTO MPOCTOPY, AEKAPTOBI KOOPAUHATH SIKO1 3B’ s13aHI 3

chepuaHIMH KoopAuHaTamu (7,6, ).
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4.2 Po3B'si3aHHA NPYXKHOI 3a1a4i

Po3B’spkemo kpaitoBy 3amauy (4.1) — (4.3) 3Buuaitnum Merogom Dyp'e. 3aBngxu

GasucHOCTI po3B'a3kiB (2.14), (2.5) B obnacTax Q* 3aransHuii po3s'sa30k U ;(X) pIBHSIHHSA

(4.1) B obnacti QO (j=0+1) MoxkKHa 3anuCaTH TaK:

U,(X)= Z[a(o) ”+2W (7, (9)+az(0)R0 L (r,0)]+
+Z[a<”R"+3W+ (r,0) +a’ R, (r,0)], X e, (4.4)

U, (%) :Z[b R"™W, (r,0) +b, R, (r,0)], XeQ,. (4.5)

Tyt {a)}75 o, j=0,1;{b, ,}"3 ., — HeBimomi KoediLieHTH.
Cxopucraemocs popmynamu (2.12) — (2.15), (2.39), (2.40), (2.44) nns nogaHHs

BEKTOPiB U (¥) i FU ,(X) y BUIVIsIi PO3BUHEHHS 32 CHEPHUHIM 0a3ncoM

n—l
U, (%) = Za(O)R [nP (cos@)é, + P! (cosO)é,] +

0

n+1

+Za§°,3 R” 0P (cos0), + 3,V P (cos0)é,] +
+Z i "1+ DR (cosO)E, + Pl(cos0)E, 1+
+Z“(l) [,31 ©P (cosB)é. + ;" P (cos0)é,], (4.6)

o0 n—1
U=, %[npn (cos)é.+ P'(cos0)é,]+

n=0 1
_ 0 rn+l
U\(5)=2.b,

n=0 1

(B P,(cos0)é, + B, P, (cos 0)é,], 4.7)

FU,=2G Za“”; (n—1D)[nP,(cos0)é. + P'(cos0)é,]+

n=0 0
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+2G Za(o) [,o1 P (cosB)e, + p, "V Pl (cos B)é,] +

+2G, Za(” (n+2)[(n+1)P,(cosO)é. — P'(cos)é,]+

n+3

+2G02a(1) Rnﬂ [P, P (cosO)eé, + o ©Pl(cosO)e,], (4.8)
=0
2
FU,=2G ;bl T ——(n—-1)[nP,(cosO)é, + P.(cosO)e,] +
+2Gli;b2 >y ”P (cosOe, + p,, WP (cosB)e,], (4.9)
n= |
e
D = —n(n+3-4v)), By =n+4v, -4, (4.10)
D =(mn+D)(n+dv,=2), B, =n—4v, +5, (4.11)
P =n(n* +3n-2v)), p; =—(n* +2v,-2), (4.12)
p) =(m+D)(n* —n-2v,=2), p,)) =n®+2n+2v, 1. (4.13)

[TincraBumo dopmynu (4.6) — (4.9) B ymoBu crpsbkeHHs (4.2) 1 TpaHUYHY YMOBY
(4.3). Ilicns npupiBHIOBaHHS KOe(IIIEHTIB NpH BIiAMOBIAHUX (yHKUISX Jlexxanapa

MIPUXOIUMO hi o) anrebpaivHoi CHUCTEMU BITHOCHO HEBIIOMHUX

{a(j) j%)ll’j:()’l;{ }n =0,i=1

n—-2 n
n(%j al(?f +(n+1)(n+4v, - 2)(%) aéo,z (n+ l)a(” n(n+3- 4V0)a(1) =
0

0

= nb,, +(n+1)(n+4v, = 2)b, ,, (4.14)

n—2 n
& al? +(n—4v, + 5) al” + a(“ +(n+4v, - 4)a(” =
R R0

0

=b,, +(n—4v,+5b,,, (4.15)

(n+1)(n+ 2)a(1) +n(n*+3n— 2v0)a(1)



n—2 n
+n(n—1) £ a” +(n+1)(n* —n-2v,—2) £ al’ =
In 0 2,n
RO RO ,

= %[n(n —Db, +(n+ D(n* —n-— 2vi=2)b, 1,

0
—(n+ 2)a(1) (n* +2v, 2)a(1)

n-2 n
+(n—1) & a® +(n* +2n+2v,-1) & a'l” =
1,n 0 2.n
R, R,

= %[(7’1 - 1)b1,n + (7’12 +2n+ 2V1 - l)bZ,n] ’

0

n+3
n(n— l)a(o) +(n+1)(n* —n-2v, 2)a(0) +(n+1)(n+ 2)(%)
0
R n+l
+n(n’ +3n— 2v0)(—1j ay) = f",
RO

1,n

n+3
(n— l)a(o) + (n +2n+2v, - 1)a(°) (n+2) [%J aV —
0

n+l
—(n2+2v0—2)£%j al) = £
0

3 mepIiuMx JABOX PIBHAHb OTPUMAHOT CUCTEMHU 3HAX0AUMO b, ,, b, ,

1,n>

n-2
Cn+1) oy | o woy n2n=1) 4| R
b, = |:1 A P A, T Poy — A 2n %o T Rl

A R !
2—(0) n 2—(1) 1 Cléo)
— M
n , n(]) n RO n

p, ~2n+D w  nCn-1) g)+A(°)£RIJ ©
2.n - N7 —(1 n 1 ,n2
A(l) A() A() RO

n n

e
A =2[(B-4v ) n+1-2v,].
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(4.16)

4.17)

(4.18)

(4.19)

(4.20)

4.21)

(4.22)
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PiBusiauast (4.16), (4.17) mepeTBOPUMO TaKMM YWHOM: CHEpIIY APYTe PIBHSIHHS
MMOMHOKHUMO Ha 7 + 1 1 101a€EMO 10 EPIIOTo, MOTIM APYTe PIBHIHHS MOMHOXKHMO Ha —7

1 0JTa€EMO JI0 TIEPIIIOTO

2[n* +(1-2v)n+1-v,lai) +

n—2 n
+(n—=1)2n+1) £ 01(?1) +(n+1)(n-1)2n+3) £ a’) =
R, R, ’

= %(n ~D[2n+1)b,, +(n+1)(2n+3)b, 1, (4.23)

0

Rn+1)(n+ 2)a(1) +n(n+2)2n— l)a“) 2An* +(1+2v)n+1+ VO](%j ago}z
0

= —2%[1@2 +(1+2v)n+1+v,1b, . (4.24)

0

JliniiiHy KoMOiHawiro KoeditienTis b, ,, b, ,, 3 NpaBoi yaCTHHU PIBHOCTI (4.23) MOKHA

oAaTH y BUTJISI

Q)
@n+1)b,, +(n+1)(2n+3)b,, =(2n+ 1){1 (n+D)@n+3)-Qn 1A, } a? +

M
Aﬂ

D2+ = Cn+D)EW "
+{<2n+l>ﬂzf,°’+n(zn—>(” o A) Nl - }Sh(zm)( R) a, +
n 0

-(0)

{(zn +DALY+ i Fl(n+D@n+3)-@n+1)p; (“]}(? j 2

n

. .. . 1 1 0
[Ticna oOuncneHHs KoeQiieHTIB IPU al( ), aéz, a;,f OTPUMAEMO

(2n+ l)bl’n +(n+1)2n+ 3)b2’n =

n—-2 n
2[B-4vn+2-2v,]ay) +(2n +1)[%] al” +(n+1)(2n +3)(R ) ay,. (4.25)
0 0

Kopucryrounces popmynamu (4.21), (4.25) Bukimouumo Hepigomi b, ,, b,, 3 piBHIHb

1L,n>

(4.23), (4.24). B pe3ynbTati MaeMo
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{2[;12 +(1-2v)n+1-v ]+ 2%(11 -D[B-4v)n+2 - 21/0]}61;1’)1 4

0

_ﬂ _ R " (0) n 0) _
+(1 Goj(n 1)(2n+1)(R0) 1;1"‘( Goj(n 1)(n+1)(2n+3)[R0J a,, =0,

(4.26)

G, [n*+(1+2v)n+1+v]
G, ALY

{n +2+2— }[(21@ + l)a(l) +n(2n— l)a(l) ]

Gl 142 1 A" 2An’ +(1+2 1 il ” ©'=0.(4.27
+ Go[n +(1+2v)n+ +V]A(”_ [n"+(1+2v)n+1+v,] RTO a,,=0.(4.27)

PiBusinHA (4.18), (4.19) nepeTBOpuMO $IK 1 BHILE, TOOTO CHEPILY APYre PiBHSHHA
NOMHOXHMO Ha 7 +1 1 104a€MO 10 EPIIOro, NOTIM APYTe PIBHIHHS MOMHOXUMO Ha —7
1 J0JTa€EMO JI0 MIEPIIIOTO

(n=1)2n+1)a® + (n—1)(n+1)2n+3)a’’) +

n+l
+2[n° +(1-2v)n+1- vo](%] aéli %+ £, (4.28)
0

n+3
“2An* +(1+2v)n+1+ vy las al” +(n+2)(2n+ 1)[%} al(’ln) +
0

+n(n+z)(2n—1)(%j al) = £O _pf @, (4.29)

3anuiieMo BU3HAYHUK PO3B’A3YBAIBbHOI JHINHOI anreOpaidHoi cucrtemu (4.26) —

. . 1 0 0 .
(4.29) B1IHOCHO HEBIJOMHX al( b al ,)1, a?, aglf (OpSAIOK PSI/IKIB BU3HAYHUKA 33a€THCS 3

OCTaHHBOTO PIBHSIHHS JIO TIEPIIIOTO)

(n+2)2n+1)p"™ n(n+2)2n-1)p"" 0 —d""
0 d—(O) n+l
A, = 3 " “r P 30
(2n+1)AY n(2n—1)A% 0 AYp"
0 AEIZ) (I- Glo)anpn_z (1-G,)B,p"
d* =2n +(1£2v )n+12v)], p—R szi, (4.31)

RO GO
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AP =d"® +2G (n-D[B-4v)n+2-2v,], (4.32)

AY 424G, b a0 AT o 4.33)
An(l) An(l) n

a,=m-1)2n+1), B,=n-1)(n+1)(2n+3). (4.34)

Po3kpuemo BusHauHuk (4.30) 1 3anuiemo Horo no creneHsx 3MiHHol G,
A, =1"+1VG, +17G, (4.35)
P (]
19 =—a n(n+2)2n-)Q_n+1)B,p"" —a,(n+2)2n+1)d, Vd*” p*"* +
+a, fn(n+2)°2n-D2n+ )™ +a, (n+2)2n+1)d Od© +
+a,(n+2)2n+1)dOd " p"? + a n(2n-1)(n+2)’Cn+ D) B,p7""" -
—an(n+2)2n-1)Q2n+DB,p" " —a,(n+2)2n+1)d"d; " p*"", (4.36)

()
1) =a,n(n+2)’2n-0Q2n+1)B,p™"" —a,n(n+2)2n-12n+1)p, 2, AP P

}’l

(0)
+a,(n+2)2n+1)d,” i d'Vp —a (n+2)2n+D)(n-1)(A," +2)d p*" —

n

+()
—a, Bn(n+2)2n-D2n+D)p*" +a, B n(n+2)2n-1)2n+1)—L— d, AT o4

+(1)
rar,@n+1)dVd O Z a4 2)2n+ Dd O (n— 1A 12)

n

—(0)
—a,(n+2)2n+1)dOd P p"? —a (n+2)(2n + 1) ad,d, " pt —

n

+(1)
—ann-1)n+2)’Q2n+1)B,p"" +a,n2n-1)(n+2)2n+1)p, %pb’” —

n

+(1)

+an(n+2)°Q2n-DR2n+1)B,p>"" —an(n+2)2n-1)2n+1)8, , WP o

}’l

+(1)
)d 2n-1
A~ )] ?

n

+a,(n+2)2n+1)d Vd Vo —a 2n+1)dOd (4.37)



86

+()

1<2> =qnn+2)2n-1)2n+1)p, it <1> P

(0
+a,(n—1)(n+2)2n+1)(A, + 2) d! O™ —
0 4",
AT P+ a,(n—1)2n+1)d (A + 2l a,

Vl

-a, B n(n+2)2n-1)2n+1)—- d,

—(0) +(1)

+a,(n+2)2n + 1) 5d,Vd, O " —an(2n-1)(n+2)2n+1)p, TP P+

n n

+a,n(n+2)2n-1)2n+1)p, .

+(1)
(1) P +a 2n+1)d Od % 0> (4.38)

n

Teopema 4.1. bararonapamerpuunuii BusHauHuK A (4.30) nns BCiX 3HaueHb
napametpiB G, >0,v, €(0;0,5)(i=1,2), p<(0,1) 1 10BIIBHOTO HATYypaJbHOIO n =2 €

JoAaTHUM. BiJIbIll TOrO, BUKOHYETHCS HEPIBHICTD
A >—4G2( ~1)’(n+1’Q2n+1)>Gn+ 43
» > Y n—1)"(n+1)’2n+1)"Bn+2). (4.39)

JI1s1 fOBEeAICHHS TEOPEMU MOMEPETHBO JOBEAEMO HOBY KJIACUYHY HEPIBHICTD.

Jlema 4.1. Ilpu p €[0,1] 1 1OBUILHOMY HaTypaJbHOMY 7 BUKOHYETHCS KJIaCUYHA
HEPIBHICTh
41— p*" ' = ™ 4 p" ) 2 2n-D2n+3)(p™" " =20 + p") . (4.40)
JoBenennsi. Po3knaneMo Ha MHOKHHUKH BUPA3
41=p " = p 4 p" ) = (2n =120+ 3)(p" = 2p™" + pT) =

41-p" (1= p™ ) = 2n-1)(2n+3)p™ (1= p*)’ =

i=0 k=0

=(1-p)’ {42 P Z P —=2n-12n+3)p>" " (1+ p)z} :

JloBenemo, 10 BUpa3 y KBAJApAaTHUX JOyXKax € HeBiT eéMHUM. OCKUIbKU

(1+ p)* <2(1+ p*), To HaKTUIHO JOCTATHHO JIOBECTH HEPIBHICTh

2n=2 2k+2

2> p' ) P =@2n-D2n+3)p™ 1+ p*)=0. (4.41)

i=0 k=0
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[Insxom 3aMiHU 1HAEKCIB MiJICYMOBYBAHHS B JOOYTKY PSAIiB MOro MOXHA 300pa3uTH y

BUTJISIL
2n-2 .2k+2 2n-2 2n+2 4n
P P =D (m+D)p" +2n=1) Y p"+ D (4n+l-m)p". (4.42)
i=0 k=0 m=0 m=2n-1 m=2n+3

BukoHaemMo TOTOKHE IEPETBOPEHHSI BUPA3Y, IKUN BXOJIUTH Yy JIIBY YACTUHY

HepiBHOCTI (4.41)
2n-2 .2k+2
2> p' D pt—@2n-1@2n+3)p™ 1+ p*) =
i=0 k=0
2n-2

=Y m(m+1)(p"" = p")+2n2n-1)(p*" 7 = p*" )= 2n-1)(p*"" - p*") +

2n-2

+(2n _ 1)(p2n _ p2n+1) _ 2”(2” _ 1)((p2n+1 _ p2n+2) _ Z m(m + 1)(p4n—m _ p4n—m+1) —

m=1

2n—2

= > m(m+D| p" (1= p)= p" " (1= p) |+ 2020 =D p* (1= p) = p*"' (1= p) | -
m=1
~@n=D[ p"(1-p)-p"(1-p) . (4.43)
VYci Bupasu y kBagpaTtHux ayxkax y (4.43) € uesin’ emuumu nipu p €[0,1]. Kpim
TOTO,
[P 2= p)=p™ (A= p) |2 P (1= p) - p™ (1= p) .

OTxe, BUKOHYEThCSI HEPIBHICTh
2n-2 '2k+2
2> p' ) P =@2n-D2n+3)p™ 1+ p*) =0, (4.44)
i=0 k=0
a 3 Helo 1Jiema.
Jlosenennsi Teopemu. Joenemo, mo Bei koeditientu 1 (i=0+2) y dopmyi

(4.35) € tomaTHUMY TIPY TOBUTBHUX 3HAYCHHSIX MTAPAMETPIB YKA3aHUX B yMOBaX TEOPEMHU.

ITeperBopumo [/ 50) JI0 TAKOT'O BUTJISILY

7O — a, (n+ 2)(211 +1)|:dn+(0)d;(0) (1 _panl _p2n+3 n p4n+2) _

n

—n(n+2)2n-1p,(p>"" =2p""" + p2n+3):| ‘

Kopucryrouncs pe3yabTaToM JieMH, MOKHA OIIHUTH
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1V>a (n+2)2n-D)(2n+1)2n+ 3)[ d'd " —n(n+2)(n-1)(n+ 1)} P 1=p7) .
Bupa3 y kBaapaTHux Iy’KKax MOYKHA ITOJATH TaK:
id;”)dn(‘” —n(n+2)n-D)(n+1)=[n*+1+2v)n+1+v][n* +(1-2v)n+1-v,]—

—(n* +2n)(n° —1).
HaiimeHne 3HaueHHs nonepenHii BUpas, Ik QyHKILisg apamerpa v,, ipuiMae npu

3HaueHHl v, =1/2 1 BOHO JJOPiBHIOE
3
3n* +3n+=.
4
TakuM 4uHOM,

IV >a (n+2)2n-1)(2n+1)2n+ 3)(3112 +3n+ %jpznl (1-p%)’. (4.45)

Kpim Toro goBeneHo HEpiBHICTh

':d;(O)d;(O) (1 _p2n71 _p2n+3 n p4n+2) —n(n n 2)(2n _l)ﬂn(pzm _2p2n+1 4 p2n+3):| >
>(2n-1)2n+ 3)(3742 +3n+ %) PP (1= p*)>. (4.46)

. . (1)
Tenep neperBopuMo koedirieHt 7,

+(1)

](1) —a (2n n 1) d [d;(o)dn_(o) (1 . p2n—1 _ p2n—3 + p4n+2) _

A~D

}’l

+(1)
_n(n+2)(2n_1)ﬂn(p2n—l _2p2n+1 +p2n+3)]+a (2”"‘1)1 d+(0)d (0)(p2n -3 p4n+2)+

+a,(2n + 1){(11 D +2)d (A + 21— p* )+ (n+2)d Od O (p* = pt) +

—(0)
+n(n+2) (27’l l)ﬂn(p2n 1 2p2n+1 +p2n+3)+(n+2) d+(1)d (0)(p2n+3 p4n+2)}‘

n
3aBasiku HEep1BHOCTI (4.46) BCl 0AaHKU NONIEPEIHBOT (OPMYJIIH € TOTATHUMH.
Temnep ocTaToOuHMit pe3yIbTAT TEOPEMH BUILTMBAE 3 BUpasy koedimienta 1>,

SAKOMY BCl1 IOJAHKU € JOJAATHUMU, TPUIOMY
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+(1)
IP>a 2n+D)(n-1)d (A + 2)]% >

> g(n ~1)’(n+1’2n+1)’(3n+2). (4.47)

Teopema 4.1 nae MOXIUBICTH OOIPYHTOBAHO TOOYAYBaTH TOUHUHN PO3B'SI30K 3a4a4l
(4.1)—(4.3).

Teopema 4.2. k1o 30iraeTbes psija
DAL 14n| £, (4.48)
n=0

a 30BHIIIHE HABAHTAKCHHS

7(0)=2G,S 1" P.(cosO)z. + [P (cos0)z,].

n=0

1o mie Ha mosepxuio Iy xymi Q, U Q, , 3piBHOBaXeHO

{p(f(0).¢.)ds =0, (4.49)

TO ICHY€ €JMHUI 3 TOUHICTIO /10 BEKTOPA >KOPCTKOTO 3MIIIEHHS PO3B's130K 3a1aui (4.1) —

(4.3), AKuWif Ma€ BUTIISA

U,(r,0), R <r<R,,

0 (4.50)
U (r,0), 0<r<R

U(r,0) ={

i manexuts mpocropy C2(Q,UQ)NC'(Q,UQ)NCEQ,UQ,). Bekrop-bynkuii

UO,Ul 3agaHo Gopmynamu (4.4), (4.5).
JoBenenns. [IpoeneMo aHami3 po3B’si3yBajbHOI CUCTEMHU PIBHSHb OKPEMO IPH
n=0,n=11n>2.
Ipu 7 =0 HeMac PiBHAHB ITICJIA IPUPiBHIOBAHHS KoediuienTis npu P =0, oTxe,
Ma€MO TUIbKU TPH PIBHSIHHS
—aflo) +(4v, - 2)a(°) (4v,=2)b,,, (4.51)
Zaflg 2+ 2v0)a(°) -G, (2+2v)b,,, (4.52)

—(2+2vy)ayy +2p%al, = 1. (4.53)
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3 nmepuioro piBHSHHSA 3HaiineMo b, ,

1 24y
b — a® 0 4
R

1 miACTaBUMO HOTr0 B JABA 1HIII

l1+v, 2—
(1 Glo2 4V1]a1(10) (1+V0—G10(1+V1)2

4y
0 0) _
aé,o =0 >
—4v,

(r)

3 a 0
P al(g (1+Vo)a( ) =

3 OCTaHHBOTO PIBHSHHS

(1) —

(r)
ﬂ+%ﬂ“@?+p‘g

1 mACTaBUMO B TIEpILIE

1+v,

fo(r)
2

Pl+v@ﬂ—4f)+ Gmn+»b+(2—4mgpﬂ}a$} [1+ca)1+vlj

2 -4y,

1
IHo3raunmo

(v p)+21+V1

ol +v, +(2- 41/0),03].

1

OuesnnHo, A, >0 i cucTema Mae €MHUIN PO3B'I30K

(r) (r) (r)
al) = (L+G liXLJ Jo_ ,@3——a+vQ(L+GmliﬁLj4;4fﬁ+li—p*,

Y24y, J2A, 2—4v, |24, 2
1 L+v, | £y "
b,, = 1+v)| 1+ G CA A
20 2—4m{ ( 0[ Y24y jonp 2 P
2o v T (4.54)
2—4v, Y24y, )24,

Ockinexn po3s's3ku W, (r,0)=0, W (r,0)=0, To xoedinienTn ag%, al(%) 1D,

MOXHa BUOpATH JOBUIBHO.

Po3B’s3yBanbpHa cucrema npu n =1 Mae BUIIISIA

yo, 1a1(?) +2(4v, -1) pa(o) 2a1(,11) —(4- 4V0)agl) =b,,+2(4v, - 1b,,, (4.55)
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plal) +(6—4v,)pal) +al) +(4v, =3)al) =b,, +(6—4v)b,,, (4.56)
6a\) +(4-2v,)a)] —4(l+v,) pay) =—-4G,,(1+v)b,,, (4.57)
=3al) +(1-2v,)al) +2(1+v,) pasy =2G,,(1+v))b,,, (4.58)
6(1-vy)p’as) = 17 +2 £, (4.59)

2(1+vy)as) +3pal) + pal) = (£, = £7) /3. (4.60)

3azHauumo, 10 ymoBa cTaTuku (4.49) 1 30BHINIHBROTO HaBaHTAXKCHHS
MIPUBONUTH JIO TAKOTO CITiBBIAHOIICHHS:

fO+2£9=0.

