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Oarato3B's3HUX TUI. - KBamidikariiiina HaykoBa mpalls Ha paBax pPyKOIUCY.

Juceprariist Ha 3100yTTsl HAYKOBOTO CTYIICHs JIOKTOpa (piocodii 3 ramy3si 3Hanb 11
Maremaruka 1 crTaTucTHMKa 3a cremianbHicTio 113 Ilpuknagna wMaremarvka. —
Hamionanenuii aepoxkocmiunmii yHiBepcuteT iM. M.€. JXKykoBcbkoro «XapkiBChKHIA
aBlaIlifHUM 1HCTUTYT», XapkiB, 2025.

Hucepramiitna poOoTa cOpsMOBaHAa Ha TNOJANBIIMA PO3BUTOK  amapary
y3arajibHeHoro metony ®yp'e Ha HOBI KJIAacH BICECHUMETPUUYHHUX 3aJad CTalllOHApHOI
TEPMOTIPY>KHOCTI ISl MPOCTOPOBUX 0araro3B'si3HUX TUT 31 CPEPUUHUMH TOPOKHUHAMU
Ta BKJIIOYECHHSIMH, IOCHIDKEHHS €(EKTUBHOCTI METOAy 1 MeX HOro HNpaKTHUYHOI
peasnizanii, 3aCTOCYBaHHSI HOTO /10 JIOKaJbHOTO MOJEIIOBAHHS TEPMOIPYKHUX IOJIB y
TiJaX 31 chepruYHUMU TOPOKHUHAMU 1 BKJIIFOUEHHSIMH, TOCIIHKEHHS 1 aHai3 KX OB,
ONTUMAJbHE KEPyBaHHS BICECUMETPHUYHUM CTAalllOHAPHUM TEMIIEPATypHUM IOJIEM
TEPMOTIPY>KHOTO CTaHy MPOCTOPY 31 CPEPUUHUMHU BKIIFOYEHHSIM 1 TOPOKHUHOI0. B po6oTI
yBara NpuauIsiEThCS TAKOXK 3aJa4aM 13 BHYTPILIHIMUA PO3NOAITIEHUMU JHKEepeTaMu TeIuia,
K1 CyTT€BO YCKJIAQJHIOIOTH MOOYIOBY TOUYHHUX MaTEeMAaTWYHMX MOZENEH 1 BUMararoTh
3aCTOCYBaHHS HOBITHIX MIJAXOIB JI0 iXHHOTO aHai3Yy.

O0’eKTOM JOCHIIXKEHHSI € HaIpy>KeHO-Ie(pOpMOBaHUN CTaH 0araro3B’s3HOTO
IIPOCTOPOBOTO Tija 31 CPepUIHUMHU TTOPOKHUHAMH Ta HEOTHOPIAHOCTSIMH 3a HASIBHOCTI
B HbOMY CTAallIOHAPHUX TEMIEPATypHUX MOJIB 200 B yMOBaX iX BIJICyTHOCTI.

[IpeqMeromM JOCHIDKEHHST € METOAM Ta MOJENI JOCIHIIKEHHSI HaIpyKeHO-
nedopmarlitHux 1 cTalioHapHUX TEPMOMPYKHUX TOJIIB B 0araTo3B’I3HUX MPOCTOPOBUX
TiJ1aX MEeBHOI POPMU 1 ONTUMATBHOTO KEPYBAHHS HUMHU.

AKTyanbpHICTh pOOOTH 3yMOBJICHA CTPIMKHM PO3BUTKOM TE€XHOJIOTIH, TOB'I3aHUX 3
BUKOPHUCTAHHSIM KOMIIO3UTHHUX 1 HOPUCTUX MaTepialliB y MalIMHOOYAYBaHHI, aBialliiHii
MPOMHUCIIOBOCTI, EHEpPreTHIll, MIKPOEJEKTPOHIll Ta OlomMeaudHux mpucTtposx. L
Marepiaiy IeMOHCTPYIOTh CKJIaJHy MOBEIIHKY MiJ] A1€I0 30BHIIIHIX TEPMOHABAHTAXKEHb

1 BHYTPIIIHIX JpKepes Teruia. HasiBHICTH BKJIIOYEHb 1 MOp y Marepiajlli CIpUYUHSIE
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JOKaJlbHI KOHIEHTpalii Hampy>KeHb, AKI BH3HAYAIOTh JOBrOBIYHICTH 1 HAAIMHICTDH
TEXHIYHUX KOHCTPYKLINH. bBiNbIIiCTh ICHYIOUMX YHCENBbHUX METOAIB HE 3aBKIu
3a0e3MeuyIOTh JIOCTAaTHIO TOYHICTh, OCOOJMBO B 3aJa4yax 3 OOJAcCTSIMH 3 BEJIHKOIO
KOHIICHTPAIII€I0 HAMlPYKeHb, 00 3 JJOCTATHHOIO KIIBKICTIO HEOJHOPIAHOCTEH.