Tomi 3 piBHsSHHA (4.59) BUIUIMBAE, 110 agl) =0. JIBa piBusHHs (4.57), (4.58) €
MPOTOPIIIHHUMU, TOMY OJIHE 3 HUX TpeOa Mpuopatu. 3alHIIA€ThCA CUCTEMA 3 YOTUPHOX
piBHsHB (4.55), (4.56), (4.58), (4.60) BiTHOCHO HEBIAOMHX af,ll), al(fl)), ag)l), b,, . 3MinHa
b, € BUIbHOIO 1 MOXe€ NpuiMaTH OyAb-AKi 3HaYCHHA. UJIEH 3 HEI B 3arajJbHOMY
PO3B’SI3KY BIJIOBIJIA€ BEKTOPY JKOPCTKOTO 3MIIICHHS. 3adikCyeMO IEHTp KyJl 1 Toi

. . 1 .
b, =0. Ilicna mifcraHoBKM B momepenHio cuctemy ai) =0, b,=0 i crpouieHus

OTPUMAEMO
b, :% pa® + pal?, @.61)
al(’ll) + [1 — %(6 - 41/1)} p“al(,?) +4(v, - vo)pag?l) =0, (4.62)
—3a) - % Go(2+2v)p'a) +[2+2v, — G,y (2+2v))]pas) =0, (4.63)
3p%a? —2(1+v,)a® = %( 1O~ 1@y, (4.64)

Cucrema (4.62) — (4.64) Mmae BU3HaYHUK
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3 i
1 |:1_E(6_4V1)j|p 1 4(V1—V0),O
- 3 .
A =|-3 —EG10(2+2V1),01 [2+42v, -G, (2+2v)]p|=
3p* 0 =2(1+v,)
_6(1+V0)8 12vl (p™ - )+%G10(1+V0)(1+V1)p_1 +6G, 5712 (1410t (4.65)

®opmya (4.65) nokasye, o BU3HAUHUK A, € gomatHuM. OTxke, cuctema (4.62) —

(4.64) mae enuHUI PO3B'I30K

1(11) = ﬁ(f(r) fl(g))[_(g —12v)(1+v)) + G, (8 —12v )(1+ V1)] > (4.66)

2
) = —ﬁm‘ "~ I+ 6v, = 5v, — G (1+Vv)]p, (4.67)
1

r l_V r
éol) :_SA (f( ) f(e))[4 6v, +G10(1+V1)]p bz,l == A 0 (fl( )_ﬁ(e))- (4.68)
1

Tenep po3riisiHEMO PO3B’SI3yBaJbHY CUCTEMY IpHU 7 = 2. OCKUIbKM 332 TEOPEMOIO
4.1 BH3HAYHUK CHUCTEMM € JIOJIATHUM, OTXKE€, CUCTEMA Ma€ €IUHUIN PO3B'SI30K, SKUU

BUIIIA A€ TakK:

n n

(r) _ @)
al) =L AN (1= Gl nn =D AAY (7 = ')

n

(r) (0)
~a,d, P p N+ O (1 G e, p(2n DAV O +

n

+a, n(n+2)2n-)AY p ], (4.69)

(r) o)
) ==L (1- Gy )a, 2n+ DAL (0 - ) -

n

(r) (9)
L O DL (12 G e, 2n+ DAL p

n

+a,(n+2)2n+ DAY ", (4.70)
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a(O) _ fn(r) — nfn(e) [(2 +1 A(Z)A(3) —(1-G 2 1 A(3)d—(0) 2n+l
1,n - A n )ﬂn n n ( 10)( n+ )ﬂn n n p ]+

n

(r) (9)
fLt (Z DL [ 24 DAPADET + (1 +2)(20 + DAPAD 7 4

n

n

+(1- G n(n+2)2n-D2n+ DAY (p"" - p) |, 4.71)

(0) f;1(r) _”fnw} 2 AB) (3) ,7—(0) 2n-1
a,, =—A—[an(2n+1)An A7 —(1-Gya,2n+D)A7d 7 p" ] -

n

A (Z DL (1 G e n(n-+ 22— D20+ DAD (7 = ). (472)

3 dopmyn (4.69) — (4.72) 1 teopemu 4.1 BUIUIMBAIOTH OIIHKK KOEQIIIEHTIB

noOyoBaHUX po3B's3kiB (4.4), (4.5) npu n > 2

0 -2 - _
i, <AL 40l £7Dp" Las, K Cn (L1 [+0] £7 D"

0 _ 0 0 -2 0
1@, < Con” (| £ |40 ] £, |as) < Cn2 (| £ [+n | £19)),

1
1B, [<Con(| L7 1+ ] 1,7 D", 16y, <G (LA |40 ] £,7 D"

ne (C, )2:1 — JoJaTHI KOHCTAaHTH, sIKi He 3ajexaTh BiA 7. L1 oliHKK 3a0e3neuyroTh

aOCOJIIOTHY 1 pIBHOMIpHY 301KHICTb PSAIB y popMynax (4.4), (4.5) B Kyl ax 10 1l Mexi,

a Takox BuKoHamHs ymosu UeC*(Q,UQ)NC'(Q,U Q)N C(M) . Ormke,

TEOpeMy JIOBEJCHO.
4.3 KoM’ 10TepHUil eKCTIEPUMEHT

UucensHo 3agauva (4.1) — (4.3) po3B’si3yBajiacs MPU TaKWX YMOBax: MaTepiajiom

Kynl Oyino BHOpaHO cTanb 3 MpyKHUMHU KoHcTaHtamu G, =82ITla, v,=0.28,
MaTepiajlaMi BKJIFOUeHHs Bubupamnucs natyusb (G, =35.2'Tla, v, =0.35) abo antomiHii
(G,=26TITla, v, =0.34).

Ilepmuii TMN HaBaHTaKeHHsl. 30BHIIIHE HABaHTAKCHHS Ha TIOBEPXHIO KYIIi

3a7aeThesl BeKTOp-pyHkiieo f(6)=-2G,sinfé, (BOHO aBTOMAaTUYHO 3PIBHOBAXKEHO).
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Ha pucynky 4.1 HaBeeHO pO3MOILT HOpMAIbHUX HAMPY>KEHb HA TOBEPXHI BKIIOYEHHS 3
JaTyHl B 3aJIEXKHOCTI B1Jl BITHOCHOTO PO3MIPY BKIIIOYEHHA p =R, / R,. IIpuponHo, 1m0
MaKCHMaJbHI 32 MOJYJIEM CTHUCKAIOUU HANpPYKCHHsI Ha TIOBEPXHI BKIIOUEHHS IIiIOTH B
Joro ekBaropiainbpHiii 00JacTi, MPUYOMY BOHU TUM Oujibllle, YUM OiJIbILIE BiTHOCHUN
po3mip BKkItoueHHS. Ha momrocax BKIIIOYCHHS, HAaBIAKd, Hail Oijblle 3a MOIyJIEM

HaANpPY>KEHHS CIIOCTEPIraeThCs MPU HAWMEHIIIOMY BITHOCHOMY pO3MIpi BKIIOUCHHS.

G, (7
rol 1.5 3.0 0
0.0 Som-

p=0.8 p=0.2
-0.5

-1.0 \

=
]
(=,
9
[
oy
<
YO\

-1.5

-2.5

Pucynok 4.1 — I'padiku HanpyxeHb o, / G, Ha MOBEPXHI BKIJIIOUEHHS 3 JIATyHI

Ha pucynky 4.2 mnoka3zaHo po3M0OJ1J1 HOPMajJbHUX HANpyXeHb Ha IOBEpPXHI
BKJIFOUSHHSI 3 aJIFOMiHII0. 30BHIIIHE HABaHTAXXEHHS TakKe K caMe, SIK Y MOINEePEIHbOMY
BUMAJIKY. XOYa XapaKTep HANpyXeHb 3aJUIIUBCA 0e3 3MiHHM, aOCOJIOTHI 3HAYEHHS
HarpyXeHb 3MiHUIMCA. [le moB’si3aHe B OCHOBHOMY 31 3MIHOKO MOAYJS 3CYyBY (s
AJIFOMIHIIO BIH Ha 26% MeHIIe HiXK JJI JIaTyHi, a BIIMOBIAHI MaKCUMaJIbHI 3a MOJIyJIEM

HarnpyxeHHs npu p = 0.8 3pociu Ha 21%).
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6,./Gy

—

1.5 3.0 0

AL

-1.5

2.5~

Pucynok 4.2 — I'padixu HanpyxeHb o, / G, Ha IOBEPXH1 BKJIIOUEHHS 3 AJIFOMIHIIO

JApyruii Tun HaBaHTaxkeHHsi. Ha pucynkax 4.3, 4.4 HaBeneHo po3MoAia
JOTUYHHUX 1 HOpPMaJbHUX HAINpPY>KEHb HA MOBEPXHI BKIIIOUEHHS (Marepian BKIIOUYEHHS

JaTyHb) MPHU 30BHINIHHOMY HABAHTAKEHHI HA TMOBEPXHI KYyJI, SIKE OMUCYETHCS BEKTOP-
. s . — « 2 A . . .

¢yukuiero f(0)=2G,[3sinfcosBe +sin"fe,]. Ha BinMiHy BiJ NEpuIOro TUIY

HABaHTAKCHHS, KOXKHA KOMITOHEHTa f(f) He € 3piBHOBaXXEHOIO, aje BECh BEKTOP

3a/I0BOJIbHSIE YMOBY cTaTtuku (4.49). JloTUyHI HampyXeHHS 1 MOIYJlI HOPMAaJIbHUX
HaIpY>KEeHb 3pPOCTAIOTh MPH 3POCTaHHI BIHOCHOTO PO3MIPY BKIIIOUECHHS. XapakTep
HOpPMaJIbHUX HANpPY>KEHb BIJPIZHAETHCS Bl MOMEPEIHHOTO BHUIIAJKY 1 BU3HAYAETHCS
OCOOJIMBICTIO 30BHIIIHBOIO HaBaHTaXeHHs. [IpW BeTMKOMYy BIJHOCHOMY pO3Mipi
BKJIIOUEHHSI CIIOCTEPIraeTbcsi 00JaCTh Ha MOr0 IMOBEPXHI B OKOJI IIOJIIOCIB J€ 3HAK

HOPMAaJILHOTO HAMpPYKEHHS BIAPI3HIETHCS B1Jl 3HAKy HaBAaHTa)KCHHS.
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Pucynok 4.3 — I'padiku HanpyxeHb o, / G, Ha HOBEpXHI BKIOUeHHs. [{pyruii Tun

-1.5

HAaBaHTAa)XXCHHA

[IBUaKICT, TPAKTUYHOI 30DKHOCTI METOJy ToKa3aHo B Tabmuisx 4.1, 4.2 Ha
NPUKJIaAl 00YMCIEHHS HOPMAaJIbHUX 1 JOTUYHUX HANPYXKEHb HA MOBEPXHI BKIIOYECHHS
mpu p=0.8. Tyr nmax (mapamerp 301>KHOCTI) — BEpXHSI MEXa IiJICYMOBYBaHHS MPHU
3aMiHl HECKIHUYEHHUX CYM CKiHYeHHUMH. HaifHmkua TOUYHICTH CIOCTEPITaeThCsl MpHU

obuncnenni o,(0)/ G, mpu nmax =30. Bona nopisaroe 0.088 %.
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Pucynok 4.4 — I'padixu HanpyxeHs 7., / G, Ha MOBEPXHi BKJItOYEHHS. [{pyruii THI

HaBaHTaXCHHA

Tabmuus 4.1. [IpakTuyna 301xHICTE MeTOAy pu obuucienHi o,.(6)/ G,, p=0.8

O 0 716 73
30 ~0.25026 1.61468 2.04111
40 ~0.25048 161470 2.04110
50 ~0.25049 1.61470 2.04110

Tabmuus 4.2. [Ipaktuyna 301%HICTh METOAY Npu obuucnenHi 7,.,(0)/ G,, p=0.8

enmax /6 /3 /2
30 1.16967 1.06640 0.93207
40 1.16966 1.06641 0.93206
50 1.16966 1.06641 0.93206

4.4 BucHOBKH 10 po3ainy 4

Brnepuie 3Buuaitnum Metonom Dyp'e oTpuMaHo

TOYHUN PpO3B'A30K APYroi

OCHOBHOI BICECHMETPUYHOI KpaioBO1 3a/1a4i TEOpii MPYKHOCTI B 3araJibHIN MOCTAaHOBII
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JUIS KyJl 3 KOHIEHTPUYHUM c(eprudHuM BKItoueHHsAM. [Ipobrmema po3B'sizaHHs Takoi
3a/1a4i MoB’s13aHa 31 CKJIQIHICTIO MO0y I0BU OOTPYHTOBAHOTO PO3B's3KY ii MeTogoM Dyp'e
B MEBHOMY KJjaci ¢yHKIiH. B cBoro uepry, BoHa 3aJ€KHUTh Bijl OIIHKH 3HU3Y MOIYJIS
OararonapaMeTpUYHOrO BHU3HAYHHMKA PO3B’SA3YBAJIBHOI CHCTEMHM, SIKy BIepHIe OYJIo
BUKOHAHO B JMCepTaIliiiHiii po6oTi. HaBeneHo pe3yabTaTi YMCeIbHUX PO3PAXyHKIB IS
JIBOX THWIIIB MarepiajiB BKJIOYECHb 1 JJISI JBOX THIIIB 30BHIIIHIX HaBaHTa)KCHb.

EdexTuBHICT METOIY MTOKA3aHO HA MPHUKIIA/1 JOCTIHKEHHS HOr0 MPaKTUYHOT 3015KHOCTI.
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PO3JILT 5
3AJJAYA TEPMOIPYKHOCTI JIJISI TIPOCTOPY
3 IBOMA BKJIIOYEHHSMH I TEIUIOBUILTEHHSM

5.1 ITocTanoBka 3axaui

PosrnsneMo 3amady 3HaXOMKEHHSI HAIPYKEHO-Ie(OPMOBAHOTO CTaHY KYCKOBO-
OJIHOP1THOTO MPYKHOTO MPOCTOPY 3 IBOMA BKIIFOUEHHAMU. BBaskaeMo, 1110 B mpocTopi

po3ramoBaHi chepuuHi BKIItOYeHH Q, 1 (), IEHTPU AKUX 3HAXOIAThcs B Toukax O, 1

O, (10,0, |= z,,). Pagiycu BKIItOYEHb NOPIBHIOOTH R, 1 R, BianoBigHo (R, + R, <z,), a

ix mexi mosnaummo [, i T',. Tpudasma cucrema (Q.)7, (Q,=Q\Q,UQ,) mae
TepMOMeXxaHiuHi xapakrepuctuku (G,,v,,a;, k;) ( j=0+2), ne G —Moyb 3cyBy, V
— xoegimient [lyaccona, @ — KoepiI€HT JIHIHOTO TEMIEPATyPHOTO PO3LIUPEHHS, kK —
KOE(ILIEHT TEIUIONPOBITHOCTI. BBaskaemo, 110 BKIIOYEHHA LY, 1 {2, BUIUIAIOTH TEILIO 3

TyCTHUHaMu Jpkepen p, =k, f, 1 p,=k,f,, a Ha NOBEPXHIX BKIIOUYEHb BUKOHYIOTHCS

YMOBH 17I€aTbHOTO TEIJIOBOTO KOHTAaKTy. TemmepaTypHe MoJjie 1 Hampy>KeHUH CTaH Ha
HECKIHYEHHOCTI 3aJJ0BOJIBHSIOTH YMOBH PETYJISIPHOCTI.

I1oTpiOHO BU3HAYUTH TEMIIEPATYPHE MOJIE 1 TEPMONPYKHUI CTaH B 00nacTsax €2

(j=0+2), sK1 3aJ0BOJIHSIOTh TaKl YMOBHU:

V04— (VT 2PV o1 ien (5.1)
-+ = , xe€ld .
712y, ! T1-2v, !

VT, =0, xeQ,, VT =f, XeQ, i=12; (5.2)

oT, or) .
]Z)|ri :T;\l‘i’ [ oa_noj _[kla_l’ll] ,1=1,2; (53)
i/, Ly
(U, )Fi -(7, )m , (FU, )m =(FU, )m ,i=1,2. (5.4)

Tyt uepes T,,U; (j=0+2) mo3Ha4eHo TeMIepaTypHe MoJe i 0JIe MepeMilleHb

B obnactsix ., FU, — BEKTOp HANpyKeHb Ha MOBEPXHSX BKIOYECHb, BIINOBIIHUI
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BekTopy nepemiuiens U, f; (i=1,2) — sapani ¢ynkuii, V — oneparop Habna, 7, —
OJMHUYHUM BEKTOp 30BHIIIHBOI HOpMai 70 oBepxHi I',, | T, | — rutoma nosepxHi I',.

VYBeneMo 1BI OJHAKOBO HampsMieHi chepudHi CUCTEMU KOOPIMHAT (rj,Hj,goj)

(J=1;2), moyatku sikux cymictumo 3 Toukamu O,, a Bicb Oz Mae HampsIMOK BEKTOpa

0,0, . Ix xoopauHaTH 3B’s13aH1 popMyIaMu
r,sinf, =r,sinb,; r,cosl =r,cosb, +z,.
Y BBEICHHX KOOpIMHATAX MOBEpXHs ', mMae piBHSHHSA 7, = R, . Byaemo BBaxarw,
mo ¢yHkuii f; (i =1,2) MaroTh 0OCEBY CUMETPIIO 1 € FTApMOHIYHUMHU (PYHKLISIMU, IPUYOMY
300paXy€eThCsl a0COJIOTHO 1 PiBHOMIPHO B obmacTsax €, (j=1,2) 30DKHUMH psiaaMu

BUY
£0:8)=Y £, P(cos). (5.5)
n=0 i

Tyt 1 pam P"(x) — @ynkuii Jlexxanapa nepuioro pouy.
5.2 Po3p’s13aHHsA TeMIIlepaTypHOI 3a1aui

Po3B’sbxkemo 3amaay (5.2), (5.3) s piBHSHHS TEIUIONPOBiIHOCTI. Po3B'sa30K 1iei
3aja4l B obsacti €2, OyAeMo IIyKaTu y BUTJISL
2 o 0 |
= 1+ = .
T(X)=D D 1tV RMw (r,,0,), xeQy; (5.6)
Jj=1 n=0

0,2

oo 18, Tyt BicecumerpuuHi GasucHi

3 HeBimoMumu koedimientamm {r\/)}

po3B'si3kM  piBHAHHA Jlammaca  anms 30BHIIIHOCTI  Ta  BHYTPIIIHOCTI  Kyui

QF ={(r,0,p): 7>} mosHaueno (2.2), ne P.(x) — mHorowienn Jlexanapa, 3HaK + (—)

BIJINIOB11a€ 30BHIITHHOMY (BHYTPIILIHBOMY) PO3B'SI3KY.
Bukopucraemo teopemu nogaBanHs 2.2 GyHKINA 1 oTpumaemMo (2.66) 11 3anucy

po3B’s3Ky (5.6) y cucremi koopauHar 3 mouarkom y touui O, (j=1,2)
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T =S RN (0 + DR, (1 )i (5.7)
n=0 n=0 k=0

k

- (R.Y(R,_,

(J) ) (1) () — J 3—j
hnk n,k+1° a)n,k ( .

Zyp 2y,

[oOyyemo po3s'sasku piBHsHb [Tyaccona (5.2) B obmactsx Q. ( j=1,2 ). Bynemo

Jac

X IIyKaTH Y BUTIISAII
T.(X)= ZR "1 r! + W (r,0)), XeQ,, j=12. (5.8)
[Toxiemo oneparopom Jlamiaca Ha dyukuii 7, (X)
AT, (X)= ZR "22n+3)g W, (r,,0,), X€Q,, j=1.2.
[TopiBHIOOUM 1€ pe3ynbTaT 3 (4.2), (4.5), oTpumaemo

) f(j)
g, = (5.9)
2(2n+3)

3a70BOJIbHSIOUM YMOBHU crpspkeHHs1 (5.3) TermoBux mnodiB (5.7) 1 (5.8) Ha
MOBEPXHAX BKJIIOYEHB, TPUXOAUMO 10 HECKIHYEHHOI CHCTEMH JIHINHUX alreOpaiuHux
PIBHSIHD, SKY IICJI MPOCTUX aIre0paiyHuX MEePEeTBOPEHb MOXHA 3alUCATH TaK:

© 2 ()
/D) 4 (ko —k;)n > Ul = ky R 1.
" kptk ()" kn+k (n+1) 2n+3)’

j=1,2, n=0+0; (5.10)

)
(1) () (DpG=D) 4 f] =1,2, 0+ 5.11
=t, +Zu t 2(2n+3)’J n=0+o0, (5.11)

3 yMOB, sKI HakmanaloTees Ha OQyHkuii  f, (j=1,2), BuniumBae, 1o
{fnh=2 2 €L, x1,. Toni Teopema 3.1 pasom 3 exBiBasIeHTHICTIO 3a1aui (5.2), (5.3), (5.5)

po3B’s3yBanbHii cuctemi (5.10), (5.11) (i1 MoxxHa 1OBecTH) OOIPYHTOBYE 1CHYBaHHS

KOpPEKTHOTO po3B'si3ky cucremu (5.10) y mpoctopi /[, x[, i BHUKOHAHHS yMOB
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Qn+3) el, 2n+3)c el. Temep Qopmym (5.6), (5.8) BiAHOBIIOIOTH

TeMIepaTypHe noje y tpudassomy T (Q,)7, .
5.3 Po3B'ss3aHHSI TePMONPYKHOI 3a7a4i.

Temep posrmsHemo tepmomnpyxHy 3amauy (5.1), (5.4), ska Bignoigae

noOy/IOBaHOMY BHIIE TEMIIEPATYpPHOMY Momo B obmactsax (Q,)>,. usa 1poro

CKOpHUCTA€EMOCH OTOBCACHUMU B pOBI[iJ'Ii 2 pe3ylibTaTaMU. Posriasaemo B oOiacTsax Qi

cUcTeMy 0a3MCHHX BICECUMETPUUYHHUX PO3B'SI3KiB PiBHAHHS Jlame (0/HOpiIHE PIBHAHHS

(5.1)).

Jst Bexrop-dyukuii (2.4), (2.5) B cucremax KoopauHat 3 modatkamu O,

JOBEJICHO Takl TeopeMu ponaaBaHHa (2.68), (2.69), (2.70) 1 3BepraemMo yBary Ha

3ayBa)EHHsI JI0 TeOpeM (7, ; <z,, j=1,2).
Sl BiZIOMO, 3araibHU PO3B'SI30K HEOAHOPIAHOTO piBHAHHSA (5.1) B obmacti Q, (

j =0+2) MOXHa 3amucaTi B TAKOMY BUTJISII:
U (¥)=0Y9@) +0% %),
J J J
ne UY(X) — saranbHuii po3e’si30K BiIOBIIHOTO OXHOpiZHOro piBHsHHS, a U (¥) —
YAaCTUHHUH PO3B’A30K HEOAHOPIAHOTO PIBHAHHS (/1aJ11 HA3UBAETHCA BEKTOPOM TEPMIYHHUX
nepemimens). 3apagku GasucHOCTi pos3s'sskiB (2.4) (2.5) B obmactax Q° 3aranbHuii
PO3B'SI30K OJIHOPIIHOTO PiBHSHHS B 001macTsix (€))7, MOXKHA 3aIlMCaTH TaK:

Ug(3)=>

Jj=ln

0 2 o
al’RICW (r,0)+ DD al )RV (r,,0)), ¥eQy; (5.12)
=0 =0

Jj=ln

U°@) =Y bR (r 9)+Zb“)R‘"W (r,0),5€Q,.  (513)

n=0

Tyt {a/)}70, 1 AbY)Yo%, o — HeBigoMi KoedinieHTn.

By1eMo IIyKaTH YaCTHHHUM PO3B'A30K U ;(¥) B obnacti Q, y BuUrmszi
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U () =V ,(3).