VY aucepraiiiiHiii poOOTI MOOYI0BAaHO HOBI BICECUMETPUYHI 0a3MCHI PO3B’A3KU
piBHsHb Jlame Ta J[lroamens—HeiiMmana misi mpocTOpoBUX 00JIacTe, OOMEXEHUX
chepuunumMu  moBepxHsAMH. [li po3B’s3ku € (QyHIAMEHTAIBHUMHU Ui OIHUCY
TEPMOIPY)KHOTO CTaHY TUI 3 OCbOBOIO CUMETPIEI0 Ta BPaXOBYIOTh SIK ME€XaHiuHI, TaK 1
TemneparypHi BruBH. OcoOIMBOi yBaru 3aciIyroBYIOTh HOBI TEOPEMU JOAABAHHS IS
noOy/l0BaHUX PO3B’SA3KIB y CHEPUUHUX CUCTEMAX KOOPAMHAT, MOYATKU SIKUX JOBLIHHO
3CyHYTl B3l0BX oOci cuMmerpli. OTpUMaHHS TakuX TEOPEM JI03BOJIIE €(PEKTHUBHO
3M1ACHIOBATH MAaTeMaTW4Hl [EepPEeTBOPEHHs NpH pPO3B’sI3aHHI 3aJa4 3 KUIbKOMa
HEOJTHOP1THOCTSAMHU, PO3MIIICHUMH B PI3HUX TOYKaX Tija.

OaHuM 13 KJIIOYOBHX HAyKOBUX PE3YJIbTATIB € TOYHE aHAJIITUYHE PO3B’SA3aHHS
JPyroi OCHOBHOi BICECMMETPUYHOI KpaloBOI 3ajayl Teopli NPYKHOCTI I KyJl 3
KOHLIEHTPUYHUM  BKJIIOYEHHSAM. Y  poOOTI TNpPOBEAECHO IOBHE MAaTeMaTU4HE
OOIpYyHTYBaHHS ICHYBaHHS Ta €IWHOCTI TAKOTO PO3B’SI3KY, IO CTAIO BAXKIIUBUM BHECKOM
y PO3BUTOK KJIACHYHOI TeOpii MPYXKHOCTI [JIsi TUT 31 CKIQAHOK BHYTPIITHHOIO
CTPYKTYPOIO.

VY po6oTi moOy10BaHO JIOKAJIbHI MapaMeTPUUHI MOJENI TEPMOTIPY>KHOTO CTaHy Tl
13 1BOMa c(epHYHHMHU TOPOKHUHAMH a00 BKIIOUSCHHSIMH. Mojeni OXOIUTIOITh SIK
BUIIAJIKU 3 PO3MOAUICHUMH JDKepeaaMu Teruia, Tak 1 0e3 Hux. Ha ocHOBI nux mopaenei
JOCTIKEHO JIOKAJIbHY TOBEIIHKY HaIMpYy>KeHb Yy 30HAX KOHIIGHTpaIlii, o O0COOIMBO
aKTyaJbHO I IPOTHO3YBaHHS pPyHHYBaHb y MOPUCTUX 1 KOMIIO3UTHUX MaTepiajiax.