Toni jst pyHKuii @ ,(¥) orpumaemo piHsHHs [Tyaccona

- .o v 1+,
A@J.(x):zajij(x),erj,a/=71 :
R
PO3B'SI30K SIKOTO MOKHA 3aIKCaTH TakK:
2 o n+1t(J)
) — J + s .
CDO(x)——ag"ZZ 1 riw, (r;,0,), ¥ €Qy;
j=ln=0 <N —
o gm 4 c(;) 2
=\ V. —n n / - .
CI)j(x)—aj’ZRj + w,(r;,0,), xeQ,, j=12.

oy 2(2n+5) 2n+3
TakuM YMHOM, BEKTOp TEPMIUHMX MepeMilmens B obmactsax (€))7, 3amaeTbes
dopmynamu (j =1,2)

- 2 R
U()T()_c'):—ag(’zz"n—” (r,0,), ¥eQy; (5.14)

. o D=0y g DG~ (7.0
Ury=an S R | 8l Up0) &7V 0:0) )
' ST 220 +5) 2n+3

FeQ,. (5.15)

dopmynu (2.68) — (2.70) naloTh 3MOTy 3amucaTH BeKTOp-(QyHKIi0 U, (X) B

chepryHiii CUCTEMI KOOPIMHAT 3 MOYAaTKOM y T4l O,

—

Uy(r,,0,)= Za<J>R"+3W+ 9)+ZR—"+2W H)Zu Dat )+

J?

(/) pr+l " P2 w(2)(3)
+ZafR"+ Wy (r,0)+ D RW (1,0 ul al ) -
k=0

n=0
0 0 0 n+l(f)
=D R (r,0) > el —ag Yy =V, (r;,0,) -
n=0 k=0 o 2n—1

—ap’ ZR W, e)Zu“ L7 f>+aV°ZR;" H)ZM“ M, (5.16)
n=0

JAc

@©H _ ) ) (2J) (J),, () (J) (31) (J),,(2) (/)
un,k h a)n 2,k+3° nk hnk?/kn n—2,k+1° nk h ykn nk+12
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2nk—n—k
(n+k)2k-D2n-1)"

(4/)_ @)) @)) G5 —_ () (J)
U, i h A KO i1 Ui hnk

nk+12 n.k =
3rigHo 3 popmynamu (5.13), (5.15)
= Zb‘”R "W(r,.0, )+Zb§f;R "W, (r,,0,)+

()

- = -
v Z 2(2 5) V000 V,(r,0) ], j=12. (5.17)

n=0
[lepexonsuu B nepemimeHHsx (5.16), (5.17) no BekTopa Hampy eHb Ha TTOBEPXHIi

[', 1 BUKOHYIOYHM YMOBH CIpPSUKEHHs (5.4), NPUXOMMMO [0 HECKIHYCHHOI CHCTEMH
) (J)
JIHIHHKAX aareOpaivHuX PiBHAHDL BIJHOCHO HEBIIOMHX {a,’ |3 0i o> 0, yo2 0.1

n+4 n+2
R2 (1)+a (])_

J

nb(1)+ (J)b(f)
P % 2(2 +5) 7 T 2n+3

(n+1)a(1)+ +(O)a§]rz+nzu(lk/)al(3k 1)+Z[nu(2 »J) 181(0) (31)]a(3 D4

n

_,_ago n—1 t,gj) _agoilinuf];j) _ n+2 r(lskj)}tﬁ 7. (5.18)
2n—1 o 2n+3
b(])+ﬂ (J)b(/)+ j Jg,(/) +0[Vj Cr(%j) (J)+ +(0) (J)+Z €5 3= J)+
L T P2 @ 2(2n+5) P o3 e T P G T Ltk
+Z[u(2/> By OuC1al — e 6 _a"oi LD u, (40 2 (5.19)
Zn o “oan-1 &Y 2n+3

(L) (J) (12) (J) @€y @3 j) (121) (3 J) Vo ,(1,/) (J)
Vo G Z7nk a Z +a,' 7,0t

o0 ) ) G
a(‘)/ozj/(lj)tﬁ D — J (n_l)nbl(jl) c pl nj)b(J)

tnk"k
0 0

G, ey
Gi g Ly 04D 1pa i g [_2 CERVCED)
0

A : . (5.20
G, ’ 2(2n+5) sen 2n+3 } (5-20)

DG 4 220 CL7) 4= Q@.2.)(3-))
y*a a2n+2yn +Z;/n a’” +
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2 G
(2,)) (J) v (2.0,G3-7) — ] (j) (/) (J)
Oyt t Oozytnkt (n l)b G b2n

G. ., (n+3 G, , n+l
] 0(;’ ( ) (1) 05;’ (J) , (5.21)
G, 2(2n+ 5) G, 2n+ 3
e
(1 n_ ) D), (1 2) _ 4+ 0) (L)) _ 1) (1 N _ ”(” 1)
12.)) _ (20) _ =00, 6) () _ (n+1)(n+2) u® 4.5 .
7/nk n(}’l l)l/t pln nk 2 ytnk + n(n l)unk s
2n+3
(2 D _ (2.2) +0) . (2L)) _ wpy e _
(n+2) }/ _p2n > 7/nk] (n_l)unk]’ ytnj -5 4
2n—1
(2 2.j) _ (2.)) ~(0),, 3. () n+1 (5 7 (4.))
(n l)u pZ n n k ]/t,n,k — A A (n l)u .
2n+ 3
ITicns BUKJIFOUEHHS HEBIIOMHUX {b'/)} " 0. 1T€pexoy 10 Gpi3UIHO Oe3pO3MIPHUX
napamerpis ch°t,§j) _ t—nu), ’Rzg,i’) _ g:lj) ’ (J) c(” a;f'Rffn”) _ fnu) RAMTHIIEMO

cucrtemy (5.19) — (5.21) Tak:

@@L () 1,2,7) ,(J) @@Ly ,(3=)) @:2,)) ,3=)) —
d, a,, +d, a2n+zmnk a i +Zm ap

tnk "k c,n o n

m[(’i;lj)i(j) _ Zm(l ])l (€d)) + g(l N (1) (l',j)E(j)’ n=0 + 00, ] — 1,2 : (522)

) —— (2n+1) - |, +(J) ,(J) (L.7) o 3=7)
bl,n - + A—(j) 2.n aln +pn aZn +ZM ,k +
n
> Ly
2.0 _ (/) (31) S 2n |7 0) Ny (5/) (41) 70G-) _
+Q [u,; u, ;. layy ~ + lg, 1%
- Ly
2n—-1 A,
1 -()
1-422- g — e p=0+o0, j=1,2; (5.23)

221 +5) A

+(0) ~0) w
2n+l o AT ) A, ERNES ) B

o N4 ) . U, ;ay, ! _(-7)_L_1 ()
n A A G T

A" T onrsa S
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2 1 G.NFC=/) _ 2 1 =)

anr3 a0 &t Ty g G =0 =l (5.29)
ac
1 -(J)
() _ 2,n ) — pr0) _ ) +( N _ pE() ().
qnj 2}’l+3 1_2A j) p ’ 2.n A (]) IBan b n] - l,nj —-n 2,11] 5

. o G, .
(i,8,)) (i,s) (i,s.)) (t L) I (0 ) B (t S5J) LL) — 1 L) .
dn _7/n gn > _7/nk é: n(n—l)un,k ’
0

(1 V) ()] (i,)) (l V) ()] ((9)) L) _ —J 1)) .
7/tn 5 }/tnk gt,n,k H gn,k - G (”l _l)un,k b

tin 2 tnk
0

, G .
S = =n s Cna )|, 612 = [(n D" = A0 ) s

0

G, . .
g =L n=1+@nen) ], &7 = [(n DAY =AU ]

0

.G, . .
G ==l - — [n(n DALY = A u)

0

}5,21527.1') G} (n— l)u(z 0 [(n 1),6’2(0) A(O) /u(]):| }(13k1');

0
g :_ﬂ ”(”_1) (;) 5(2 D — G| n-1 + ol
G, 2n-1 G, 2n-1 T ’
. G, G, -1 2u” .
A UV W
G, G,| 2n+3  (2n+3)
| Gl n-1 242 |
O =Syt o 2| 2L 2 e,
G, G,| 2n+3 (2n+3)
4 2 . G2
LH _ —J () () R 24y
& G02n+5[ wa ] & G, 2n+3[ B
EXD = 2 [ ,u(”] ec(z 0 _ [1 " ,u(”
G, 2n+5 2 pr s G 2n+3

1 -
i) =y =050 = i i) = [0 = i ]
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N =BED —nfB ) B = —n(n+3-4v)), B =+ D(n+4v, -2);

n 1,n n

+() _ () _ +() _ 2 .
B, =n+dv -4, B, " =n+5-4v, p " =n(n"+3n-2v,);

2,n

pl’)i-” =(n+D(n> —n- 2v,-2), p“nj) = —(n2 +2v, =2), p;("” =n" +2n+ 2v, = I.

2,

Teopema 5.1. SIkmio ymoBu R, + R, <z,, v, €(0,0.5), G, >0 3a10BOJBHSAIOTHCS,

oneparop cuctemu (5.22) y mpoctopi ;' € GpearonsMoBEM OMEPATOPOM.

JloBeleHHST TEOPEMHU TPYHTYETHCS Ha OIIHKAX MATPUYHHX EJIEMEHTIB CHUCTEMHU
(5.22), ki TOBHICTIO aHAJOTIYHI OIIHII, OTPUMaHIK y Teopemi 1, 1 HA HAaCTYITHOMY

HOBOMY PE3YJIbTATI.
5.4. UncesbHI pe3y/bTAaTH TA IX aHAJI3

UucenbHUil po3B'sa30K 3amadi po3i0’emo Ha nBa eranu. Ha mepmiomy erami

po3B’si3yeThes cucteMa (5.10), (5.11) s BU3HAYEHHS TEMITEpaTyPHOTO MOJIsl B 00J1aCTsIX

(Q,);,. Pesynbrar mepumoro eramy BUKOPHCTaHO JUIsl PO3B's3aHHs cucteMu (5.22) —

(5.24). 3rinHo 3 Teopemamu 3.1, 5.1, 03HaUEHI CHCTEMHU MalOTh (PPEATOIBLMOBI ONIEPATOPH
1 OJHO3HAYHO pO3B’s3HI. Bigomo, 10 Taki CHUCTEeMH MOXHA KOPEKTHO YHCEJIBHO

po3B's13aTi MeToI0M peaykuii. [Tpu nbomy BuOupanucs Taki Mmarepiainu: Aas MaTpuui €
— CTajmb, AN BKIIOYEHHA (), — JaTyHb, JUIsl BKJIIOYEHHA €2, — amoMiHIN 3
TEPMOMEXaHIYHUMU XapakTepuctukamu v, =0.28, v, =0.35,v,=0.34, G,/ G,=0.43,
G,/G,=032, 0" /) =1.68, ;> | o, =1.95, k, / k,=1.88, k, / k,=4.61.

Y  nopganbimioMy — OyneMO — KOPUCTYBaTUCA  TakKMMU  TO3HAYCHHSIMHU:
o =k 2GR} p,), 0,” =k,05" 1 2G,aRp,), ne 0.”, 05 — kommonenTH
TEH30pa HANPYKEHb, 3aMMCaH] B CHCTEMI KOOPJMHAT 3 104aTKOM y Touli O, . Pesynbraru

KOMIT FOTEPHOTO E€KCIIEPUMEHTY HaBeJeHO Ha pucyHkax 5.1 — 5.4 1 B Tabmumi S5.1.

['eoMeTpiss B3a€EMHOTO pO3TallyBaHHS BKJIIOYEHb HAa BCIX PUCYHKaX BHU3HAYAETHCS
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ymoBamu: R, /z,=0.2, R,/z,=0.6,arycTuHH JKEpe TEMJIa BBAKAIOTHCS CTATUMU 3
BIJJHOIIECHHAM p, / p, =k, 1k, .

Ha pucynky 5.1 mokazano rpadiku po3noAiry 3BeAeHuX ((hi3UIHO OE3pO3MIPHUX )

HaIpy>KeHb o

r

Ha cepruuHux HIOBEPXHSIX rn=a, ne
a=15R, 1.25R, R, 0.75R,, 0.5R,, 0.25 R, B3anexxuHocTi Big kyTa 6. [IpupoaHo, uio

BC1 HaIpy KEeHHSI € CTUCKAJIbHUMU, IPHYOMY MaKCUMAJIbHOTO 32 MO/IYJIEM 3HAUCHHS BOHH
JIOCATAIOTh Ha OC1 OUIA APYTOoro BKIIOYEHHA. XapaKTepHO, 110 MPAKTUYHO MPH BCix 6O
Hanpy>kKeHHs 32 MOJyJIeM 3pOCTalOTh MpU 3MEHIIeHHI mapamerpa a. Ha pucynky 5.2

(2)

aHasoriuni rpadiky HaBeJeHO I HANPYKEHHS &> Ha cQepUIHHX HOBEPXHSAX 7y =,

ne a=125R,, 1.1R,, R,, 0.75R,, 0.5R,, 0.25R,. Yepe3 3HauHO OUIBIIMIA pajiycC
JPYroro BKJIIOYEHHSI PO3MOiJ HAMNPYy>XE€Hb HAa HbOMY € OJIM3bKUM JO PIBHOMIPHOTO

BCIO/IM, KpiM 00siacTi OuIg Oci B OKOJI MEPIIOro BKIIOUEHHSI, JI€ CIOCTEPIraEThCs

3pOCTaHHS X MOJYJIIB.

-1 ¢

12t

-1.3

-1.4

A R1=0.5 %
--"-—-—._
f /R ,=0.25 -

Ha MOBEPXHsX 7, =const ans R,/ z,=0.2,

asl

1.6

)

Pucynok 5.1 — Hanpy»xenns 0':

R,/z,=0.6
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5312) m/2 z

-1.20

5/R,=1.25 \
-1.25

5/R,=1.1 \
-1.30

5 /R,=1.0 \ \
135 5/R,=0.75
-1.40 E —--\ \\

5 —_—
i 7 'Ry=0.5
-1.45

C 7 /R, =0.25

(2)

Pucynok 5.2 — HanpysxenHst o> Ha HOBepXHsX 7, =const jid R,/ z, =0.2,

R,/z,=0.6

['padixu HanpyxeHb O g(j ) Ha MOBEPXHAX 7; = d 300paXkKeHO Ha pUCYHKax 5.3, 5.4.

JLyist HUX XapaKTEpHUM € CTPUOOK Ha MOBEPXHAX BKIIOYEHD 1) = R ;- TyT BepxHst KpuBa

BIJINIOBIJIa€ HATIPY>KEHHIO B MATPHIIl, a HUKHS — Y BKIIFOUCHHI.

g

_0.3_

-1.0\

12]

-1.4 _\\_______________,

(1
Pucynok 5.3 — Hanpysxenns O, 9() Ha NOBEPXHAX 7, =const 11 R,/ z, =0.2,

R,/z,=0.6



o-;fz) -

* rz-fRz =1.15

1.0t

Fy /m

/

-1k

/ -rz -XRZ =0.75

12

/

F3/Ry =05

rz -/RQ =0.25

-1.3

———

7\\\_/’__

—_— ———————

1.4 f

110

*(2
Pucynok 5.4 — HanpyxeHHs O 9( " Ha IIOBEPXHAX 7, =const WA R,/ z,=0.2,

R,/z,=0.6

3ayBa)XMMO, IO XapaKTep PO3MOJALLY HANpyXKeHb (aje He 1X YMCIIOBI 3HAYEHHS)

MaJjio 3ajieXkaTh B/l BITHOCHUX PO3MIpIB BKJIIOYEHB MPHU CTaJii BIAHOCHIM BiJICTaH1 M1k

HuMU. [Ipo 11e cBIqUUTh PUCYHOK 5.5 N1 AJid MPUKIIaay HaBeleHO Tpadiku HaNpykKeHb

*(1)

Oy Ul IPOTWJIEKHOI T€OMeTpil BKIOYEHb R, / z, =0.6, R, /z, =0.2. IlomiTHO, 110 B

ObOMY BHUIIAAKY KYTH, IIPH AKHX HAIIPYIKCHHA AOCATalOTb MAKCHMAJIbHHUX 34 MOAYJICM

3HAY€Hb, 3CYBAIOTHCA B O0JIACTH MEHILIMX 3HAYEHb B MOPIBHSIHHI 3 HAINPY>KEHHSIMH 3

PUCYHKY 5.3.

05|

\

-0.6

-0.7

09|

L /
: % é /:__:’ : #/R;=0.25

-1.0

oy

\ e

S

\ e
N A

————

(1
Pucynox 5.5 — Hanpyxenns O, 0() Ha [OBEPXHAX 7, =const 111 R,/ z,, =0.6,

R,/z,=02
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5.5 BucHoBKkH po3aiiay 5.

B poGoTi Ha ipuKIIa i po3B'sI3aHHS CTAllIOHAPHOT BICECUMETPUYHOT TEPMOITPYKHOT
3a1avl ISl TIPOCTOPY 3 JBOMa CHEpUYHUMHU BKIIOUEHHSIMH, SKI BUIUISIIOTH TEILIO,
pO3pO0JICHO  BHUCOKOC(EKTUBHUM METOA  JOCIDKCHHS IMOMIOHMX 3agad IS
0araTOKOMIMOHEHTHUX MEXAHIYHUX CHUCTEM 3 TEIUIOBUIJICHHSAM. 3amporoOHOBaHUMN
MiIX11 3aCHOBAHO HAa TMOJAJIBIIOMY PO3BUTKY y3aralibHeHOro metony Dyp'e [74] Ha
po3risHyTUH Kiac 3agad. [ligkpecauMo, 1m0 Ha BiAMIHY Big poOit [96, 97], ne aBTOpH
KOPHUCTYIOTHCSl 1THIIMM METOJIOM, SIKUM J03BOJIE€ PO3B'A3aTH MOAIOHI 337a4l B OKPEMHUX
BUIIAJIKaX MaTepiajiB BKIOYEHB (TEPMIUHI BKIFOUEHHS) 1 PU CTaJii TYCTHUHI TETUIOBUX
JUKEpeNl, METOJl JaHoi poOoTH He Mae MoAIOHMX oOMexeHb. MeToa CTporo
OOIpYHTOBaHMN. SIK TOAATKOBUM BaXUIMBUHI (PaKT, HEOOXIIHHUWA i OOIpYyHTYBaHHS,
BIIEpIIIE OTPUMAHO OLIHKY 3HH3Y MOJYJisi OararonapaMeTpuyHOrO BHU3HAYHUKA 3ajadl
CHpsLKEHHS 1BO(Aa3HOI CHCTEMHU POCTIP — BKIIFOUEHHSI, TOOTO (PaKTUYHO BHEPIIE CTPOTO
OOIPYHTOBAHO ICHYBaHHSl pO3B'SI3Ky Takoi 3agadl 3BHYalHUM MeToaoM @yp'e.
EdexTuBHICTS METOMY TOJIATAE B TOMY, 110 BUXIJAHY 3a/1ady 3BEJCHO 0 HECKIHYEHHOI
CUCTeMM JIHIMHUX anreOpaidyHUX piBHAHL 3 (QPEArOJILMOBHM  ONEPATOPOM Yy
riIbOEPTOBOMY MPOCTOPI HECKIHYEHHHMX IOCTIJIOBHOCTEH, CYMOBHHX 3 KBaJpaTOM.
Bigomo, mo Taki CHCTEMH YHCEIIBHO KOPEKTHO PO3B’S3YIOTHCS METOJOM PEIYKIIi.
UucenpHul eKCIEPUMEHT TI0Ka3aB, IO HaBITh ISl BIJHOCHOI BIJCTaHI MIX

BKIto4eHHsAMU 0.2 npu mapamertpi penykuii n_ =10 (po3mip pelyKOBaHOI CUCTEMH

88 x 88) TounicTe 06uMCIEHHs HapyXeHb cKIagac 3-6 BipHUX 3HAYYIMX HU(p Mics
TOYKHU. 3aMpONOHOBAHUN METOJ] JOMyCKAa€ PO3BUTOK HAa OAraTOKOMITOHEHTHI Tijla 1HIO1

reoMeTpii.
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PO3/ILI 6
METOJNKA BU3HAYEHHSI ONTUMAJILHOT'O KEPYBAHHS
TEPMOIIPYKHAUM CTAHOM KYCKOBO-OJHOPIJHOTO TLIA 3A
JOTIOMOT OIO CTAIIIOHAPHOT'O TEMITEPATYPHOT'O MOJISI

6.1 ITocTanoBka 3amxaui
PosrnsHemo 3amauy ONTHUMalIbHOTO KEPyBaHHS HaMpyX)eHO-Ae(hOPMOBAHUM

CTaHOM KYCKOBO-OJHOPIHOTO MPYKHOTO MPOCTOPY 32 JOMOMOTOI0 TEMIEPATYPHOTO

nojsi. BBakaemo, 110 B IpocTopi Q po3TalloBaHi CepuyHe BKIOYEHHS , 1 chepruHa

MOpOXHHUHA Q,, IEHTPH SIKUX 3HAX0IiThest B Toukax O, i O, (|00, |= z,). Paniycu

BKJIIOUEHHS 1 MIOPOKHUHU JOPIBHIOIOTh R, 1 R, BIINOBIOHO (R, + R, < z,,), a IX MEXI

nosmaunmo I', i T,. JlpodasHa cucrema (Q,,Q) (2,=Q\Q UQ,) mae

TEPMOMEXaHIYHI XapaKTEPUCTUKH (GJ-, Vi, &, k j) ( j=0;1), ne G — Momyms 3cyBy, V —
xoedinienT ITyaccoHa, o — KoedillieHT JiHiffHOrO TEMIIepaTypHOTO PO3IIMPEHHS, k —
KOe(DILIEHT TETUTONPOBITHOCTI.

[ToTpiGHO BU3HAYMTH TeMIepaTypHe mone B obmacTsax <) i (7=0;1) (paxTruno

po3IoaLn TeMneparypu 7, Ha HOBepxHI I, ), IKe 3aJOBOJIbHAE TaKl yMOBH:

Vi, +1_12Vj V(VU,)=a, ?;2:], VT, $eQ); (6.1)
VT, =0, ¥eQ; (6.2)
TO\r1 = Turl |k %) = [kl %j ; (6.3)
o) on, r
(00), =(02), . (F0L), ~(FU), 4

(
(FU0 )rz = fr.\ (6.5)
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ﬁ j | FU, [ ds — min, (6.6)
1l
1 2 2
—[rds=T". (6.7)
1T, 17,

Tyt uepes T,,U; (j=0;1) mosHa4yeHo TeMrepaTypHe moJie i rojie nepeMilieHb B

obmactsx €2 j» F'U, — BeKTOp Hanpy>KeHb Ha MOBEPXHAX BKIIOYEHHS a00 MOPOKHUHY,

—

BIJIMOBITHUN BEKTOPY IEPEMIIICHb U f — 3amana BexTop-dyHKIs, V — omeparop

]’ b
HaOna, 7, — ONMHUYHUI BEKTOP HOpMaJl 10 OBEPXHI T, \FJ. | — mmoma nosepxai I’ i T

— 3aJJaHa KOHCTaHTa.

YBeneMo JBI OJHAKOBO HamNpsIMIICHI CQPEpPUYHI CHUCTEMH KOOpIWHAT

(13,(9 % j) (j =1;2), noyatku Akux cymictumo 3 Touxkamu O '+, @ BICh Oz mae HanpsMOK

-

sekropa 0,0, . Ix koopaunarty 3B s13aHi popMyIaMu
rsin@, =r,sinb,; r,cosb, =r,cosb, + z,,.

Y BBeJIEHUX KOOPAMHATAX MOBepXHs 1’ ; Mae pIBHSHHSA 7; = R ;- bynemo BBaxary,

1110 BEKTOPHA QYHKILs f Mae 0CeBy CUMETPIIO i 300paXyeThest abCOIIOTHO i pIBHOMIPHO

301)KHUM PSZIOM BUIY
£(0,)=2G, ) [ "P(c0s6,)é, + [P Pl (cos6,)é, ],
n=0

ne B(x) — dynxuii Jlexannpa nepmoro pony, {€, ,€,} — Gasucui optu chepuuroi

CUCTCMHU KOOpAUHAT 3 IIOYAaTKOM Oj .

Yepes oceBy cUMETpItO 3aAa4l TemnepaTypy I, Ha MOBepXHI [, OyAeMO LIyKaTH y

BUTJISLIL

Ty, = 8, P, (cosb,). (6.8)
n=0
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OTxe, po3B's3KkoM 3aiadi (6.1) — (6.6) € Habip koedimieHTIB {g ,(12)}::() . YMoBa (6.7)
nokasye, mo ¢yHkuis 7,(6,) NoBUHHA Hayexatu knacy L,(T,).

Crnepiry BBaxaTUMEMO, 110 TemmepaTypy (6.8) 3agaHo, a HEOOXIJHO 3HAWUTH

TEMIIepaTypHE I0JIE 1 TEPMOIIPYXKHI IepeMillieHHs B obnacTax (Q,,€2,) B 3axaui (6.1) —

(6.5).
6.2 Po3B’si3anHs 3aaad4i (6.2), (6.3), (6.8)

Po3B’sbxemo 3agauy (6.2), (6.3), (6.8) aist piBHSHHS TEIIONPOBIAHOCTI. Po3B's130K

1€l 3a/1a41 Oy1eMo IIyKaTu y BUTIIAI

2
T(X) =D > 1R Wi (r,,0,), X €Qy; (6.9)
j=1n=0
L(¥)=) g 'R"w,(1,0), ¥ (6.10)
n=0
3 HEBIJOMHMH Koe(illi€eHTaMH {t,gj )}fj)yjzl, {gfll)}:,ozo.

Bukopucraemo teopemu nonaBanHs (yHkIin (2.2), a came (2.66), ayis 3anucy

po3B’s3Ky (6.9) B cuCTEMi KOOPJMHAT 3 TIOYATKOM y TOYITI 0]- (j=12)

© [ R,
-3
n=0

J

n+l n
J P (cosb))+ Z[;—’J P (cos 9}.)2@{2@({}/) , (6.11)
n=0 k=0

J

pI(&
k

. o  (RY(R..

)N AV PNG)) () _ J 3-j
un,k - hn,ka)n,k-H’ a)n,k _[ .

3aJ0BOJIbHSAIOYN YMOBH CHPSKEHHS TEIIOBUX MOMiB 7, (X) 1 7,(X), a TAKOXK

rpaHu4YHy YMOBY (6.8), oTpruMaeMo

00+ =gy, n=0+0o; (6.12)
k=0
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k,
—~(n+1)" + nZu(l)t(z) p —L g, (6.13)
0
n=0+00 ;
(2 +Zu<2>t<” g? n=0+w, (6.14)

[Ticnst BuIydeHHS HEBIIOMMX {g,,)}n o 3 cucremu (6.12), (6.13) BiaHOCHO

(J)y*,2 s
{tn }n:O,jzl BUIIJIIUBAE pO3B 5[3YBaHI)Ha CUCTEMA

1 -7, Zt‘”Zufﬁiu;ﬁ? =7, 218 (6.15)
s=0 k=0 k 0

n=0+ow ;

- Zt“’ZnufzuSi =g, (6.17)
s=0 k=0
n=0+o,
ey = (k, = ky)n
" kn+k(n+1)

Teopema 6.1. 3a ymoBU z,, > R, + R, OIEpaTopu CUCTEMH € (PPEAroIbMOBUMHU
ornepaTropamu y npocropi /, .
JoBenenns. /{15 1oBeIeHHS TEOPEMU JOCTATHLO TTOKA3aTH 301KHICTh MOABIMHUX
pPAIIB
o0 o0 2
m,,(2) @), (1
Z (ynzunkuksj 2 Z (z}/k nkuksj :
n,s=0 n,5=0 \_k=0
Ockunbki |y, |< 1, TO, 3aCTOCOBYIOUN HEPIBHICTB [ enbaepa, OTpuMaeMo
10,,(2) @ 2 (2)
3 P VE RS B D ol
n,s=0 n=0 k=0 s=0 k=0
[Ipu BUKOHAHHI YMOBHU TE€OpEeMH 30DKHICTH PSIIB y MPaBiii YaCTUHI HEPIBHOCTI
BUIUIMBAE 3 ICHYBAaHHS TOYHOT CyMU DSy

k
ZW(]) i("”‘)! Ry, ﬁ _ Zp
nlk! R —R

n,k=0 k,n=0 12 P )
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AHaNIOTIYHO TOBOAUTHCS 301KHICTH APYTOTO MOABIHHOTO PSIY.
(2)y 0 !
3 ymoBu {g, '} _, €, Tak caMo BUILIUBAE, IO

@ ,(2)
[7nzun,kgkj €l,,
k=0

n=0
1 TOMl TIOMEpemHsS TeopeMa pa3oM 3 EKBIBAICHTHICTIO 3amadi (6.2), (6.3), (6.8)
PO3B’sI3yBaIbHUM cucTeMaM (6.15), (6.16) (if MoxkHa JT0BECTH) OOTPYHTOBYE 1CHYBaHHS

KOPEKTHOI'0 po3B'sa3Ky cucreM (6.15), (6.16) y npocropi /,. Toxi popmyinu (6.9), (6.10),

(6.12) BigHOBIIOIOTH TeMnepaTypHe noie (7;,(x), 7;(x)) y nBodasznomy timi (€2,,€2,).

6.3 Po3B'si3anns npsimoi 3axaui (6.1), (6.4), (6.5)

Tenep posrisiHeMO TepMONpYykHY 3amady (6.1), (6.4), (6.5), Axa BiaNOBiAAE

OOyZ0BaHOMY BHILE TEMIIEPaTypHOMY IOI0 B obmacti (€2,,€2,). Hasg wnporo

CKOPHCTAEMOCH JIOBENEHUMH B PO3Mimi 2 pesynbratamu. Posriasaemo B obmactax ()

cUCTEMY 0a3MCHHX BICECUMETPUUYHUX PO3B'S3KiB piBHAHHS Jlame (OMHOpPIAHE PIBHIHHS
(6.1)) {Vf/l+ (r,0)}", W; (r,0)}",,, ne (2.4) (2.5) 6a3ucHI po3B’I3KH.

JIist 1iux BEeKTOp-(QYHKIINA B CUCTEMax KOOPJMHAT 3 MOYaTKaMU 0]- B pO31iJi 2
JIOBE/ICHO Teopemu joaaBauns 2.3 (7, <z,, j=12).

SIK BimoMO, 3aranbHUI PO3B'T30K HEOXHOPiMHOTO piBHsAHHS (6.1) B o6macTi {2 i (
Jj =0;1) Mmo>xHa 3amucaTH B TAKOMY BUTJISIL:

U,(X)=U'(X)+U (%), (6.17)

ze Uf(?c) — 3arajJbHUNA PO3B’SA30K BIJIMOBIIHOTO OXHOPIAHOTO PIBHSHHS, a UI_T(?C) —

YAaCTUHHUH PO3B’ 30K HEOHOPITHOTO PIBHSHHS (J1aJ1l HA3UBAETHCS BEKTOPOM TEPMITHHUX

. . . + (v
nepeMimiens). 3aBasku GasucHOCTI po3B'sskiB (2.4, 2.5) B obmactax () szaranbHHi

03B'I30K OJHOPIAHOTO PIBHSIHHA B 00JacTax (Q,,Q,) Mo)kHa 3amnucatd, sk (5.12) ta
0 1 ’

(5.13).
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B poszaini 5 mokaszaHo, 110 TEMIIEpAaTypHOMY OO TO()?) BIJIMOBIA€ BEKTOP
TepMiuHUX mepemimnienb(5.14). Tak caMo MOXHA TOBECTH, IO TEMIEPATYPHOMY IOJIIO

Tl(x ) BIJINTOBI1/Ia€ TAKWA BEKTOP TEPMIUHUX MTEPEMIIICHb:

M) -
U’ (%) =a Z g" ;"V,;(rl,a),;egl, (6.18)

o 1+

ae 0(1 —v
1

®opmynu (2.68) — (2.70) nmaroTh 3MOTy 3amucaTH BEKTOP-(YHKIIIIO UO()_C') B

cepuaniii cuctemi koopauHat 3 mogatkoM y Touri O,

0 (])

U,(r,,0,) = Zaf”R””W rs0)+ D W (r ) nZ:HR?f T

n=0

0 o0 (/)
(j) prtlygr+ 7 nk (1) K+l (3-j)
+Ea R; W rj,ﬁj)+EWL 6’)2 n+k1 SRar
n=0

© (]) 0 (])

PALIEN) ,:1211 iR~ Y o R (,0) -
o (]) /1(1) o 17_(7'. 9') o (])
—a; .0, MRS wag Y S S RO (619
0 Z )Z }’l+k 1 2 ~ 2n+3 ;Z,H—k-ﬂ ( )

[Tepexonsun B mepemimnieHHsx (6.13), (6.18), (6.19) mo BekTopa HampyXeHb Ha

nosepxni I’ ; 1 BAKOHYIOYH YMOBH CHIPsKEHHS (6.4) 1 TpaHiYHy YMOBY (6.5), IPUXOAUMO

JI0 HECKIHYCHHOI CHCTEMH JIHIMHMX ainreOpaiyHuX piBHSAHb BIJIHOCHO HEBIIOMMX

() (1)
{azi}n =0,i,j=12 { tn}n =0,i=1

M M (1) _ D +(0) M Ly ,(2) (2D -(0),,3.D17,(2)
nb, + P, b, =—(n+Da;, + B a2n+nZunkalk +Z[nun’k =B, u,p lay +

w =1 o, n+2 U n+2 5D @ | @
to,) ——t, —a) —— —nu, |G, 6.20

M M (1)_ (1) +(0) (1) Ly (2
b +,Bz b =a + p. 2n a2n+Zukalk—|—

L,n



M

- t
20 _ p-0), 31)7,(2) v
+Z[ U,k b U lay, — oy ——+
pay 2n—1
© (5.1 (1)
u
o 3| S i - S
| 2n+3 2n+3
1 +(0) (1) (1D (2)
(n+2)(n+Dal) + p/"a) +n(n- I)Zunkalk

2,1 0), (3,1 2
Z[n<n Dl = pr 0 al) — o

k=0

we )| (n+1)(n+2)
T Z{[ 2n+3

k=0

G, .
=—Lnn-Db" +
G (n=Dh,

0 0

-z (1)
1,n b2
G,

0

1 0 1
~(n+2)al) + p;Val, +(n-1)

(2,1 0). (3.)7..(2
Z[(n Du = p OuMal’) +

k=0
x| n+l

+a,’
pary 2n+3

G —(1>b(1> G
G

0

G FAGE Db +

0

(n+2)(n+Day,) + p, ay, +n(n-

2,2) 0). (3,2)7..(1
Z[n(n Du? - p Oual) -

k=0

ra i {[ (n+1)(n+2)

2n+3

[0,
2n-1

—2} (3.) —n(n— l)u(“)}t(z)

2n+3

G V{(n+1)(n+2) }
—Lo|————-2|g

(LD (2)
Z“n Ay T

n

w_ o
aOOﬁt +

(5 1) (I’l l)u(4 1) } 1(2)

2n+3g" ’

(1,2) (1)
l)zunk Qe+

V1

—a {2 + n(n—1) 1)}22) +
2n—1

- 2:| (5.2) n(n l)u(4 2) }f(l) fn(l) :

2 0 2 1,2 1
0+ 21+ 1+ (=) Yl +
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(6.21)

(6.22)

(6.23)

(6.24)
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22 0). 3.2)7.(1 n 2
Z[(n 1)”( ) :0251) f(1k )]aél)c + 05(‘)/0 tfl '+
k=0 2n

| n+l y 42) |4 _ £
+a,° n—1 u, ) 6.25
0 ki . 3 —(n-1) =/, (6.25)

e

B =-nn+3-4v), B =(n+)(n+4v, -2),

B =n+dv -4, BV =n+5-4v

2,n

+(/)

=n(n" +3n- 2v;), p1 —(n+1)(n2—n—2vj—2),

+(J)

P, = —(n’ +2v,-2), ,02 —n2+2n+2vj—1,

(1 /) _ h(]) (/) u(2 J) h(”}/(l) ()

n2k+3’ k,n n2k+1’
(3 D 13,(),,2) (J) 4.0 _ 3,() ()
nk hnk}/kn nk+19u h ﬂ’ a)n 2,k+1 2
IS N A0)PN)) _ 2nk—n—k
nk n.k nk+19 ik

(n+ k) 2k —1)(2n—1)
ITic/is BUKJIIOYEHHS HEBiIOMMX {bi(’ln)}f:’%,i:l 3 piBHsaHb (6.20) — (6.23) oTpuMaeMo

)
cucteMy BinHOCHO {a,))}"" il

d(] 1)a(1) + d(] 2)a(l) + Zm(Jl;U)al(i) + Zm(J 2, 1)a§2]2
— (D7 M (:2)7(2) Nz
__mt,n ZLn _thnkt +§g n8n s (626)

(OA)) (2) (J 2) (2) (J,1.2) (1) (,2,2) (1) ) _ J 2)7(2) (.7 M
7n aln a2n Zynk alk Zynk a2k f t Z tnkt 5 (627)
k=0

1 (1, 1) (1) (1,2) (1) , 1) (2) @ _(2)
bl, ]9 + 19 a + Z n,k 1 k + er//n,kaZ,k +
k=0

t,n'n t,nk

+O_(1)t(1)+zw(1) A (11,&51)’ (6.28)

ln k7 2,k t,n°n

b;l) gog 9(22)a(1> +Zy/(2)a<2)+0'(2)t(1)+ZV/(2) £ + (zr)lgfll), (6.29)
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j=12; n=0+o0,

Jac

(k) _ , (k) (i,k) @50 (l J 1) (i)
dn =Ve — gn ’ mn,k - g >

(l k) (ik) _ g(ik) (J 2) _ ,,0J:2) (J:2)

_ytn tn tnk 7/tnk t,nk o
P = (DD, 75 =n(n =D,

(L,2) +(0) (1.2,/) — (2,)) (0) (3,))
7/ _pln ’ ynk n(n 1)1/! IOln nk o

(o) {2 N n(n - 1)} ) = {(” +D)(n+2) 2} D) p(n -t

s .k k
a 2n—1 o 2n+3 e
(2 ) _ (2,2) +(0) L, (2,1,)) _ tW))

(n+2) 7/ _102;1 97/nk (n_l)un,k ’

(2,2,)) _ (2,)) (0) (3,)) 2, n 2,j n+1 5 4,j
Yok =(n- 1)” Py Ui s 7/t(n])_—’7t(,nj{):— S —(n—- 1)”;(11(])9
2n—1 2n+3

=2 G lnn=1)+ @n+ Dy, ], 807 = o Ca[(-DB + 2n-m, ]

0 0

o= Glnt+Qnin, ], £02 = [(n DAY +n2n-Du, |,

0

£ = Lonn =, £ = 2 nn -l -
GO GO{

[”(n 1)ﬂ2;0)+:u1 A (0):| (31)},

Ly _ | n(n—1)
— 4
o 0[2;1—1 ”1’”}’

1
(1,2) (4 n_ 5.1
= n(n-1 T/l nn-1 2u u
gt,n,k G { ( ) 2 |: ( ) ln:' }’

0

G
1 _ (211) 1 (LD
u, — n—lu
e G2 +3[ b ] 0( Jini

5 = G{( ~0ul =[(n=DBY + a1, A '}

0
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G| n-1 G ||ln—-1=-2

en_ Y 2.2) | oy | 50) (4.
=——1 + , — ) e 1

o G [Zn -1 ﬂz’"} G { 2n+3 } ~ = Do }

0

TG, e fend M =T ol
0 n
pl r(zl) I’l(l’l _1)182_( —(1) 1) -()
Ln — —) = s 8 _al g, An =2[(3—4Vj)n+1—2vj)],
An
g _1— (2n+ 1)182 ) g1 _ g+ _ n(2n- 1)132 (1)

) > Y —M2n —(1) ’
A, A

W _ @0 _| g oA e
-0 -1 n ,
l//n k u 2.n - 2.n A_(1) un,k >

- -
O_(l) — 2n 1 G(l) — _1 1+ 2ﬁ2,n
LAY 2n—1 7" 2n43] A [

2 (1) M(S’l)
v = == e —ul,
AV [(2n+3)

—(0)
]9(2,1) — 2l’l +1 9(2,2) — l’l(zn - 1) (2) —_ An (3’1)
n A0 > A0 Yk T T e
1 2 zu(i])
(2) _ () _ -2 — (2) 2 nk
Gt,n - Ogn= gn 0 gn V/t(n)k =

AOTTE T (2 43)A 0 Cn+3)A0

6.4 AnaJi3 cucremu (6.37), (6.38)

VY riap0epToBOMy MPOCTOPl /, PO3IIISTHEMO JIIHINMHI ONEPaTOpH, SIK1 3aJal0ThCs

HECKIHUYCHHUMH MaTpUIsIMHU

DY =diag(d"")* ,, DY = diag(y\"")",,i,k=1,2;,

n=0° n=0%"%?

M(l) (m(wl))nk 0 (2) (7(”2))” o> s,r=12;

M.} = diag(m{});y, M5 = diag(y!,”);

n=0 > n=0>°

(1,2) _ (5, (D 2.0 _ (,,0):2) -
M[aj o (m )n,k=0’ Mt,j (71‘ n,k )n,k:O’ J= 152 s

t,n,k
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= = diag(£)7,.

4 y .
Hosnaunmo [, =1, x, x[, x[,— nexaproBuii m06yTOK HYOTHPHOX EK3EMILIAPIB

. 4 . T
nipoctopy /,. [IpocTip [, € rinb6epToBUM NPOCTOPOM 3 eleMeHTaMu X = (X;,X,,X;,X,)
x,€l, (tyr cumBon T o03Ha4dae TPaHCIOHYBaHHs, TOOTO BEKTOP X € CHUMBOJIYHHM

CTOBMIIEM, CKJIQJICHUM 3 YOTHPHOX HECKIHYEHHUX IIOCTIOBHOCTEH) 1 CKaJSIPHUM

JT00YTKOM
(x,y) = ESCnuo>vw ) y=000
Hexan
4= (al(l),aél),al(z) éZ))T
f :(f;(l,l)’ft(z,l)’f;(l,Z)’j;(Z,Z))T
ne

()_ ()
J (a])no,z]—12
f(ll) (ll)f(l) M(lz)t(2)+"‘( g , ]—1 2
(J:2) — () AV (Y] 2272 . _ .
S0 =T =Mt =M, =12,

t_(j) (t(j))n " f(/) (f(/))n s —(J) (g(/))n "

PosrnsHemMo CUMBOJIIYHY MaTPUITIO

O=D+M,
ne
D =diag(D,,D,), M:[ X M‘],
M, 0
~ Dl(lj) Dl(zj) ~ Ml(lj) Ml(zj)
oy o)y
Tenep cucremy (6.26), (6.27) B momnepeHiX MO3HAYEHHSX MOXKHA 3alUCcaTd Y
BUTJISA1

Da=f. (6.30)
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Teopema 6.2. IIpy BUKOHAHH] yMOB R +R, < z,, V; €(0,0.5), G, >0 oneparop @

. 74
cuctemu (6.30) B mpocTopi [, € ppearos-MoBUM OHEPATOPOM.

BaxxnuBum 1 npuHUIMNOBUM (DaKTOM [UIsl AOBEJICHHS TEOpEMHU 2 € HACTyNHUU
HOBHM pe3yJIbTAT.

Teopema 6.3. BusHauHuk

d(l’l) d(1,2)
AC=|"n T 10
n dr(,2,1) d’§2,2)

npu OyJIb-SIKUX 1 = 0+, v ;€ (0,0.5), G IR 0. Binb Toro, BUKOHYETHCS OIlIHKA
|AS > (n+2)(2n° +1). (6.31)
JoBenennsi reopemu 6.2. [Tokaxxemo, 110 ornepaTop 2 € HENEPEPBHO 0OOPOTHUM

.4
y ipocTopi [, . DopmanbHEM 06epHEHHM ONIEPAaTOPOM I OHepaTopa > € OHepaTop

D' =diag(D;",D;"),
e

Gy
G| B T

11
i ORE
V21 VZZ

V(]) (D(J) Dl(é)l|:D?E]l)3 1:| D3(]31)9Z:1’29
() — _ )] ) 17U i=
I/i,f'v—i Dii D13II/3131’ 1’2

Yepes piaronansuicts marpuups D) marpuui V) mosxna sanucary ssHo

M R d,”"
V =dia B ,V =—dia ‘ ’i:172>
g An i,3—i g Af,
(3—i,3-0) (i,3—1)
2) _ g5 Y — —7 7/” | =
Vi© = dlag[ 0 | = —diag ATO ) =12,
7/(1 1) 7(1 2)
AT = | =20 D[n’ +(1=2v)n+1-v,]. (6.32)

Y Y
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0
3a3HauuMoO, IO BU3HAYHUK A:( " £0 npu OyIab-aKux H= 0+o0 , v,€(0,0.5),
MIPUYOMY JIJIsI HhOTO BUKOHYEThCSI omiHKa (6.31).
OTXe, 3aBISKH MONEPETHROMY PE3yJbTaTy i Teopemi 6.3 oOepHeHa MaTpullsd 10
MmaTpulli D icHye. [Tokaxkemo, 110 BoHa 3a7a€ 00MEXEHHI onepaTop, 110 /i€ B MPOCTOPi
4
lz .

D () (2 N _ 4 :
Jli Oy 1b-sIKOTO BEKTOpa X = (xl( ) x§ ),xl( ), é )) €[, npaBunBHOIO € OIiHKA

|D x” ZH V(])X(J) +V,(3’)lx(” ||

i,j=1
2
() (J) () (1)
<2 (I P+ VLA P,
i,j=1
IIpuIomMy KO)KHI/II;'I A0JaHOK CYMH MOJKHA OHiHI/ITI/I 3BCPXY O,ZIHiCIO 3 CYyM
2 2
(i,k) 0 (l k)
d (1)

Z e Y +(O)x;2,3 k=12

n=0 n=0 n
ik k
Tyr x\/) = (x(’))n o- OCKIJIBKM IMOCIiIOBHOCTI (d( N o, (}/(’ )/A+(O))n "

oOMesxeHnMH, To icHye noaaTHa crana C, Taka, mo
2
ID'x|| <CZ(||x“>|| +Ix) F)=ClxIP.
i,j=1
OcranHs HEPIBHICTH IOBOJUTH HETIEPEPBHY OOOPOTHICTH oreparopa D .

JliniitHU# oniepatop, AKUM 3a/1a€ThCsl CAUMBOJIIYHOIO MAaTPUIICIO M , € KOMIIAKTHUM

. 4 — : :
OTIEpPaTOPOM y TIPOCTOPi [, , 1110 BUIIIMBAE 3i 301)KHOCTI PsIIiB

Zn%r\u“” <o, i=1+5, /=12,
n,k=0
ne s,r» — (pikcoBani 1l uncna. Llei pe3ynbTaT 1OBOIUTHCS TaK camo, K y Teopemi 6.1.
OcraTouHuii pe3ynbTaT TeopemMu 6.2 Temep BUIUIMBAE 3 BIIOMOI TeopeMu

C. M. HikonbCBhKOTO.

N —(2 .
333H21‘—II/IMO, o 3a YMOBU f(]),g( ) € 12 HCBAXKKO IIOKAa3aTH HAJICKHICTH BCKTOpaA

4 . .
npaBux uyacTuH cucteMu (6.30) mpoctopy [, . Tozmi KOpeKTHA PO3B’S3HICTH CHCTEMH
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(6.30) € macmigkom Teopemu 6.2 1 ekBiBaieHTHOCTI cuctemu (6.30) 1 BuxigHOi 3amadi
(6.1), (6.4), (6.5).