VY Mexax HOoCHiPKeHHs] BUKOHAHO MapaMeTPUYHUM aHaji3 pO3NOALTYy HAlpyKEeHb
3aJIe)KHO B1JI PI3HUX XapaKTEPUCTHUK Tija: pO3MIpiB BKIIFOUEHb, BIICTAHI MK HUMHU, TXHIX
TEPMOMEXaHIYHUX BIJIACTUBOCTEM 1 PIBHA TEIJIOBOrO HaBaHTaxeHHs. Lleir anami3
JI03BOJIUB BHUSBUTH 3aKOHOMIPHOCTI B3a€MHOTO BIUTMBY BKJIIOYEHh HA HAIMPYKEHO-

nedhopMOBaHH CTaH Marepiay.
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OxpemuM HanpssMOM poOOTH CTajla BIEpIIle MOCTaB/IeHa Ta PO3B’A3aHa 3aa4a Mpo
ONTUMAaJbHE KePyBaHHS TEMIIEPATypHUM TOJeM Yy 0araTo3B’s3HOMY Tl — IPOCTOPI 3i
chepuyHUMHU BKJIIOYEHHSIMU. Byno 3BefeHO Taky 3ajiady J0 HECKIHYEHHOI CHUCTEMHU
miHiHUX anrebpaivaux piBHSHL (HCJIAP) 3 mapameTpudHO0 3aJIe)KHICTIO 11 MpaBUX
YaCTUH BiJ TEMIIEpaTypHOTO TOJis 1 BOEpPIE PO3POOJIIEHO METO/A PO3B'SA3aHHS TaKUX
cucteM. lle cTano cyTTeBUM KPOKOM y PO3BUTKY METOJIB ONTHUMAIbHOTO KEpyBaHHS B
MaTemMarnuHid (izuii. MeToq mM03BOJsE€ 3BECTH 3a7ady ONTUMAIBLHOTO KEPYBaHHS [0
3a/ladl YMOBHOIO E€KCTPEMYMY KBaJpaTUYHOTO (PYHKIIOHANIA, 33JIaHOT0 HA TMEBHOMY
T1JIL0EPTOBOMY IIPOCTOPI.

Hapewti, y po0OOTI mNpoBENEHO 4YHCEIbHE KOMII'IOTEpPHE MOJEIIOBAHHS
pPO3B’sA3aHUX 3a/a4 13 BUKOPUCTAHHSIM METOAy peaykiii. JlocmimpkeHo 301KHICTh IbOTO
METOJY, IO MIATBEPIUIIO HOro BUCOKY €(PEKTHUBHICTh 1 MPAKTUYHY NPUIATHICThH IS
OOUHNCITIOBAILHOTO aHAJII3y CKJIaJHUX TEPMOMEXAHIYHUX CUCTEM.

JIOCTOBIpHICTh pe3yNbTaTiB AUcepTalli 0a3yeTbcs Ha CTPOroMy OOIpYHTYBaHHI
PO3B'SI3KIB YCIX PO3MITHYTUX Y POOOTI 3a/1a4, MOPIBHSHHI PE3y/lbTaTiB 3 BIIOMUMU JIJIS
OIHO3B’SI3HUX T1J, IIUPOKOMY KOMII FOTEPHOMY E€KCIEPUMEHTI, MEepEeBIpLl MPAKTUYHOI
301’)KHOCTI METOJIa PEAYKLIi B yCIX 3a7a4ax.

Kuro4uoBi cioBa: MojentoBaHHs, MaTeMaruyHa MOJENb, KOMIT IOTEpHAa MOJEIb,
JOKaJlbHA MOJIE]b MOPUCTOrO MaTepiaiy, TEPMONPYKHUN CTaH, y3arajJbHEHUN MeToA
®dyp’e, 0a3ucHI pO3B’SI3KH, TEOPEMHU JOJABaHHsS, PO3B’A3yBaJibHAa cUcTeMa, TpU(a3Ha
TEPMOTIPY’>KHAa CHCTEMa, KPHUBOJIHIMHI KOOPJAWHATH, CHEpUYHI BKIIOUEHHS, JKEpesa
TeIUTa, 3ajada CHPSOHKCHHS, YMOBH 17€aJIbHOTO TEIJIOBOTO KOHTAaKTy, OINTHMAaJbHE
KEpYBaHHS TEPMOIIPY>KHUM CTaHOM, 0araro3B’s3HE€ KyCKOBO-OAHOPITHE  TLJIO,
dbpenronsMiB  omeparop, METON PEayKIlii, MapaMeTpPUYHUNA METON PO3B’SI3aHHS
HECKIHYEHHOI CHCTeMH, KBaJapaTUYHUN (YHKIIOHAN SIKOCTI, HEKOPEKTHa 3ajauya,
CIEKTpaIbHUN MeTOJ, €(DEKTUBHICTh METOMY, KOC(III€HT JIHIMHOTO TEeMIIepaTypHOTO
pPO3IIUPEHHSI, PO3MOALT HaMpy>KeHb, METOJ CKIHYEHHUX €JIEMEHTIB, aHATITUYHUN

PO3B'S130K, T0JIEe HAIIPY>KEHb 1 Aedopmarliii, TemIepaTypHe ImoJie.
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ABSTACT

Skitska Mariia Viktorivna. Some Problems of Thermoelasticity Theory for
Multiply Connected Bodies. — Qualification research paper (manuscript).