3ayBa:keHHsi. Pesynbrar Teopemu 6.3 € OUIbII 3HAYYIIUM, HIK IPOCTO
IHCTpYMEHT IJs1 JOBEJIeHHS TeopeMu 6.2. DaKkTUYHO BHEpIIE CTPOTO AOBEICHO, IO
BICECUMETpHUYHA 3ajlauya CHpPSDKEHHS U1 JBO(A3HOI CUCTEMHU: MPYXKHHUI MpocTip 31
c(pepUYHUM BKJIFOUEHHSIM 3 IHIIOIO Marepiaily, Ma€ KOPEKTHUM pO3B'S30K 3BUYAHUM

MetogoM Dyp’e.
6.5 3BeeHHs 3a1a4i ONITUMAJIBLHOIO KEPYBAHHSA /10 €KBiBaJEHTHOI 3a1a4i
[lepeiinemo 10 po3B's3aHHA 3a/Jayl ONTHUMaJbHOTO KepyBaHHA (6.1) — (6.8).

Crnepiiry nepetBopuMo pyHKIioHa (6.6). J{J1g bOro 3anuiineMo BEeKTOp HaNpyKEHHS Ha

HOBEpXHI T,

n=0

+( NCEDE: 2)) _m}  (c0s)é. +

FU, = ZGIZ{ZJSH’ (n—Dn+bp "+

2n+3
e n+l _
2G| B0 -1) + b p; 0+ +———g," | P, (c0s6))é, .
~ 2n+ 3

st Takoro BekTopa ¢yHKIIOHAN (6.6) sBIsSie cOO00I0 KBaapaTudHy GopMy Ha

. . . . o ) =@ .
HECKIHYEHHOBHMIPHOMY IIPOCTOPI YHCIOBUX IOCIIIJOBHOCTEM {bl(n) ,b(n, g ki

CHaJar0Th EKCIOHEHI1AJIBHO

2
e = |I|FU|d 2G222{Zn“%}”+r“>g<”}, (6.33)

j=1 n=0

ac
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an_ nn=1) an__ P - D _ (1) 2n(n+1)

T \/n+1/2’77 “Jn+l/2 > 1T 2n+1

_m [2n(n+1)
(2,2) — 1)
& P \/ 2n+1

0= (n+1)(n+2)_2 1 L0 _ n+l [2n(n+1) _(2) (_(2))
" 2n+3 Jn+1/2°" 2043\ 2n+1 -

OOMexeHHs Ha KepyBaHHS (6.7) MOXKHA 3alUCaTy TaK:

—Z(gm) (n+1/2)" = (")’ T*. (6.34)

TakumM 4YMHOM, BHXIAHY 3aJady OINTUMAJbHOIO KEpyBaHHS 3BEIECHO JO
€KBIBaJICHTHOI 3ajJlayl, B SIKIi CTaH 00 €KTYy BU3HAYAETHCS HECKIHYEHHOI CHCTEMOIO

JTHIAHUX anreOpaiyHux piBHSAHB (6.12), (6.15), (6.16), (6.26) — (6.29), a onTumaibHe

KepyBaHHS (gn ))n _o 3a/1ae KoedilieHTH TeMieparypHoro nois (6.8) Ha nmoBepxHi I,

nae MiHIMyM GyHKI1oHaIy sKocTi (6.33) 1 3a710BoJIbHSIE 0OMEXEeHHIO (6.34).

6.6 MeToxa po3B'sfi3aHHS eKBIBaJEHTHOI 3a/1a4i

) ) ) ) = C el
Maroum Ha yBa3i, MO MOCIIJOBHOCTI {bl( n) , b( ), g,(z )},,:0 3aJ0BOJILHAIOTH JIIHIMHUM

I’l

ciiBBigHOMmEHHsM (6.12), (6.15), (6.16), (6.26) — (6.29), MOXXHa CTBEPIKYBaTH iX

JHIAHY 3aJI€KHICTh BlJ HapaMeTpiB {gn )}n 0s 1/ (])} Jj=1,n=0

w-glas S| @ -Ta,  es

k=0

(lj)}

npugomy Hesinomi koedimientu {¢\) 1, o, {8V Y7 o, 4G, 4} oo TOTEpEHiX po3BHHEHb

MO’KHA 3HAUTH 3 TAKUX CITIBBIIHOIIEHb:

oh."

(1) M
(i) i (i,j) _ ab 8g
cn,k -

=G Sk = Gy Dk = A -
a k a»f}f a k

(6.36)

[TincraBumo hopmymu (6.35) y dynkiionan (6.33)
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ME1=2GTY Y S aE | 637

j=1 n=0 L k

Jac

BY) = Zn(m 040 (6.38)

zn(/ t)zzs(z ) (r) . (6.39)

r=1 k=0

[Ticnst 3BeneHHs hyHKIIOHAIA A0 (PI3MYHO OE3BUMIPHOTO BUTIISITY MA€EMO:

2 © © 2
ZZ[Z BUE" + F,f”} — min (6.40)

Jj=1 n=0

l\)l»—*

Z(g@)) (n+1/2)" =(a))’T". (6.41)
3anauy (6.40), (6.41) Ha yMOBHHIA eKCTpeMyM Oy/1eMO PO3B’s3yBATH METOJOM
Jlarpan»a, 3BOJs14H ii 10 337124l Ha 0€3yMOBHHI MiHIMYM (yHKIIOHAIa

L[g"]= Zi{i&i’;g;” +F, m} £ (@) (n+1/2)" (6.42)

j=1 n=0 L_ k=0 n=0

Tyt ¢ — mHOxHuUK Jlarpanxa. [cCHyBaHHS Ta €IUHICTh PO3B'sI3Ky 3anauil (6.42),
(6.41) 6yne noeaeHo gaii B Teopemi 6.5. HeoOxigHa ymoBa MiHIMyMy (DyHKIIIOHAJa
(6.42) mpuUBOAUTH IO TAKOT CUCTEMHU:

(cD+B)g? =-F, (6.43)
ne

—[iiB,if,;Bif;] , (6.44)
k=0

j=1 n=0

D= diag(ij ZZB(”F . (6.45)
2n+1),_, o0

j=1 n=0
MuoxHnuk Jlarpanxka ¢ 3HaXOJIUTHCS 3 TOAATKOBOI yMOBH (6.34).
[Tepm HiXX mochiauTu omeparop cucremu (6.43) HaBeIEMO MPAKTHYHUN CIOCIO
OOYHMCIICHHS €JIEeMEHTIB MaTpuilb B 1 F. Buxonsuu 3 dopmyn (6.12), (6.15), (6.16),
(6.28) — (6.30), (6.36), maemo
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at (2)
(I-U, )ag =1, (6.46)
Gg“) a]w 5;(2)
@~ v g 520 (6.47)
og Q) °0g
or" or?
75~ Ve (6.48)
da o da O
o0 PG T (6.49)
og og of of
j=L2; m=0+o
8b(1) (1 (1) (2)
in (i,1) 1,n i,2) 2/7 (1) l,k
ag(z) - 6g(2) l ag(Z) +5 Z a—(Z)
o aa<2) 6t (1) © ag—(l)
(i) 2,k ( ) (i) (l) n
+;l//n.k agn(]z) tn a_(z) +§ t.n,k a_(z) gn ag;z) 9 (6‘50)
51)_(1) » aa(l) . da (1 (2) (2)
IR AL D VAL p VA N CEL)

i=1,2; n=0+00,
Ie

_ ) _ 4Dy
U12 - (ynun,k )n,k - ((1 n n k )n,k:()

(Zh (2) (l)jOc ,

k,s=0

at_(Z) at_(Z) ag(l)
I=(,,).,, 8, — nenpra-cumBos Kponekepa, , ,
mIn=05 Oy 022 0z og®

— MaTpUIll TEepIInX

da oa o o
65(2) ? af(j) ? ag(z) f(])

MOX1/THUX, — OJIOUHI MaTpULIl MEPIINX MOXITHUX.

or Oa Oa
ag(z)’ agiz)’ af,,fj)

m

3ayBa:keHHsl. [[71s1 3HAXOIKEHHS MOXIJIHUX HEOOX1IHO

po3B’sA3yBaTH Ti X cami cucteMu (6.15), (6.16), (6.30), ane *x 3 IHIIUMH MPaBUMHU
yactuHamu. lle o3Hauae, mo po3B’s3HICTH cUCTEM (6.46), (6.49) OOIpYHTOBYETHCS B

Teopemax 6.1, 6.2.
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J1J1s1 Io1aabIIOT0 BBEAEMO ITO3HAYCHHS
@ ’ =(2) 0
tk— = (zk(z) )OO 7@ _8&n — (§(2) )°° _ g
k+1/2 o k=0 e m y m ) o ,
2 ® o | .
b(SSiin| B -sir, PSS

Jj=1 n=0 =0 J=1 n=0 m=0
VY HOBUX MO3HAYCHHSIX cucTeMy (6.43) MOXKHA 3aITUCaTH Y BUTIISIII
(¢l +B)g? =—F. (6.52)
3 0OMEXXEHHSIM

Z(éﬁ”) =2(a)’T". (6.53)

n=0

Teopema 6.4. [Ipyu BUKOHAHHI YMOB TEOPEMHU 2 MATPUILIS B cucremu (6.52) 3amae

CUMETPUYHUM, TOAATHUI, KOMIIAKTHUN ONIEpaTop y MpocTopi Z, .

JoBenennsi. CUMETpUYHICTh MaTpuIlli B € oueBUAHOW. Kpim TOro, BoHa €

JOJATHOK OCKIIBKY ISt OyIb-SIKOTO x = (X, ) € /, KBaApaTHU4Ha popma

o o ” ” 2
B3 033805 —zz(zé;{,gxkj >0,
k=0 j=1 n=0 j=1 n=0 \ k=0

JloBemeMo, 1m0 Matpuisl B 3ama€ KOMIAKTHHM OmepaTtop y Tiab0epTOBOMY

npoctopi /,. Coepury OygeMo HOBOAUTH KOMIIAKTHICTH OIlEpaTOpa, SIKUM 3a7a€ThCs
2

MAaTpULEIO 3 €JIEMEHTAMHU B,(ljn),. OCKUIbKM CTPOrO OLIHUTH MAaTPUYHI KOE(MIIEHTH L€l

MaTpHIl HEMOKJIMBO, 3aCTOCYEMO TaKUM IITY4YHU NMPUHOM. {1 TPOCTOTH MOKaXKEMO

Horo Ha TIpUKIAAl OJHIET 31 CKIAQMOBUX €JIEMEHTIB IIi€l MaTpuIll, a came
o0

50
(Tij) 2?(12) Jm+1/ zj . 3 popmyi(6.46), (6.47) BUIIHBAE, 10

m n,m=0

0

el ~ . ~
(Tr(tj) 2;(12) vm+1/ 2j N U;j)(l - Uzz)_l > (6.54)

m n,m=0

JAc



130

UUL_«I %)Hﬁ(b/k+1/ ) ,

n,k=0

~ OO R/ 2, D
U = Ns+1/2
K= O\/n+1/2 “ndck.s

n,s=0
Marpuui U, U i (I-Uy)™" 06 i
arpuni U, U,, 3a1al0Th KOMIIAKTHI OMEPATOpH, a ) — OOMEXeHU
onepaTop B mpoctopi /,. OcTaHHE € HACIIAKOM 301KHOCTI Oy 1b-SIKUX PAIIB BUILY

Znsk’\u(“)koo

n,k=0
ne s, — (IKCOBaHI HEBIJ €MHI Ml yrcia. Tol, 3T1IHO 3 BIACTUBOCTSIMU KOMIIAKTHUX

orepaTopiB, MaTpuls (6.54) Takox 3a7a€ KOMIIAKTHUHN OIlepaTop.

Tax camo TeopeMa 10BOAUTHCSA AJIS IHIIUX CKIIAJOBUX KOMIIOHEHTIB MAaTPHILIb B,Sj,;
. OcTaTouHMi1 pe3ynbTaT BUILTUBAE 3 TOTO, III0 MaTpHlst B € CyMO10 10OYTKIB MaTpHIIb,
SIK1 33JJal0Th KOMIIAKTHI ONIEPaTOPH B 1/, .

3ayBaKeHHs.
1. KOpHCTYIOUHCh THMHM K€ 1€IMH, MOXKHA JOBECTH, IO IpH | Ve [, crosnenp

Fel,.

~

2. Kpim BmactuBOCTEeW MaTpuii B, mepenideHHX B Teopemi 6.4, MOXHA TaKOXK
JIOBECTH, 1110 BOHA € HEBUPOKEHOIO0 MaTpHIieto, TOOTO (Bx,x)=0 TUIbKH, AKII0 X = 0.
[Tomanpmmii po3B'sizok 3amaui 0asyerbcs Ha Metoni B. K. [BanoBa moOymoBu

KBa3ipO3B’ 13Ky HEKOPEKTHOI 3a/1a4i. 3 BIACTHBOCTEH omepaTopa B BHILTUBAE, M0 HOTO
CIIEKTP CKJIAJAETHCS 13 371YEHOT MOCTIJOBHOCTI J10/IaTHUX BJIACHUX 3HAYEHb

W2 =2 ] >,

. o 0
sKa 36iraeTees g0 Hynms. Hexait {¢,} _, — MoBHa OpPTOHOpPMOBAaHA CHCTEMA BIIACHUX

~

BEKTOpiB omepaTopa B y mpocTtopi /,, SIKi BiANOBifarOTh BIacHAM 3HaueHHAM {4} .

Tosraunmo gepes f, = (F,p,) xoedinientu dyp’e po3BUHEHHS BeKTOpa F 32 CHCTEMOIO

{78 Ny
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Teopema 6.5. Hexaii BUKOHYIOTbCSI YMOBH Teopemu 6.2. SKio
if—"z <2(e)’T? 6.55
S U@ )T (6.55)
n=l %

TO iICHY€ PO3B'sI30K piBHAHHS (6.52) ipu ¢ =0

g0 =-SLp el (6.56)
n=1 /In
a oOMexxeHHs (6. 53) He BpaxoBYyeThCs. SKIIO
if"2>2( )T 6.57
7 @, ’ ( . )
n=l %

To ipu ¢ > 0 icHye exmHMI po3B'sA30K 3a7a4i (6.52), (6.53) y mpoctopi 1, .

JoBenennsi. Ilepiie TBepIKEHHS TEOPEMHU IMEPEBIPAETbCS OE3MOCEPETHBO.
JloBeaemo apyre TBEpXKEHHS. Y HOBUX MMO3HAYEHHAX, YBEICHUX BUIIE B [IbOMY ITyHKTI,

3amauy (6.42), (6.41) MoXxHa 3anucaTy Tak:

~ 2 g .
LUE*1=(5,2%.8)+ 2F.gD)+ X FO|F - min, (6.58)

j=1
189 1F=2(ey")'T", (6.59)
ne S.=¢l +B. Omneparop Sg € 3aJlaHuM Ha MpoCTOpl /, CUMETPUYHUM JOJATHO
BHU3HAYCHUM OOMEKEHHM omeparopoM. OCTaHHE TBEPHKCHHS BHILTUBAE 3 OUYEBHIHOI
HepiBHOCTI U1 Gyab-sikoro & €1,
sl1g? IP<(5.87.8") <+ )Ig? I

OcTaHHS HEPIBHICTB JO3BOJISIE B /, YBECTH 1€ OJHY HOPMY
52 = 5(2) 5(2)
187 [ls=4/(S.87.87),
sIKa €KBIBaJICHTHA OCHOBHIN Ta 1HIYKOBaHa CKAJISIPHUM 100y TKOM

(f.8)s=(S.1.8) f.g€l,.

. ~(2 . . :
Tenep icHyBaHHS €IUHOTO & = [, , sxuit 3amae MiniMmyM ¢ynxiionana (6.58) npu

KOKHOMY (piKCOBaHOMY 3Ha4yeHHI mapamerpa ¢ >0, BHUIIMBaEe 3 TOro, 10 CKaIsSpHUIA
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o~ . . .
JT00YTOK (F, g( )) € oOMekeHUM (YHKIIOHAJIOM TakoX 1 B HOpMI ||-|;, a ToMy, 3a

TeopeMoro Picca, 1opiBHIOE

(F,g")=(F,,g"?),

IJIs. IEAKOT0 €IMHOTO eneMeHTa F, e l,. Toni

2
L[g(2>]:(g(2)’g~(2))s +2(Fo’ ~(2))S +Z||F(j) ||2 —

2
~(2 2 2 1 2
= g®+F 5 -1 Fy 5 + DI FO U1

j=1
3Bigcu MiHIMYM (yHKIIoHama (6.58) gocaraeThcsi Ha eleMeHTI g ) = =-F,.
Heobxinna ymoBa (6.52) miniMmyMy ¢yHKIIoHaNa (6.58) 1a€ MOXKIIUBICTh SIBHO

~(2
HO6YIIYB21TI/I OIITUMAJIbHC KCPYBAHH:A g( ), KOPHUCTYIOUYHUCH CIICKTPAJIbHUM PO3KJIaIO0M

oreparopa S,

g% = 6.60
Zg+l ( )

3anumuinoch 3aJ0BOJIBLHUTH YMOBY (5.59). [ns 1mporo mapamerp ¢ HEOOX1AHO

BUOpATH SIK JJOJIATHUNA KOPIHb PIBHSHHS
o0 2
Zf—_z(agO) T, (6.61)

JliBa yactuna piBHsHHA (6.61) Ha miBoci ¢ € (0,0) € HEMepepBHOIO, MOHOTOHHO

°5%)

(mpaBa Mexa IHTEepBaLy MOXE JJOPIBHIOBATHU 0, IKIIO psAJ po30iraerbes). Toal, BUXOAIYN

CragHoI0 (PYHKIIIEIO 3 001aCTIO 3HAUCHD

3 ymoBu (6.57), icHye emuHe 3HaueHHS mapamerpa ¢ >0, s SIKOTO BHKOHYETHCS

piBHICTH (6.59). Takum unHOM, 3371a4a (6.58), (6.59) Mae equHUN PO3B'I30K g¥e L, .

3ayBaxenHnsi. [Ipu BukoHanHi ymoBH (6.55) onTumanbHe KepyBaHHA (6.56) €

PO3B's13KOM BHXIIHOI 3a1a4i (6.1) — (6.6) 6e3 oOMmexeHHs (6.7).
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6.7. KoM’ roTepHMii eKCIIepUMEeHT

YucenpHUH pO3B'I30K €KBIBAJICHTHOI 3a/1a4i po3i6’emMo Ha 1Ba eTamu. Ha meprmomy
eTami OyemMo popMyBaTH MaTPUIIO B 1 CTOBITENb IPaBUX YacTHH I cuctemH (6.63). s

cg" by b,

w e o

3a Gpopmynamu (6.48), (6.50), (6.51). Sk Oyno goBeneHo y myHKTax 6.2, 6.4, 03HauYCHI

IIbOI'0 HEOOX1HO po3B'sa3aTH cucteMu (6.46), (6.49) 1 3HANTH TTOX1AHI

CHUCTEMHU MAaIOTh (PPEArOIHLMOBI OMEpPaTOPH 1 OJHO3HAYHO PO3B’s3HI. Bimomo, mo Taki
CUCTEMH MOXHa KOPEKTHO po3B'sa3aTu MeTroAoM peaykuii. Ha apyromy erami
po3B’s13yeThes cucteMa (6.52), omepaTop SIKOi TakoX € (QpeAarosbMoBUM. TyT 3HOBY
BUKOPUCTOBYEThCS MeETOJ penykuii. Jlo penykoBanoi marpuui cuctemu (6.52)
3aCTOCOBAHO CIEKTPaAJIbHUI PO3KJIaJ, B Pe3yJIbTaTi YOro BIAIHOCHO apaMeTpa ¢ 3 YMOBU

(6.53) orpuMaHo paiioHanbHe piBHSHHSA (6.61).

OO0uncieHHs NPOBOAWINCH AJIs MaTepiaiB 00IacTel: (), — cTanb, Q, — aTIOMIHIN,
s akux G,/ G, =0317, o /a,=1.71, k/k,=4.61, v,=0.28, v, =0.34.

VYBaxasioch, 110 Ha MOBEPXHIO [, Jl€ TIAPOCTaTUYHUNA THUCK 3 HaNpPyKCHHIMHU

o./(2G,)= -107, t,/(2G,)=0. Pe3ynpraTd KOMII'FOTEPHOTO EKCICPUMEHTY
HaBeJICHO Ha pUCYHKax 6.1 — 6.5 1 B Tabmuiii 6.1.

Ha pucynky 6.1 3o6pakeno rpadikn temneparypn L(0)-107 npu sananiit
BIAHOCHIN BiAcTaHi d,=1-R /z,—R,/z,=03 1 pI3HUX BIAHOIICHHAX paAlyCIB
NOBEPXOHb R, =R :R,=5:2, 9:5,4:3. 3 rpadikiB BUIUIMBAE, L0 ONTUMAJIbHUI
po3noaia Temneparypu npu R, €[1.33;2.5] Maino 3anexuTh BiJ BIJHOIIEHHS PaJiyciB
IIOBEPXOHb TPAKTHYHO Ha BChoMy Bimpisky 6 €[0;7], kpim obiacrteit B OKOJi #HOTO
kiHmiB. [logiOHa moBeiHKa KPUBUX ONTHUMAIBHOTO KEPYBaHHS CIOCTEPITAETHCS MPHU
R, €[0.56;1.0] (pucyHKy 6.2) 3 TI€I0 PI3HMIEIO, 110 PO3MOALT TEMIEPATYPU B OKOJI
MOJIIOCIB CPepUUHUX TOBEPXOHB Ma€ MPOTHIIe)KHUM 3HaK. Ha pucynkax 6.3 — 6.5 rpadiku
MOKa3YIOTh 3aJIEKHICTh ONTUMAJILHOTO PO3MOJILTY TEMIIEpATypPH BiJ BITHOCHOI BiJICTaH1

d,, MIX MIOBEpXHAMHU IIpU (P1KCOBAaHOMY BIJHOLIECHHI iX pailyciB: R, =2 (pUCYHKY 6.3),
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R,=0.5 (puc. 6.4), R, =1 (pucyHky 6.5). Ik moxxna Oyyno O nepeabauuty, Ipu

HaOJIMKEHHI TIOBEPXOHB OJIHA IO OJJHOI HAMOLIbINI TeMIepaTypHi epeKTH BUHUKAIOTD B
001acTsIX, PO3TAIIOBAHUX B OKOJI oci 3amadi. [Ipu npomy Ha npomixky 6 €[z / 4;37 / 4]

XapakTep pO3MOAULYy ONTHUMAlIbHOI TeMmmepaTypu Ha TOBEpXHI I, € MpaKTUYHO

2

OJIHAaKOBHM TIPU PI3HUX T€OMETPUUYHHX MapaMeTpax 3ajiaui.

Pucynox 6.1. Tpadixu posnoxiny temneparypu I,(6)-10” Ha nosepxui T, mpu

BIJIHOCHIN BiJCTaHI d, =0.3 MIX IIOBEPXHAMM 1 BIAHOIIEHHIO iX pajlyciB R,

7,104

R ,=0.56 R ,=0.75 R,=1.0

1.0+

-1.01

-2.0-

Pucynok 6.2. Tpadiku posnoginy temmeparypu I (0) 107 na nosepxmi I, npu

BIJTHOCHIH BijcTaHl d,, = 0.3 Mi’K OBEPXHSAMH 1 BITHOLIEHHIO iX pajlyciB R,
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Pucynok 6.3. I'padixu posnoziny temmneparypu 1,(6)- 107 na nosepxHi I', npu

BIJJHOCHIH BIJICTaHI d,, MIX TIOBEpXHAMH 1 BIIHOILIEHHIO iX pajlyciB R, =2

7,104

1.04

PucyHok 6.4. T'padixu posnoxiny remneparypu 1y(6)10™ na nosepxni T', mpn

BIJHOCHIH BIJICTaHI d,, M)XK IOBEPXHAMH 1 BIIHOILIEHHIO iX pazaiyciB R, =0.5
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7,107

1.04

-1.0;

Pucynoxk 6.5. I'padixu posnoxiny remneparypn 1y(6)10™ na nosepxni T', mpn

BIJJHOCHIH BIJICTaHI d,, M) NOBEPXHAMH 1 BIAHOIIEHHIO iX paflyciB R, =1

OcCKUTBKM TIPY pO3B'A3aHHI €KBIBAJEHTHOI 3a7a4l Oarato pa3iB BUKOPUCTOBYBABCS
METOJ1 peAyKIli, KpiM HOTO TeOpEeTUYHOI 301’KHOCTI, TOBEACHOI B Teopemax 6.1, 6.2, 6.4,
HEOOX1JTHO 3’sICYyBaTH KO0 MPAKTUYHY 301KHICTh. Take AocipKeHHs OyI10 TPOBEIEHO B
poGori. Horo pesynsratn HaBeneno B Tabmumi 6.1. Y miit Tabnumi BenuuuHa & 3a1a€ Y
BIJICOTKaX BITHOCHY MOXHOKY OOYMCIIEHHS 3HAY€Hb ONTUMAJILHOTO KEPYyBaHHS B TOUKAX

6, = %k, k=0+6 Biapizka [0;7]. [Toxubka 00UKCTIOETHCS 3a HOPMYIIOIO

& =| T2,40(‘9) - Tz,so(e) /] T2,40(‘9) |-100,
ne 7, ,(6) — HaOIDKEHUH PO3B'SA30K EKBIBAIICHTHOI 3a/1aui, SKMH BIANOBIIA€ ApaMeTpy

penykuii 7. ITapamerp pemykuii n 3amae n+1 nesimomy koxuoro tmmy, sika

yTPUMYEThCA B cucTeMax (6.43), (6.46), (6.49) pu iX peayKilii 10 CKIHUEHHUX CHUCTEM.
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Ta6nuns 6.1 Bignocna noxubka & -10° (%) o6uucienns temneparypu 7, (&) 1is

PI3HUX MapameTpiB peayKIii

O\ R, 5/2 9/5 4/3 1 3/4 5/9 2/5

0 97 7,2 4.4 0.5 0.8 33 36
wl6 16 2.3 0.8 0.1 0.4 6.3 53
/3 0.1 0.2 0.07 0.02 0.2 1.2 7.3
/2 1.8 0.2 0.08 0.01 0.1 0.8 4.5
2r /3 2.4 0.3 0.01 0.01 0.1 0.2 0.6
Sn/6 1.4 0.2 0.08 0.03 0.2 1.2 6.2

/4 21 2.5 16 0.5 2.3 12 64

Bigomo, mo mpu 361MKEeHHI TOBEPXOHB IIBUIKICTH 301KHOCTI METOAY PEIyKIIii
3MEHIY€eThCsA. B Tabmuii moxuoky & - 10° y BIJCOTKax OOYHMCICHO IS BIJHOCHOI
BixcTaHi d,, =0.3. [IpuposaHo, 1m0 i1 BeIMUMHA € Pi3HOO B Pi3HUX TOYKax Biapizky [0,7]
, IPUYOMY HaAUTIpII pe3yJIbTaTH CIIOCTEPIralOThC HA MOro KIHIAX. AJie KOMIT FOTEepHUN
CKCTIICPUMEHT TII0Ka3aB, IO HaBiTh MpHU HAOMKEHHI IIOBEPXOHb JIO BiACTaHI

d,=02+0.25 y HaliOubIl NPOOJEMHHUX TOYKAX 3AJIMIIAETHCS TOYHICTh, sKa

BHU3HAYAETHCS JABOMA BIPHMMH 3HAUYYIIMMU LUPpaMu MICIAS TOYKM B ACCATUPIUHOMY

3aMuci pe3ybTary.

6.8 BucHoBku po3ainy 6.

Y po3nuii  3anporoHOBAHO HOBHH BHUCOKOS(MEKTUBHUN METOJI BU3HAYCHHS
ONTUMAJIBHOTO KEPYBAHHS  HAMpPyXeHO-ACPOPMOBAHHM CTAaHOM IPOCTOPOBOTO
0araTo3B’SI3HOTO CKJIAJICHOTO T1JIa 32 IOTIOMOTO0 CTaIlIOHAPHOTO TEMIIEPATYPHOTO TTOJISI.
MeTon po3riasiHyTO Ha MPUKJIAA1l CTAlllOHAPHOI BICECUMETPUYHOT TEPMOMPYKHOI 3a1a4l
JUISL TIPOCTOPY 31 CPEpUUYHUMH BKJIIOYEHHSM 1 MOpPOKHHHOW. BiH 0a3yerbcs Ha
y3arajibHeHoMy MeToll Dyp’e 1 [Hae MOXKIMBICTP 3BECTH BHXIAHY 3a1ady o

€KBIBaJICHTHOI 3aj[a4l ONTUMAJIbHOTO KEPYBaHHS, B SIKiil cTaH 00’€KTYy BHU3HAYAETHCS
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HECKIHYEHHOI0 CHCTEMOIO JIIHIMHUX aireOpaiyHuX piBHSIHb, MpaBa YHUCTUHA SKHUX
napaMeTpUYHO 3aJIeKHUTh BiJ KepyBaHHs. [Ipu 1ipomy QyHKIIOHANT BapTOCTI BHX1THOT
3a7laui MEPETBOPIOEThCS HA KBAApPaTWUYHMNA (DyHKI[IOHAN, SKUHA 3aleKUTh BiJl CTaHy
CKBIBJICHTHOI CHCTEMH 1 MapaMEeTPUYHO BiJl KEPYBaHHs, a OOMEXKEHHS Ha PO3MOALI

TEMIIEpaTypH 3aMIHIOETHCS 3HAUEHHSIM HOPMU KE€pyBaHHs B IpocTopl /,. MeTo Takox

BUpIIIIy€ OCHOBHY MPOOJIEMy €KBIBAJICHTHOI 3a7a4l — HEMOXJIMBICTh OTPUMAHHS SBHOL
3aJIKHOCTI CTaHy CHCTEMH BIJ KepyBaHHA. B poOOTI 3ampomnoHOBAaHO MOJAHHS
PO3B'SI3KIB HECKIHUEHHUX CUCTEM Yy MapaMeTpuuHi Gopmi uepe3 KOMIIOHEHTH MOX1THUX
CTaHy 00’ €KTy, 3aBJIIKM YOMY €KBIBaJICHTHY 3aauy OyJI0 3BE€JE€HO /10 33]1a4l Ha YMOBHUMN
eKCTPEMyM KBaJpaTHYHOTO (PYHKITIOHAJA, SKUH BXKE SIBHO 3aJIKUTH BiJ] KEPYBaHHI.
3a3HaueHe BHILE IOJAHHA 3aCHOBAHO HA pO3B’S3KaX HU3KM HECKIHUEHHUX CHCTEM
JHIAHUX anreOpaiuyHuX pPIiBHAHb, SKI BIAPI3HSIOTHCS TUIBKK TPAaBUMH YacCTHHAMHU.
[lomanpmmii  po3B'sI30K  3a7ayl HAa YMOBHHMI €KCTpeMyM (yHKIIOHajga BapTOCTI
3HaXOOUThCS MeTofoM Jlarpanka 1 3BOOUTH IO 3a7ady /10 HECKIHYEHHOI CHUCTEMHU
JIHIAHUX anreOpaiyHuX PIBHSHB 3 MapaMeTpoM 1 OOMEKEHHSM y BUTJIA1 JOJATKOBOTO
KBaJIpaTHYHOTO piBHAHHA. OCTaHHS 3a/1a4a TOCHIKY€ETHCS CIIEKTPaIbHIM METOIOM.
Po3pob6aenuii y poboTi MeToa cTporo oorpyHToBaHMM. IS BCiX HECKIHUCHHHMX
CHCTEM JOBEICHO (PEAroIbMOBICTh iX OMEpaTopiB, ISl CHUCTEMH 3 TapaMeTpoM
BCTAHOBJICHO BJIACTHBOCTI OIle€paTopa CUCTEMHM, SIKI JO3BOJISIOTH KOPUCTYBATUCS HOTO
CHEKTPATbHUM PO3KIAJAOM. SIK BaXKJIMBHI pe3yibTaT, 0€3 SKOTr0 HEMOXKIUBO OyJsio O
OOIPYHTYBaHHS 3alPOTIOHOBAHOTO METOJy, BIIEPIIE OTPUMAHO OIIHKY 3HU3Y MOIYJIS
OaraTornapaMeTpMYHOIO BU3HAYHUKA PO3B’A3yBaJIbHOI CHCTEMHU KpailoBoi 3ajaui
CHPSKEHHS — IPOCTIP 31 CPEPUYHUM BKJIOUEHHSIM — IPU PO3B'si3aHHI ii MeTogoM Dyp’e.
OCHOBHHMM pe3yJIbTaTOM POOOTH CTajla TeOpeMa siIka BCTAHOBIIOE YMOBHU iCHYBaHHS Ta

€IMHOCTI B TIPOCTOpl /, PO3B'SI3Ky EKBIBAIEHTHOI 3aj1adl abo 3aJadl ONTHUMAJIBHOI'O

KepyBaHHs 0€3 00OMEKECHHSI.
YucenbHUI aNrOpUTM 3aCHOBAHO HA METOJI PEIyKIIii PO3B'sA3aHHS HECKIHUEHHUX
CUCTEM JIHIWHUX anreOpaiuHux piBHAHB. BiloMoO, 110 BiH € KOPEKTHUM JJISI CUCTEM 3

bpearobMOBUMHU OTNiepaTOpaMu, TOOTO HAOIMKEHHUM PO3B'SA30K 301ra€ThCs 10 TOUHOTO
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npu 3pocTaHHl mapameTrpa peaykuii. [IpoBeaeHo AOCHIIKEHHS MPAKTHYHOI TOYHOCTI
YHCENIbHOTO aJTOPUTMY MUIIXOM MOPIBHSHHS ONTHMAJIBHOTO KepyBaHHS, OTPUMAHOTO
P PI3HHX MMapaMeTpax peaykinii. Po3paxyHKu mokaszajiu CTIHKICTh METOTY 1 JOCTaTHBO
BHCOKY TOYHICTh HaBITh MPU HAOIMKEHHI TPAHUYHUX TOBEPXOHb Ha BIJHOCHY B1JCTaHb
0.2. B po6oti HaBeaeHO TIpadikKu ONTHUMAIBHOTO PO3IMOILIY TEMIIEpAaTypH MPU PI3HUX
reOMETPUYHUX MapaMeTpax 3aj1adi Ta ix aHais.

Meton mnpuryckae po3MOBCIOJUKEHHS Ha 1HINI KpaloBi 3adadli 3 pI3HOIO

rCOMETPIEIO.
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BUCHOBKHA

VY nucepTartiifHiit poOOTI JOCIIKEHO KJIac BICECHMETPUYHUX 3a/1a4 CTaIllOHAPHOT
TEPMOTIPYKHOCTI JUIsI TPOCTOPY 31 CHEPUIHUMHU HEOTHOPIMHOCTSIMU TPH HASBHOCTI
TEMIIEPaTypHOTO IMOJIsl, OOYMOBJICHOTO SK 30BHIIIHIMHM TEIJIOBUMH YMOBAaMH, TaK 1
BHYTPIIIHIMH PO3MOJAUICHUMHU JKEpedaMu Teruia. AKTyalbHICTh TEMH JHUCEpTarlii He
BUKIIMKA€ CYMHIBIB, OCKUIBKM BOHa TIOB’si3aHa 3 TMpoOieMaMu MOJCIIOBAHHS
TEPMOIIPY>KHUX TIOJIIB TP CTBOPEHHI HOBITHIX MaTepiajiiB, 3 po3paxyHKaMH MIIIHOCTI
IpU KOHCTPYIOBaHHI PI3HUX TEXHIYHHX CHUCTEM, 3 KEPYyBaHHSM HANpPyXEHHM CTaHOM
TEXHIYHUX 00’ €KTIB, sIKI 3HAXOASATHCS 1] BIUTMBOM TeMIIEPATyPHUX IOJIB.

HayxoBa HOBH3HA pe3ybTaTiB AUCEPTAIIITHOI pOOOTH BKIIIOUAE HACTYIIHE:

1. HaOyB mojanpmioro po3BUTKY amapar y3arajibHeHoro Mmerony Dyp'e, mio
MOJIATAa€ Y HACTYIMHOMY: MOOY/I0BaHI HOBI BICECUMETPUYHI BEKTOPH1 0Aa3UCH1 PO3B'SI3KU
piBHsaHb Jlame 1 [roamens — Heiimana B cepuyHMX KOOpAMHATAX, HA OCHOBI HaOOpiB
TrapMOHIYHUX, OITAPMOHIYHHUX 1 OJIFAPMOHIYHUX (QYHKIIA TPETHOro Nopsaaky. s uux
PO3B'A3KIB BIEpLIE OTPUMAHO TEOPEMH JOJaBaHHSI B CHUCTEMaxX KOOPJIMHAT, MOYATKU
SKUX IOBLIBHO 3CYHYTI OJIMH BIJHOCHO OJTHOTO B3/IOBXK OC1 CUMETPIi.

2. Vmoepiie OTpUMaHO OOIPYHTOBAaHUW aHANITUYHUN PO3B'S30K APYroi
BICECUMETPUYHOT KpaloBOi 3ajadi Teopli MPYKHOCTI ISl KyJi 3 KOHIEHTPUYHHUM
cepuYHUM BKJIIOYEHHSM B 3arajibHiii MOCTaHOBII 3BHYaWHUM MeToaoM Dyp'e.
BcTranoBneHo kmac po3B’si3HOCTI 3amadi. ISl bOro BIEpIE OTPUMAHO OIIHKY 3HHU3Y
MOIyNs OaraTonapaMeTpUYHOTO BH3HAYHHMKA PO3B’SI3yBAIBHOT CHUCTEMH B 3ajadi
COpsbKeHHS 1eopMaliiHUX TOJIB.

3. Ymepiie oTpuMaHO JIOKaIbHY aHAIITUKO-YUCIIOBY MOJIENIb TEPMOHAIIPYKEHOTO
CTaHy y HOPUCTOMY Martepiaji B 00JacTi MiXk IBOMa CPEpUUHUMHU MTOPAMH.

4. Vmepuie TMOCTaBIEHO 1 pO3B’SA3aHO 3a/Jayy ONTHMAJIbHOIO KEpyBaHHS
PO3MO/IIIEHOI0 CUCTEMOIO B 0arato3B’si3Hiit 00J1acTi, a came, KepyBaHHS TeMIIEpaTypHUM
MOJIEM HAMNpyXEHOro CTaHy KyCKOBO-OJHOPIAHOTO TPOCTOpY 31 CchepuyHUMU
BKJIFOUEHHSIM 1 TIOPOKHUHOW0. /[ boro Bmepie po3B’s3aHO 3aJady ONTHMAajIbHOIO

KEpyBaHHSI CHCTEMOIO, CTaH SKOI BHU3HAYAETHCS HECKIHYCHHOI CHUCTEMOKO JIIHIMHHMX
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anreOpaiYHUX PiBHSIHb.

5. Po3po6iieHo HOBHIT METOT MapaMETPUYHOTO PO3B'I3aHHS HECKIHYCHHUX CHCTEM
JIHIMHUX ajareOpaiuHuX piBHSHB, ITPaBl YaCTUHU SKHUX JIHIHHO 3aeXaTh BiJ] MapaMeTpiB.

6. Ymepiie po3B’si3aHO 3aJady MNP0 PO3MOAUT TeMIepaTypHUX HAmpyKeHb Y
KYCKOBO-OJIHOPITHOMY TIPOCTOpPI 31 C(hepUYHUMH BKJIIOUEHHSIMH MPU HASBHOCTI B HUX
PO3MOIIIIEHUX JHKEpENl TeIUla Y BUMAAKY, KOJIM BKJIIOYEHHS 1 MPOCTIP MAalOTh Pi3HI
TEPMOMEXaHIUH1 XapaKTePUCTUKH.

OTpumaHni B auceprallii pe3yibTaTi MalOTh HE TUIbKM TEOPETUYHE, ajle i BaXKJIMBE
NpaKTHYHE 3HAYCHHS. AHANITHYHI PO3B'A3KM PO3TJSHYTUX Y AHMCEpTaIlii 3agad Jyis
IpOCTOPY 3 ABOMa CPEpUYHUMH MOPOKHUHAMH 1 3 JIBOMA BKIIOUEHHSIMHU (HaKTUYHO
3aJal0Th JIOKQJIbHI TapaMEeTpU4Hl MOJENl TEPMONPYKHOTO CTaHy B MOPUCTHX 1
3€pHUCTUX KOMITO3UTHUX MaTepianax (31 cpepruuHUMHU Mopamu 1 3epHaMu). BaxxmuBicTh
1 MpaKTUYHE 3HAYEHHS OTPUMAHUX TMapaMeTPUYHUX MOJIeNieH, Ha BIJIMIHY BiJl YHCTO
YUCEJIbHOTO KOMIT FOTEPHOTO MOJICJIIOBAaHHS METOAOM CKiHueHHHX eleMeHTIB (MCE),
MPOJIEMOHCTPOBAHO B pOOOTI Ha MPHUKJIA/Il PO3B'sI3aHHS 3a7a41 ONTUMAJILHOTO KEpYBaHHS
TEMIEPATYPHUM IOJIEM TEPMONPY>KHOTO CTaHy IPOCTOPY 31 CHepUUHUMHU OPOKHUHOIO
1 BKJIFOUEHHSM, JI€¢ ONTHUMi3alis (PAKTUYHO MPOBOJIUTHCS 3a MEBHUMHU NapameTpaMu
JOKanbHUX Mojene. OTpuMaHi MaTeMaTH4HI Mojeli 0e3 CYyTTEBUX YCKIaTHEHb
PO3MOBCIO/KYIOTHCS Ha Tija 3 pi3HOIO (1HOJI BEJIMKOI) KIIBKICTIO HEOJIHOPIAHOCTEH 1
nepioanyHi 3aaadi, 1e MCE mano edektusen. [Ipy MareMaTuuHOMY 1 KOMIT FOTEPHOMY
MOJICJIIOBAaHHI TIOJIIB HAampyXeHb 1 nedopmaiiii HaBeneHI B AUCEpTallii Mojeni
3a0e3MeYy0Th MaKCHUMallbHy TOYHICTh TPU 3aJ0BOJICHHI TPaHUYHUX YMOB TIO
BIJIHOLICHHIO JI0 1HIIMX METOIB MOJEIIOBaHHSA. BaXJIuBUMU NPaKTUYHUMHU
pe3ylibTaTaMi pOOOTH TaKOX € YHCEIbHE MOJICIIOBAHHS PO3IIISIHYTUX TEPMOIIPYKHUX
M0JIIB, OTPUMAHHUI HAa OCHOBI HHOTO aHaJI3 PO3NOALTY HalpyeHb B OKOJI MOPOKHUH 1
BKJIFOYCHh B 3QJEKHOCTI B TEOMETPUYHUX 1 TEPMOMEXAHIYHUX I[apaMeTpiB,
BCTAHOBJICHHS 3aKOHOMIPHOCTEH B3a€MHOTO BIUIMBY KOHIICHTPATOPiB HAINPYXKEHb Ha iX
JokanbHUM posnoain. i pe3ynbraté MOXKYyTh OyTH BUKOPUCTAHO MPU KOHCTPYIOBaHHI
PI3HHX TEPMOMEXaHIYHUX CHUCTEeM. KpiM CTpOroro TEOpeTUYHOTO OOTPYHTYBAHHS

pO3pO0IIEHUX Y IUcCepTallii METOIIB B YCIX 3a7ja4ax JOCITIKYBAIUCS MUTAaHHS YUCETbHOT



142

301KHOCTI HAOMMKEHUX PO3B'SI3KIB 1 BCTAHOBJICHHS MEX iX MPaKTHYHOI peai3aiii

METO/IIB.



143
CIIMCOK JIITEPATYPU

1. boxunapauk B. B., Cynum I'. T. Enementu teopii npyxHuocti. — JIbBiB: CBiT, 1994. —
560 c.

2. Timoshenko S., Goodier J. N. Theory of Elasticity. — 2nd ed. — New York: McGraw-
Hill Book Company, 1951. — 506 p.

3. Tumomenko C. I1. Kypc teopii mpyxHocti. — KuiB: Haykosa gymka, 1972. — 508 c.

4. boxunapuuk B. B., Cynum I'. T. [1nocka 3amgaua teopii npysxnocti. — Kuis: HMK BO,
1991.—-104 c.

5. Toronesa O. C. ITlpuxianu BUpIIIEHHS TEPIIOi OCHOBHOI KpahoBOi 3ajayi Teopii
MPY>KHOCTI B HamiBcMy3i (cuMeTpuuHe 3anada) // BicHuk OnechbKoro nepaBHOTO
yHiBepcuteTy. — 2012. — Ne 9 (145). — C. 138-142.

6. Kovalenko M. D., Menshova I. V., Kerzhaev A. P., Yu G. A boundary value problem
in the theory of elasticity for a rectangle: exact solutions // Zeitschrift fiir angewandte
Mathematik und Physik. — 2020. — Vol. 71.

7. Peenko B. Il. CnekTpanbHa 3aja4a 0CECUMETPUYHOT TeOopii npy>kHOCTI // BicHUK
JIsBiBChKOTO YHIBepcuTeTy. Cepist MexaHiko-marematuuna. — 2003. — Bum. 61. — C.
249-258.

8. Pesenko B. II. TloOymoBa po3B’si3Ky IIJIOCKOI 3ajayi Teopii NPy HOCTI s
NPSMOKYTHOI IUTACTUHM METOJOM 1HTerpainbHux MomeHTiB // Jomosimi HAH
Vikpainu. — 2004. — Ne 8. — C. 59-65.

9. Pesenko B. I1. Po3BuTok cnekrpanbHoro merony Ltypma—JliyBunis po3B’si3yBaHHs
KpaioBoi 3a7a4i Jj1s1 OlrapMOHIYHOTO piBHsAHHA // Heniniiini konuBanHsa. — 2003. —T.
6, Ne 3. — C. 368-377.

10.PeBenko B. II. 3acTtocyBaHHS HOBOTO  aHAJIITHYHO-YHMCIOBOTO  METOIY
OcTporpaicbkoro a0 po3B’s3yBaHHS IJIOCKOI 3amavi Teopii npyskHocti // Jlomosimi
HAH VYkpaiau. —2007. — Ne 4. — C. 59-65.

11.Pesenko B. II. IIpo KOHCTpYKTUBHHMI aHaTITUYHO-YUCIOBUI METOJA PO3B'S3yBaHHS

TJIOCKOT 3ajadi Juisl TUIaCTHHY 3 KyToBUMH Toukamu // Jlomosimi HAH VYkpainu. —



144

20009. — No 2. — C. 59-66. Pexxum JTOCTYMY:
http://nbuv.gov.ua/UJRN/dnanu 2009 2 13

12.Birakx B. M., ToxoBuit FO. B. JlochimkeHHsS MJIOCKOTO HAMpy>KEHOro CTaHy B
NpsIMOKYTHiH 00macti // Di3uko-ximMiuHa MexaHika matepiaiiB. — 2002. — T. 37, No 2.
— C. 61-66.

13.Vihak V. M., Yuzvyak M. Y., Yasinskyj A. V. The solution of the plane
thermoelasticity problem for a rectangular domain // Journal of Thermal Stresses. —
1998. — Vol. 21, Ne 5. — P. 545-561.

14.1038’sx M. U., Toxosumii }O. B. P0o3B’a30K mIocKoi 3amadi Teopii MpyKHOCTI s
KuiblieBoro cektopa // Ilpukinamni mpobiemMu MexaHiku 1 MateMaTtuku. — 2021. — Ne
19. - C. 63-71. DOI: 10.15407/apmm2021.19.63-71

15.Tokosuii FO. B., F038’six M. 1., Scincekuii A. B. [Togauss PO3B’SI3KIB IUIOCKUX 3a/1a4
TeOpii MPYXKHOCTI IJIsi MPSMOKYTHOi oOmacti depe3 ¢yHkuii Biraka // BicHuk
KuiBcbkoro HamioHaneHoro yHiBepcutery iMm. T. IlleBuenka. Cepis ¢izuxo-
MareMatnyHux Hayk. — 2021. — Ne 3. — C. 123-126. DOI: 10.17721/1812-
5409.2021/3.24

16.0nanacosuu B. K., Jlparan M. C., TucoBcekuii JI. O. Hanpy>keHHs y TUIOLIKHI, 1110
MICTUTh CUCTEMY MpPSIMOJIIHIMHUX BKJItoueHb // Di3.-XiM. MexaHika maTepialliB. —
1985. - T. 21, Ne 6. — C. 21-26.

17.11onoxuii I'. H. Teopis Ta 3acTOCyBaHHS p-aHATITHYHMX Ta (p,q)-aHATITHYHUX
byHKIIH. Y3araJbHEHHS Teopii aHAMITHYHUX (PYHKIIH KOMIUIEKCHOTO 3MIHHOTO :
MoHorpadis. — Kuis : Hayk. nymka, 1973. — 424 c.

18. Kapninoscbkuii B. C. MeTosl CKIHUEHHHUX €JIEMEHTIB 1 3a7a4i Teopii MPYyKHOCTI. —
Kuis : Codis A, 2022. — 275 c.

19.CaxapoB A. C., Anpren6ax I., Kucnookuii B. M., Kupuuercekuii B. B. Ta iH. MeTon
CKIHYEHHMX €JIEMEHTIB y MexaHill TBepaux Tul. — Kuis : Buma mkomna, 1982. — 480 ¢

20.Hemayati M., Karami G. A. Boundary elements and particular integrals
implementation for thermoelastic stress analysis // IJE/Transactions A: Basics. —2002.

—Vol. 15, no. 2. — P. 197-204.



145

21.0Omnanacosuu B. K., JIparan M. C. AnTumiocka nedopmartis Tina 3 CHCTEMOIO TOHKHAX
npyxHuX BKItoueHb // BicH. JIbBiB. yH-Ty. Cep. Mex.-mat. — 1984. — Bum. 22. — C.
T1-77.

22. Al-Ali A. Y., Almutairi K. H., Rawy E. K., Ghaleb A. F., Abou-Dina M. S.
Deformation of a long thermoelastic rod of rectangular normal cross-section under
mixed boundary conditions by boundary integrals // Journal of the Egyptian
Mathematical ~ Society. — 2016. - Vol. 24, — P. 449-457.
https://doi.org/10.1016/j.joems.2015.09.003

23.Zhong H., Yu T. A weak form quadrature element method for plane elasticity
problems // Applied Mathematical Modelling. — 2009. — Vol. 33, no. 10. — P. 3801-
3814. https://doi.org/10.1016/j.apm.2008.12.007

24.Gomilko A. M. A Dirichlet problem for the biharmonic equation in a semiinfinite strip
// Journal of Engineering Mathematics. — 2003. — Vol. 46, no. 3—4. — P. 253-368.

25.1TonoB I'. 1. TouH1 po3B'SI3KM EAKUX KpallOBUX 3aJa4 MEXaHIKU TBEPJOTO Tijia, 110
neopmyetses / yknan. H. J1. Baiichensn ; MOH Vkpainu ; Ogec. Han. yH-T im. L. L.
MeunukoBa. — Oneca : ActponpuHt, 2013. — 424 c.

26.Kagadiy T. S., Shporta A. H. The asymptotic method in problems of the linear and
nonlinear elasticity theory // Natsional'nyi Hirnychyi Universytet. Naukovyi Visnyk.
—2015. —Iss. 3. — P. 76-81.

27.Karamii T. C., IlInopra A. I'., binosa O. B., Illep6una 1. B. HampyxeHo-
nedhopMOBaHHUI CTaH IIAPyBATOI OCHOBH 3 MiJIKPIIUIIOI0YNM eieMeHToM // [Tpukinamni
NMUTaHHg MaTemMatuuaHoro MoaemoBanas. — 2020. — T. 3, Ne 2.1. — C. 107-116. DOI:
https://doi.org/10.32782/KNTU2618-0340/2020.3.2-1.10.

28.Murakami Y. Metal fatigue: effects of small defects and nonmetallic inclusions. —
Amsterdam : Elsevier, 2002. — 369 p.

29.PynakoB K. M. EdexTuBHI anropuTMu BUPIMICHHS TPUBUMIPHUX KpalOBUX 3a]ad
MEXaHIKH1 TBEPJIOTO Tija, M0 Je()OPMY€ETHCS, METOJOM CKIHUEHHHMX €JIEMEHTIB : JHC.
n-pa TexH. HaykK : 05.02.07 / Pynakos K. M. ; Hai. TexH. yH-T Ykpainu "KuiBcbkuii

noynrexHiuaui 1H-1". — Kuis, 1996. — 302 c.



146

30. Tsuchida E., Nakahara I., Kodama M. On the asymmetric problem of the theory for
an infinite elastic solid containing two spherical inclusions // Bull. JSME. — 1980. —
Vol. 23, Ne 181. — P. 1072-1080.

31. Alyokhina S., Kostikov A., Smetankina N., Gontarovskyi P., Garmash N., Melezhyk
I. Methodology for determining the thermal and thermal-stress states of a concrete
storage container for spent nuclear fuel for assessment of its service life // Nuclear and
Radiation Safety. —2021. — Vol. 4, no. 6. — P. 33-39.

32.Smetankina N., Morhun S. The modern single shaft gas turbine rotor stress-strain state
determination taking into account the contact thermoelasticity problem // Tehnicki
vjesnik — Technical gazette. — 2024. — Vol. 31, no. 2. — P. 551-556.

33. Nemish, Yu. N., Sagalyuk, I. S., & Chernopiskii, D. I. Axisymmetric stress and
deformation 1n a layered, nearly spherical shell // Soviet Applied Mechanics. — 1989.
—Vol. 25, No. 11. — P. 1075-1080. https://doi.org/10.1007/BF00888989

34. Kanmmsuit O. O., Horim H. B. Jlo BupilieHHs OCHOBHMX 3a]1ay BICECUMETPHYHOI
Teopii MPY>KHOCTI JUIsl IPOCTOPY 31 chpepuyHuM po3pizoM // MarematuyHa izuka. —
Kuis : HaykoBa nymka, 1971. — Bun. 9. — C. 38—47.

35. Kanmmswuii O. O, Konuctpa H. I1., Jlomonoc JI. M. Bicecumerpuunuii HanpyxeHun
CTaH KyJIi 3 HEKOHIICHTPUYHOIO KyJIb0BOIO nmopokauHoto // lonmosini AH YPCP. 1980.
—A.—Ne 9. - C.50-55.

36.Kanmmmsuit O. O., Jlomonoc JI. M., Crosa H. H. Jlpyra ocHoBHa 3amada mpo
BICECUMETPUYHUIN HaIlPY>KEHUI CTaH MPOCTOPY 3 IBOMA CPepUIYHUMHU MTOPOKHUHAMU
// NomoBigi AH YPCP. — 1984. — Cep. A. — Ne 6. — C. 42-46.

37.Kammmsui O. O., Jlomonoc JI. M., Crosn H. H. Ilepma ocHoBHa 3amada mpo
BICECUMETPUYHUIN HAMpYyXEHUH CTaH KyJdl 3 HEKOHUEHTPUYHOIO KYJIbOBOIO
nopoxHuHoto // Jlonosiai AH YPCP. — 1986. — Cep. A. — Ne 3. — C. 37-41.

38.Jlomonoc JI. M. Ilepma ocHOBHa 3aia4a Mpo BICECUMETPUYHUN HAMPYKCHHUM CTaH
npocTopy 3 ABoMa chepuyHUMH TOpoXKHUHamu // Mart. dizuka Ta HesiHIMHA
mexanika. — 1990. — Ne 13. — C. 51-56.

39.bopomaueB H. M. Po3B’s30k mpocTOpoBOi 3a/1a4i TEOPii NPy KHOCTI B HAIIPYKEHHIX

// Tlpuknagna mexanuka. — 2006. — T. 42, Ne 8. — C. 3-34.



147

40.Kaczynski A. On 3D symmetrical thermoelastic anticrack problems // Arch. Mech. —
2016.—Vol. 68, no. 2. — P. 99-112.

41. Pravos B. JI., IIpouienko B. C. KonTakTHi 3a/1a41 TeOpii NPyKHOCTI 1JI1 HEKITACUYHUX
obnacteit. — KuiB : Hayk. mymka, 1977 — 236 c.

42.Kouris D., Tsuchida E., Mura T. The hemispheroidal inhomogeneity at the free surface
of an elastic half space // Trans. ASME. J. Appl. Mech. — 1989. — Vol. 56, no. 1. — P.
70-76.

43. Hikonae O. I'. VY3zarampHenuit meton Dyp’e B MPOCTOPOBUX 3ajadax Teopii
MPY>KHOCTI JIJIsI KAHOHIYHUX MHOTO03B’SI3HUX TUT: aBTOpedepar aucepraiii. a-pa §is.-
Mart. HaykK. — JlHinponeTrpoBcek, 1997. — 36 c.

44 HikonaeB O. I'. ®opMynu nepepo3BUHEHHSI BEKTOPHUX PO3B’A3KiB piBHAHHS Jlame B
chepuuHiil 1 cepoinanbHiil cucTeMax KoopAauHaT // MaTeMaTu4yHl METOIM aHajizy
nuHaMigHEX cucTeM. — XapkiB : XAl 1984. — Bum. 8. — C. 100-104.

45. Hikonaes O. I. @®opmynu, $£Kki 3B’43yIOTh TapMOHIYHI (QYHKIIT IS
OJIHOIIOPOKHUHHOTO Tirnepoosioifga, UMIHAPa, chepu, BUTATHYTOIO 1 CTUCHYTOI'O
cdepoiniB / Metonu matreMaTH4HOI (i3UKK Ta iX 3acTOCyBaHHSA. — XapkiB : XAl,
1988. — C. 9-13.

46.HikonaeB O. I'. [Ipo TouHi po3B’si3ku piBHAHHS Jlame 1711 OJTHOMOPOKHUHHOTO 1
JIBOMOPOKHUHHOTO Tinep0osioiaiB 1 nmapadonoiga odbepranus // Jonosigi AH YPCP.
Cep. A. —1992. —Ne 7. — C. 58-61.

47.HikonaeB O. I'. Teopemu gonaBaHHs po3B’si3KiB piBHsAHHA Jlame. — Pykomnuc. [len. B
JHTB VYxpaiau 21.06.93, Ne1178-Yk 93. - 109 c.

48.Nikolaev A. G. Circular stamp on a transversely isotropic halfspace with a spheroidal
cavity with the presence of adhesion // International Applied Mechanics. — 1994. —
Vol. 30, issue 8. — P. 48-53. https://doi.org/10.1007/BF00847232

49.Hikonaes O. I'. Teopemu momaBaHHSI TEPEMIIICHb TPAHCBEPCATBHO-130TPOITHUX
kaHOHIYHUX TUL. — Pykonuc. [en. B JIHTH Ykpainu 10.07.96, Noe1568—VYk 96. — 52 c.

50.Hixomnaes O. I'. Teopemu nogaBaHHsS poO3B’s3KiB piBHSAHHA Jlame B KPUBOMIHIMHUX
CUCTEMaX KOOPJIUHAT, TOBEPHYTUX OAWH BIIHOCHO ofHOT0. — Pykonuc. len. B IHTH

VYkpainu 10.07.96, Nel570-Yk 96. — 37 c.



148

51.Hikonaes O. I'. Knacu po3p’s3HocTi MeTogoM Dyp’e OCHOBHUX KpaloOBUX 3ajay
Teopii MPY>KHOCTI B AESIKUX MPOCTOPOBUX KAaHOHIYHUX obnacTsax. — Pykomnuc. Jlem. B
JAHTB VYkpaiau 23.10.96, Ne1977-Yk 96. — 16 c.

52.Hikonaes O. I'. O6rpynTyBanns metoy Oyp’e B OCHOBHUX KpallOBHX 3aJja4ax Teopii
NPY>KHOCT1 JJI JEAKUX MPOCTOPOBUX KaHOHIUHMX obOsacteit // Jlomosigmi HAH
Vkpainu. — 1998. — Ne 2. — C. 78-83.

53.Hikonae O. I'., Tanuuk €. A. HanpyXeHHsI y HECKIHUEHHOMY KpyTrOBOMY HMJIIHAPI
3 YOTUPMA IWIHAPUYHUMHU TMOpPOKHUHAMM // MatemaTtuuHi MeToau Ta (hi3HUKO-
MexaH14gH1 monst. — 2014, —T. 57, Ne 3. — C. 132-142.

54.Hixomnaes O. I'., Tanuuk €. A. Po3BUTOK JIOKaJIbHOI MOJIETI HANPYKEHOTO CTaHY
MOPUCTOTO Martepiany // ABialiifHO-KOCMIUHA TeXHIKa Ta TexHosoris. — 2013. — Ne
1(98). - C. 14-18.

55.HikomaeB O. I'., Tanuuk €. A. JlokasibHa MaTeMaTHUYHa MOJEIb 3E€PHUCTOIO
KOMITO3UIIIIHOTO MaTepiany // BicHuK XapKiBCHbKOTO HalllOHAJIbHOTO YHIBEPCUTETY
iMm. B. H. Kapasina. Cep. Maremartuka, npukiiagHa MaTeMaTtuka Ta Mexadika. — 2010.
—T.922.-C. 4-19.

56.Hetnarski R. B., Eslami M. R. Thermal Stresses — Advanced Theory and Applications.
— Springer Science Business Media, 2009. — 560 p.

57.Kosanenko A. [. Tepmonpyxuicts. — KuiB : Bumia mkona, 1975. — 215 c.

58.Kassab A., Divo E. Application of the boundary element method to non-homogeneous
media: heat conduction and thermoelasticity / WIT Transactions on State of the Art
in Science and Engineering. — 2010. — Vol. 43. — P. 87-101. ISSN 1755-8336.

59.Shiah Y. C., Tan C. L. Thermoelastic analysis of 3D generally anisotropic bodies by
the boundary element method // European Journal of Computational Mechanics. —
2016. - Vol. 25, No. 1-2. — P. 91-108.

60.Bozhydarnyk V. V., Pasternak [a. M., Sulym H. T. 2D thermoelastic boundary element
method for solids containing cracks and thin inclusions // Problems of Computational

Mechanics and Strength of Structures. — 2011. — No. 17. — P. 51-59.



149

61.Tokovyy Y., Ma C. C. Analytical solutions to the 2D elasticity and thermoelasticity
problems for inhomogeneous planes and half-planes // Archive of Applied Mechanics.
—2009. — Vol. 79. — P. 441-456. https://doi.org/10.1007/s00419-008-0242-5

62.Entezari A., Kouchakzadeh M. Analytical solution of generalized coupled
thermoelasticity problem in a rotating disk subjected to thermal and mechanical shock
loads // Journal of Thermal Stresses. — 2012. — Vol. 35. — P. 363-376.
https://doi.org/10.1080/01495739.2016.122132972

63.Cymim I'. T., TomameBcbkuit M. M., [1actepnax 5. M. [HTerpasibHi piBHSHHS IIJIOCKOT
TEPMOMNPY>KHOCTI JJI1 HANIBIUIOIIMHK 3 TOHKMMHU BKJIIOUeHHAMH // TeopernyHa i
npukiaaaHa mexanika. — 2013. — Bum. 7 (53). — C. 101-108.

64.Zander, N., Kollmannsberger, S., Ruess, M., Yosibach, Z., Rank, E. The Finite Cell
Method for linear thermoelasticity // Computers and Mathematics with Applications.
—2012. - Vol. 64. — P. 3527-3541. DOI: 10.1016/j.camwa.2012.09.002.

65. Tang, J., Chen, G., Ge, Y. A novel edge center-based gradient-smoothing element
method for 2D and 3D coupled thermoelasticity analyses / Computers & Structures.
— 2023. — Vol. 275. — Article ID: 106920. — ISSN 0045-7949. DOI:
10.1016/j.compstruc.2022.106920.

66.Youssef, H.M., Al-Lehaibi, E.A.N. The boundary value problem of a three-
dimensional generalized thermoelastic half-space subjected to moving rectangular
heat source // Boundary Value Problems. —2019. —Vol. 2019, Article number: 8. DOI:
10.1186/s13661-019-1119-y.

67. Khomasuridze, N., Zirakashvili, N., Janjgava, R., Narmania, M. Analytical Solution
of Classical and Non-Classical Boundary Value Contact Problems of Thermoelasticity
for a Rectangular Parallelepiped Consisting of Contractible and Non-Contractible
Elastic Layers and a Corresponding Program // Proceedings of the International
Conference "Modern Problems in Applied Mathematics" Dedicated to the 95th
Anniversary of the I. Javakhishvili Tbilisi State University & 45th Anniversary of the
[.Vekua Institute of Applied Mathematics of TSU — 2023. — P. 29.



150

68. Bitsadze, L. Boundary Value Problems of Thermoelasticity for Porous Sphere and for
a Space with Spherical Cavity // Brilliant Engineering. — 2022. — Vol. 3, No. 1. — P.
1-10.

69. Bitsadze, L. Boundary value problems of the theory of thermoelasticity for the sphere
with voids // Seminar of I. Vekua Institute of Applied Mathematics REPORTS. —
2019. —Vol. 45.

70. Kurennov, S.S., Nikolaev, A.G. First Fundamental Axisymmetric Problem of
Thermoelasticity for a Compressed Spheroid with a Concentric Spherical Cavity //
Journal of Applied Mechanics and Technical Physics. —2004. — Vol. 45. — P. 76-81.

71. Nikolaev, A.G., Kurennov, S.S. The Nonaxisymmetric Contact Thermoelastic
Problem for a Half-Space with a Motionless Rigid Spherical Inclusion // Journal of
Engineering Physics and Thermophysics. — 2004. — Vol. 77. — P. 209-215. DOI:
10.1023/B:JOEP.0000020741.03468.6¢.

72. Hikonaes, O. I'., Kypenos, C. C. TepMoHanpy>KeHHS y OPOCTOP1 3 NEPIOIUYHO
pO3TalllOBaHUMHU  MPY>KHUMH  KyJIbOBHMHM  BKiIIO4UeHHs MU  //  IlpoGnemu
MaruHoOyayBaHHs. — 2004, — Ne 1. — C. 35-48.

73. Hikonaes, O. I'., Tanuuk, E. A. IlpyxHa mexaHika 0araTOKOMIIOHEHTHHX TiJ:
moHorpadisa. — XapkiB: XAl, 2014. — 272 c.

74. Hixonaes, O. I'., Ilponenko, B. C. VY3aranpHenuii meronq ®@yp’e y mpoCTOPOBUX
3a/layax Teopii npyxHocTi: MoHorpadis. — Xapki: XAl, 2011. — 344 c.

75. Hixomnaes, O. I'., Ckinka, M. B. JlokanbHa MO/I€TTb TEPMOIIPY>KHOTO CTaHy MMOPUCTOTO
marepiany // Bicauk HTY "XIII". Cep. : MaTtemaTu4uHe MOJI€IIOBAHHS B TEXHIIll Ta
texHosoriax —2023. — Ne 1. — C. 161-168.

76. Nikolaev, O., Skitska, M. Thermoelastic problem for a space with two inclusions and
heat generation // ITpoGiemMu 064K CIIIOBaIbHOI MEXAHIKH 1 MIITHOCTI KOHCTPYKIINA —
2024. — Bum. 38. — C. 248-268. DOI: 10.15421/42241109.

77. lesan, D., Quintanilla, R. On a Theory of Thermoelastic Materials with a Double
Porosity Structure // Journal of Thermal Stresses. — 2014. — Vol. 37. — P. 1017-
1036DOI: 10.1080/01495739.2014.914776.



151

78. Cynum, I'. T. OcHOBH MaTeMaTHYHO1 T€OPii TEPMONPYKHO1 piBHOBAru Ae(POpMIBHUX
TBEpIUX TUT 3 TOHKUMH BKItoueHHssMu — JIpBiB: HTIII, 2007. — 716 c.

79. bobunsoB  (moin.), O., Jloboma, B. BicecumerpuyHa KOHTaKTHa 3ajiaya
TepMOIIpyx)HOCTi / Marematnuni meroau T1a §i3.-mex. mois. — T. 56, Ne 4 — C. 149-
157.

80. Ipobenko, b. M. [Ipo po3paxyHOK 0OOJOYHMX KOHCTPYKIII METOJOM KOHIYHHUX
eneMeHTiB // Matematndni metonu Ta ¢iz.-mex. moist. — 1986. — T. 23. — C. 84-88.
81. Kymmip, P. M., Jlpo6enko, b. JI. Ilpo mocmipkeHHS MIITHOCTI TOHKOCTIHHUX
KOHCTpYKUiM // Marepianu 16-i Bigkputoi Hayk. koH(p. IM®PH. — JIbBiB: Bun-so

JIpBiB. momTexHikH, 2020. — C. §89.

82./lpobenko, b. JI. CkinueHHO-e1eMeHTHE MojieTtoBanHs // di3.-Mat. MOJIeTIOBaHHS Ta
iHpopM. TexHosorii. — 2010. — Bumn. 12. — C. 88-93. — [Enexkrponnuii pecypc]. —
Pexxum noctymy: http:/nbuv.gov.ua/UJRN/Fmmit 2010 12 10.

83.Momuanos, I. M., Hikonenxo, JI. /. OcHOBU MeTOAy CKiHYEHHUX eJeMeHTIB. — K.:
HaykoBa nymka, 1989 — 272 c.

84. Casymna, . I'., lllunkapenko, I'. A., BoBk, B. H. /lesiki mporpamu MeToay CKIHUEHHUX
eixeMenTiB. — JIbBIB: Buma mikoina, 1981— 80 c.

85. Kymmip, P. M., Toxkosuii, 0. B., Sfciacekuii, A. B. Bicecumerpuuni
TEPMOHAIPYKEHHHS y MPYKHOMY MOPOXKHUCTOMY IIUTHAPI 3 JOBUIBHO 3MIHHUMH
B37IOBX pajilyca TEIUIOBUMHU BJIACTUBOCTSAMH // «AKTyalibHI TPOOJIEeMH MeXaHIKU
CYIIJILHOTO CEpeIOBHUINA 1 MIITHOCTI KOHCTPYKIii», 10-12 xoBTHS — JlHINIpO, 2019. —
C. 38.

86. Tokovyy, Yu. Direct integration method // Encyclopedia of Thermal Stresses / Ed. R.
B. Hetnarski. — Dordrecht: Springer, 2014. — Vol. 1. —P. 951-960.

87.Meleshko, V. V., Tokovyy, Y., Barber, G. R. Axisymmetric thermal stresses in an
elastic isotropic cylinder of finite length // Mathematical methods and physics of
mechanical fields. —2010. — Vol. 53, No. 1. — P. 120-137.

88. Tokovyy, Y., Boiko, D. Solution of a Three-Dimensional Thermoelasticity Problem
for an Infinite Transversely Isotropic Body // Journal of Mathematical Sciences. —

2021. - Vol. 256. - P. 467-481. DOI: 10.1007/s10958-021-05439-7.



152

89. Ghosn, A.H., Sabbaghian, M. Quasi-static coupled problems of thermoelasticity for
cylindrical regions // Journal of Thermal Stresses. — 1982. — Vol. 5. — P. 299-313.

90. Kanunsix, b. M. TemmneparypHi moiss, $Ki HE BHUKIMKAIOTh HAMNpyXeHb B
HEOTHOPITHOMY OCECUMETPUYHOMY MOPOKHUCTOMY LWIiHpP1 // MaT. meToau Ta §i3.-
Mex. mosst. — 2021, —T. 64, Ne 1. — C. 149-160

91. IIpomtok, b. B. Cratuuni 3aga4i TepMONPYKHOCTI [ IAPYBATOTO (PYHKIIOHAIBHO-
IPaJliEHTHOTO TEPMOUYTIUBOTO IMIiHApa // MaT. metoau Ta ¢i3.-mex. mois. — 2021.
—T.64,Ne 2. —C. 70-81. DOI: 10.15407/mmpmf2021.64.2.70-81.

92. Protsyuk, B.V. Axisymmetric static thermoelastic state of a smoothly fixed finite
cylinder layered along the axis // J. Math. Sci. —2012. — Vol. 187. — P. 737-757. DOI:
10.1007/s10958-012-1098-3.

93. TokoBuii, }0. B. InTerpyBaHHsl piBHSIHb IJIOCKUX OCECUMETPUYHHUX 3a/lay Teopii
MPY>KHOCTI Ta TEPMOMPYKHOCTI U1 CYLIUTBHUX IIApyBATUX HUIIHAPIB // Mat. MeToau
Ta ¢iz.-mex. momst. — 2022, — T. 65, Ne 1-2. — C. 136-145.

94. Halazyuk V. A., Kit H. S. Axisymmetric stress-deformed state of a body with a flat
veil of heat sources // Mathematical methods and physics of mechanical fields. —2011.
—Vol. 54, No 1. — P. 141-152.

95.Kit I'. C., IBackko H. M. J/IBoBuMipHa 3a7a4a TEPMOIPY>KHOCTI JUIsl MIBIPOCTOPY 3
BUTBHOIO, JKOPCTKOIO, TJIaJIKO 200 THYYKO 3aKpPITUICHOI0 MEXKEI0 3a Jii JKepes Teruia
// Mar. metonu Ta (i3.-mex. noiss. — 2020. — T. 63, Ne 4. — C. 73-80.

96.Kit H. S., Chernyak M. S. Stress state of a body with heat-generating spherical
inclusions // Journal of Mathematical Sciences. — 2012. — Vol. 187, No 5. — P. 635—
646. https://doi.org/10.1007/s10958-012-1089-4

97.Kit H., Andriychuk R. Thermal stressed state of a half space with heat generation in a
spherical domain // Journal of Mathematical Sciences. —2023. — Vol. 273, No 1. — P.
1-8. https://doi.org/10.1007/s10958-023-06488-w

98.Kit I'., IBacbko H., Auapiituyk P. JIBo- 1 TpuBUMIpHI 3324l TEPMONPY>KHOCTI JIJIs
MIBIPOCTOPIB 32 TEIJIOBUAICHHS 1 TEIJIO130JISMI11T Y MJIOCKUX 00JacTsaX // AKTyalbHI

po0JIeMU MEXaHIKHM CYIIJILHOTO CEPEIOBHINA 1 MIITHOCTI KOHCTPYKIIii: Te3u jor. 11



153

MDKHap. HayK.-TexH. KoH}. nam’sTi akaa. HAH Vkpainu B. I. MoccakoBcbkoro (10
100-pivust Big nHA HapomkenHs), 2019. — {ninpo, 2019. — C. 34-36.

99.1lpomtoxk  b. B. Bu3HaueHHs CTaTHYHOTO TEPMOIIPY)KHOTO CTaHy MIapyBaTHX
TEPMOYYTIMBHUX IUTUTH, IIIIIHApA 1 Kyl / MaT. metoau Ta ¢i3.-mex. mons. — 2021. —
T. 64, Ne 1. — C. 87-106. https://doi.org/10.15407/mmpm{2021.64.1.87-106

100. TIIporrrok b. B. IIpo po3B’s3aHHs 3a/1a4 TETUIONPOBITHOCTI Ta TEPMOTPYKHOCTI JIsI
oaratomaposux 111 // JJonosint AH YPCP. Cep. A. —1980. — Ne 1. — C. 30-32.

101. Chiang C. R. Thermal mismatch stress of a spherical inclusion in a cubic crystal //
International Journal of Fracture. — 2006. — Vol. 139, No 2. — P. 313-317.

102. Rahman M., Michelitsch T. A general procedure for solving boundary-value
problems of elastostatics for a spherical geometry based on Love's approach // Q. Jl
Mech. Appl. Math. —2007. — Vol. 60, No 2. — P. 139-160.

103. Ilipcrpurau . C., Konsao FO. M. PiBHAHHS y3araJlbHEHOT TEPMOIPYKHOCTI JIJIst
T 3 ToHKUMHU BKItoueHHsIMH // Jlokn. AH CPCP. — 1975. — T. 224, Ne 4. — C. 794—
797.

104. MenseneBa H. 1O. Jleski 3amaui HETIHIMHOI CTAaTUCTUYHOT TEPMOIPYKHOCTI JIJIst
0arato3B’s3koBUX oOiactel: aBToped. auc. kana. ¢iz.-mat. Hayk: 01.02.04 / AH
VPCP, In-t mexaniku AH YPCP. - K., 1978. - 13 c.

105. T'y3s I'. B. [lesaxi mpocTopoBi 3ajadi TEPMOMPYXKHOCTI JiJIsi 0araTo3B’s3KOBUX
obnacreii: aBToped. auc. kaui. ¢iz.-mat. Hayk: 01.02.03 / MB ta C3I" YPCP. — Kuis,
1971. - 14 c.

106. Sethi S. P., Thompson G. L. Optimal control theory. Applications to management
science and economics. — New York: Springer, 2000. — 506 p.
https://doi.org/10.1007/0-387-29903-3

107. Bendsge M. P., Sigmund O. Topology optimization. Theory, methods and
applications. — Berlin; Heidelberg; New York: Springer-Verlag, 2003. — 370 p.
https://doi.org/10.1007/978-3-662-05086-6

108. Lenhart S., Workman J. T. Optimal control applied to biological models. — London:
Chapman & Hall/CRC, 2007. — 280 p. https://doi.org/10.1201/9781420011418



154

109. Anita S., Arnautu V., Capasso V. An introduction to optimal control problems in
life sciences and economics: from mathematical models to numerical simulation with
MATLAB. — Birkhauser, 2010. — 244 p. https://doi.org/10.1007/978-0-8176-8098-5

110. Chen P., Islam S. M. N. Optimal control models in finance. — Boston: Springer,
2005. — 200 p. https://doi.org/10.1007/b101888

111. Boltyanski V. G., Gamkrelidze R. V., Mishchenko E. F., Pontryagin L. S. The
maximum principle in the theory of optimal processes of control // IFAC Proc. Vol. —
1960. — Vol. 1, Is. 1. — P. 464-469.

112. Pontryagin L. S., Boltyanskii V. G., Gamkrelidze R. V., Mishchenko E. F. The
mathematical theory of optimal processes. — New York: Wiley Interscience, 1962. —
360 p.

113. Bellman R. Dynamic programming and a new formalism in the calculus of
variations // Proc. Natl. Acad. Sci. USA. — 1954. — Vol. 40. — P. 231-235.
https://doi.org/10.1073/pnas.40.4.23

114. Bellman R. Dynamic programming. — Princeton: Princeton Univ. Press, 1957. —
339 p.

115. Lions J.-L. Optimal control of systems governed by partial differential equations.
— Berlin; Heidelberg: Springer, 1971. — 400 p.

116. Lions J.-L., Stampacchia G. Variational inequalities / Comm. Pure and Appl.
Math. — 1967. — Vol. 20. — P. 493-519. https://doi.org/10.1002/cpa.3160200302

117. Wang P. K. C. Control distributed parameter systems // In: Leondes C. T. (Ed.)
Advances in control systems. Theory and applications. — New York—London:
Academic Press, 1964. — Vol. 1. — P. 75-172.

118. Ax6Gapos /I. €., Mizepuuit B. M. Heo0xi/iH1 yMOBH ONTUMAJIBHOTO KEpPyBaHHS
00’extamu 3 po3noAuieHumu napamerpamu. Yactuna III // Bicauk BITI. — 2003. — Ne
5.—C. 104-110.

119. Hikomaes O. I'. Meron BU3HAUYEHHS ONTHUMAJIBLHOTO KEPYBaHHS HAINpPY>KEHO-
ne(opMOBaHMM  CTaHOM  CKJIAQQHOTO Tijla 3a JIOTIOMOIOK  CTalliOHApHOTO

temriepatypHaoro moins // [IpobiemMu mpoekTyBaHHS 1 BUPOOHUIITBA KOHCTPYKIIIH



155

JiTaneHUX anaparis: 30. Hayk. np. HAY im. M. €. XKykoBcekoro «XAl». —2009. —
Bum. 3(59). — C. 109-120.

120. Nikolaev O., Skitska M. The method of determining the optimal control of the
thermoelastic state of a piece-homogeneous body using a stationary temperature field
// Radioelectronic and Computer Systems. — 2024. — No. 2(110). — P. 98-119.
https://doi.org/10.32620/reks.2024.2.09

121. Vigak V. M., Kostenko A. V. Optimal control of plate heating under constraints on
the temperature field gradient // Soviet Applied Mechanics. — 1979. — Vol. 15, No. 4.
—P.306-311.

122. Birak B. M., Kocrenko A. B. OntumanbHe KepyBaHHS HAarpiBaHHM IJIACTUHU MIPU
OOMEKEHHAX Ha TpaJiieHTH TemreparypHoro nois // [lpuki. mexanika. — 1979. — T.
15, No 4. — C. 43-49.

123. Vigak V. M., Kolesov V. S., Velichko L. D. Optimal control of heating of a
thermoviscoelastic cylinder // Mar. metogu ta ¢i3.-mex. nonst. — 1981. — Bun. 14. —
C. 81-84.

124. Birak B. M. KepyBanus TemriepaTypHUMHU HANPY>KEHHSIMU Ta NEPEMIIICHHSIMU. —
Kwuis: Hayk. nymxka, 1988. —312 c.

125. Yasinskyy A. V. Determination and optimization of stress state of bodies on the
basis of inverse thermoelasticity problems // Encyclopedia of Thermal Stresses / ed.
R. B. Hetnarski. — Dordrecht : Springer, 2014. — Vol. 2. — P. 916-924.

126. Vihak V. M., Yuzvyak M. Y., Yasinskij A. V. The solution of the plane
thermoelasticity problem for a rectangular domain // Journal of Thermal Stresses. —
1998. — Vol. 21, Ne 5. — P. 545-561.

127. Vihak V. M., Yasinskii A. V., Yuzvyak M. Y. Optimal control of the heating of
thermosensitive canonical bodies with constraints on the stress in the plastic zone //
International Applied Mechanics. — 1995. — Vol. 31, Ne 12. — P. 997-1003.

128. Vigak V. M., Svirida M. 1. Optimal Control of Two-dimensional Nonaxisymmetric
Temperature Field in a Hollow Cylinder with Thermoelastic Stress Restrictions //
International Applied Mechanics. — 1995. — Vol. 31. — P. 448-454. DOI:
https://doi.org/10.1007/BF00846797.



156
129. Kalynyak B. M., Tokovyy Y. V., Yasinskyy A. V. Direct and Inverse Problems of

Thermomechanics Concerning the Optimization and Identification of the Thermal
Stressed State of Deformed Solids // Journal of Mathematical Sciences. —2019. — Vol.
236.—P. 21-34. DOI: https://doi.org/10.1007/s10958-018-4095-3.

130. Kymmnip P. M., Scincekuit A. B. OnrumanbHe KepyBaHHS HarpiBaHHIM
NPSIMOKYTHOI TEPMOYYTIMBOI 00J1acTi 32 0OMEXEHb HA HAIPY>KEHHS y TUIACTUYHIN
3oHi1 // lonoBimi HamionaneHoi akagemii Hayk Ykpaiau. —2010. — Ne 1. — C. 66-70.

131. Ceprienko I. B., J[leiineka B. C. IgenTtudikamis napamerpiB 3aaadi Ipo
HaIpy>KE€HO-1eQOPMOBaHMUI CTaH OaraTOKOMIIOHEHTHOTO TMpPY>KHOrO Tuma 3
BiumoueHHsM // [lpuknaana mexanika. — 2010. — T. 46, Ne 4. — C. 14-24.

132. Ceprieako I. B., [eitneka B. C. Cuctemuuii anamiz 0araTOKOMIIOHEHTHUX
posnoaineHux cucreM. — Kuis : HaykoBa nymka, 2009. — 640 c.

133. Apanosa A. A., Jleitneka B. C. YucenbHe po3B'sa3aHHS 3BOPOTHUX KPaOBHUX 33/1a4
OCECUMETPUYHOTO  TEPMONPYXKHOro  JIeopMyBaHHS  JIOBIOTO  TOBCTOIO
nopoxHucToro muiHapa // Komm’orepna matematuka. — 2011, — Bum. 1. — C. 3—-12.

134. ApanoBa A. A. YucenbHe pO3B'si3aHHS OOEPHEHHUX 33]a4 TEPMOMIPYKHOCTI JJIst
ckiagenoro uuiinapa // Kibepueruka ta cucremuuit anamiz. —2014. —Ne 5. — C. 164—
172. URL: http://dspace.nbuv.gov.ua/handle/123456789/124706.

135. Ceprienko I. B., Jleitnexa B. C. OnTumanbHe KepyBaHHS €TINTUYHOI0 CHCTEMOIO 3
YyMOBaMHU CHPSKEHHS Yy BUIISAL  PIBHAHHS —TeruionpoBigHocTi //  CucremHi
JTocipkeHHs Ta iHpopMariiiHi TexHnosnorii. — 2005. — Ne 1. — C. 7-29.

136. [eiineka B. C. OntuManbHe KepyBaHHS HECTALIOHAPHUM TEIJIOBUM MPOLECOM Ta
1AeHTH (1Kl TapaMeTpiB CepeOBHILA TPH BIIOMUX TEIIOBUX MOTOKAaXx // Jlomosii
HartionanpHoi akagemii Hayk Ykpainu. —2012. — Ne 8. — C. 28-35.

137. ApanoBa A. A. Ilpo nesaxi 3amadi iieHTH}IKAII OITBHOCTI TEIJIOBOTO MOTOKY
TEMIIEPaTypHOTO CTaHy IMIHAPUIHOI 000JIOHKH 3 mopokHuHOIO // KibepHeTnka Ta
KOMIT t0TepH1 TexHoJorii. —2020. — Ne 1. — C. 32—40.

138. Jlentneka B. C., ApanoBa A. A. OnTuMalibHE KEPYBAHHS TEPMOHAIPYKEHUM
CTaHOM TIOPOKHUCTOTO J0BTOTO MIutiHapa // Jlomosial HarionanbHoi akagemii Hayk

VYkpainu. —2012. — Ne 5 — C. 38-42.



157

139. Meri¢ R. A. Coupled optimization in steady-state thermoelasticity // Journal of
Thermal Stresses. — 1985. — Vol. 8 Ne 3. — P. 333-347. DOI:
https://doi.org/10.1080/01495738508942240.

140. 3ozymsx 0. 1., I'epa b. B. OntumansHe kepyBaHHs HarpiBaHHAM TOHKOI1 IJIATIBKU
// MaTtematuuHi MeToIu Ta Ppizuko-mexaHiyHi nois. — 1976. — Bun. 4. — C. 77-79.
141. Gachkevich O. R., Gachkevich M. G. Optimal Heating of a
Piecewisehomogeneous Cylindrical Glass Shell by the Surrounding Medium and Heat

Sources // Journal of Mathematical Sciences. — 1999. — Vol. 96. — P. 2935-2939.

142. Yekypin B. ®., [Tocronaki JI. 1. 3actocyBaHHs BapialiiHOTO METOTy OJHOPITHUX
PO3B’SI3KIB /JIs1 ONITUMAJIBHOTO KEPYBAHHS OCECUMETPUYHUM TEPMOIPYKHUM CTAaHOM
nuiiHapa / MarteMatuasi Metoau Ta (isuko-mexaniuni mois. — 2017. — T. 60, Ne 2.
—C. 105-116.

143. Kulik F., Dergachov K., Pasichnik S., Sokol D. Rational control of the temperature
of vortex energy separator under destabilizing influence // Radioelectronic and
Computer Systems. — 2022. — Ne 3 (103). — P. 47-66. DOLI:
https://doi.org/10.32620/reks.2022.3.04.

144. Saviz Mowlavi, Saleh Nabi. Optimal control of PDEs using physics-informed
neural networks // Journal of Computational Physics. — 2023. — Vol. 473. — Article
111731. DOI: https://doi.org/10.1016/j.jcp.2022.111731.

145. Abdelhak Hafdallah, Abdelhamid Ayadi. Optimal control of a thermoelastic body
with missing initial conditions // International Journal of Control. — 2020. — Vol. 93,
Ne 7. —P. 1570-1576. DOI: https://doi.org/10.1080/00207179.2018.1519258.

146. Bonnans J. F., Casas E. A boundary Pontryagin’s principle for the optimal control
of state-constrained elliptic systems // International Series of Numerical Mathematics.
—1992. - Vol. 107. — P. 241-249.

147. Casas E., Troltzsch F. First- and second-order optimality conditions for a class of
optimal control problems with quasilinear elliptic equations // SIAM Journal on
Control and Optimization. — 2009. — Vol. 48, Ne 2. — P. 688-718. DOI:
https://doi.org/10.1137/080720048.



158

148. Casas E., Troltzsch F. Numerical analysis of some optimal control problems
governed by a class of quasilinear elliptic equations // ESAIM: Control, Optimization
and Calculus of Variations. — 2011. — Vol. 17. — P. 771-800. DOI:
https://doi.org/10.1051/cocv/2010025.

149. Ciuperca 1., Talibi M., Jai M. On the optimal control of coefficients in elliptic
problems. Application to the optimization of the head slider / ESAIM: Control,
Optimization and Calculus of Variations. — 2005. — Vol. 11. — P. 102-121. DOTL:
https://doi.org/10.1051/cocv:2004029.

150. Ge L., Niu H., Zhou J. Convergence Analysis and Error Estimate for Distributed
Optimal Control Problems Governed by Stokes Equations with Velocity-Constraint //
Advances in Applied Mathematics and Mechanics. — 2022. — Vol. 14, Ne 1. — P. 33—
55. DOI: https://doi.org/10.4208/aamm.OA-2020-0302.

151. Allendes A., Fuica F., Otarola E., Quero D. A posteriori error estimates for
semilinear optimal control problems // ESAIM: Mathematical Modelling and
Numerical Analysis. — 2021. - Vol. 55. — P. 2293-2322. DOL:
https://doi.org/10.1051/m2an/2021033.

152. Becker R., Kapp H., Rannacher R. Adaptive Finite Element Methods for Optimal
Control of Partial Differential Equations: Basic Concept // SIAM Journal on Control
and Optimization. — 2000. — Vol. 39, Ne 1. — P. 113-132. DOL
https://doi.org/10.1137/S0363012999351097.

153. Farag M. H. The gradient projection method for solving an optimal control problem
// Applicationes Mathematicae. — 1996. — Vol. 24, Ne 2. — P. 141-147. URL:
http://eudml.org/doc/219158.

154. Farag M. H. Computing optimal control with a quasilinear parabolic partial
differential equation // Surveys in Mathematics and its Applications. —2009. — Vol. 4.
—P. 139-153.

155. Arada N., Raymond J.-P. Optimal control problems with mixed control-state
constraints / SIAM J. Control Optim. — 2000. — Vol. 39, No. 5. — P. 1391-1407. —
DOI: 10.1137/S0363012999357926.



159

156. Kenne C., Djomegne L., Zongo P. Second-order optimality conditions for the
bilinear optimal control of a degenerate parabolic equation // arXiv:2212.11046v1
[math.OC]. — 2022. — P. 1-19. — DOI: 10.48550/arXiv.2212.11046.

157. Thiinen A., Leyffer S., Sager S. State elimination for mixed-integer optimal control
of partial differential equations by semigroup theory // Optim. Control Appl. Meth. —
2022. - Vol. 43. — P. 867-883. — DOI: 10.1002/0ca.2861.

158. Alam T.-M., Nicaise S., Paquet L. An optimal control problem governed by heat
equation with nonconvex constraints applied to selective laser melting process //
Minimax Theory and its Applications. — 2021. — Vol. 6, No. 2. — P. 191-204. — hal-
02302403.

159. Mazari 1. Existence of optimal shapes in parabolic bilinear optimal control
problems // Preprint. —2023. — P. 1-23. — URL.: https://hal.science/hal-040022742023.

160. Pan L., Yong J. Optimal control for quasilinear retarded parabolic systems //
ANZIAM J. -2001. - Vol. 42. — P. 532-551. — DOI: 10.1017/S1446181100012268.

161. Lou H. Optimality conditions for semilinear parabolic equations with controls in
leading term // ESAIM: Control, Optimisation and Calculus of Variations. — 2011. —
Vol. 17. - P. 975-994. — DOI: 10.1051/cocv/2010034.

162. Bmacenko JI. A., Camoitnenko A. M. OnTtumanbHe KepyBaHHS 3 IMITYJIbCHOIO
CKJIQJIOBOIO CHCTEMOIO, ONTUCYBAaHUMHU HESBHUMH MapadOIyHUMU AUGepeHIiaTbHO-
ONEepaTOPHUMH YTBOPEeHHSIMU // YKp. MaT. KypH. — 2009. — T. 61, Ne 8. — C. 1053—
1065.

163. Komneus M. M. OntumanbHe KEPYBaHHA OCECUMETPUYHUMHU KOJIMBAHHSAMHU KPYTJIOl
MemOpanu // JlonoBini HamionansHoi akagemii Hayk Ykpainu. — 2015. — Ne 9. — C.
33-38.

164. Meri¢ R. A. Coupled optimization in steady-state thermoelasticity // Journal of
Thermal Stresses. — 1985. — Vol. 8, No. 3. — P. 333-347. - DOIL:
10.1080/01495738508942240.

165. Zasadna K. E. Numerical solution of the problem of optimal control of the heating
of a thermoelastic plate by internal heat sources // Journal of Soviet Mathematics. —

1993. — Vol. 63. — P. 70-74.



160

166. Hafdallah A., Ayadi A. Optimal control of a thermoelastic body with missing initial
conditions // International Journal of Control. — 2020. — Vol. 93, No. 7. — P. 1570-
1576. — DOI: 10.1080/00207179.2018.1519258.



		2025-04-21T22:18:58+0300


		2025-04-21T22:19:24+0300