Dissertation submitted for the degree of Doctor of Philosophy in the field of
knowledge 11 — Mathematics and Statistics, specialty 113 Applied Mathematics. —
National Aerospace University "Kharkiv Aviation Institute", Kharkiv, 2025.

The dissertation is focused on the further development of the apparatus of the
generalized Fourier method for new classes of axisymmetric steady-state thermoelasticity
problems in multiply connected spatial bodies with spherical cavities and inclusions. It
explores the efficiency and limitations of this method, applies it to local modeling of
thermoelastic fields in such structures, and analyzes the behavior of these fields. Special
attention is given to problems involving distributed internal heat sources, which
significantly complicate the formulation of precise mathematical models and require the
use of modern analytical techniques.

The object of the study is the stress—strain state of a multiply connected three-
dimensional body with spherical cavities and inhomogeneities in the presence or absence
of stationary temperature fields.

The subject of the study is the development of methods and models for analyzing
thermoelastic and stress—strain fields in multiply connected spatial bodies of a specific
shape, as well as for optimal control of these fields.

The relevance of the study is driven by the rapid development of technologies based
on the use of composite and porous materials in mechanical engineering, the aerospace
industry, energy systems, microelectronics, and biomedical devices. These materials
exhibit complex behavior under external thermal loads and internal heat sources. The
presence of inclusions and pores in the material leads to local stress concentrations, which
directly affect the durability and reliability of technical structures. Most existing
numerical methods do not always provide sufficient accuracy, particularly in problems

involving high stress concentration zones or a large number of inhomogeneities.
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The dissertation presents newly constructed axisymmetric basis solutions to the
Lamé and Duhamel-Neumann equations for spatial domains bounded by spherical
surfaces. These solutions are fundamental for describing the thermoelastic state of
axisymmetric bodies, accounting for both mechanical and thermal effects. Particular
attention is paid to the newly derived addition theorems for these solutions in spherical
coordinate systems with arbitrarily shifted origins along the symmetry axis. These
theorems enable efficient mathematical transformations when solving problems
involving multiple inhomogeneities located at different points within the body.

One of the key scientific contributions of the work is the exact analytical solution
to the second fundamental axisymmetric boundary value problem of elasticity theory for
a sphere with a concentric inclusion. The dissertation provides a rigorous mathematical
justification for the existence and uniqueness of the solution, representing a significant
advancement in classical elasticity theory for bodies with complex internal structures.

The work also proposes local parametric models of the thermoelastic state of bodies
containing two spherical cavities or inclusions. These models cover both cases—with and
without distributed heat sources. Based on these models, the local stress behavior in zones
of concentration is analyzed, which is particularly relevant for predicting failure in porous
and composite materials.

A parametric analysis of the stress distribution is carried out depending on various
body characteristics, such as inclusion sizes, spacing, thermomechanical properties, and
the level of thermal loading. This analysis reveals regularities in the mutual influence of
inclusions on the stress—strain state of the material.

A separate and original direction of the research is the formulation and solution of
an optimal control problem for the temperature field in a multiply connected domain with
spherical inclusions. This problem was reduced to an infinite system of linear algebraic
equations (ISLAE) with parametric dependence of the right-hand side on the temperature
field. For the first time, a method for solving such systems was developed. This approach
represents an important contribution to the development of optimal control methods in
mathematical physics. The proposed method transforms the optimal control problem into

a conditional extremum problem for a quadratic functional defined in a Hilbert space.
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Finally, numerical computer simulations were conducted for the solved problems
using the reduction method. The convergence of this method was studied, confirming its
high efficiency and practical suitability for the computational analysis of complex
thermomechanical systems.

The reliability of the dissertation’s results is ensured by the rigorous justification
of all solutions presented, comparison with known solutions for simply connected bodies,
extensive computer experiments, and convergence validation of the reduction method
across all studied problems.

Keywords: modeling, mathematical model, computer model, local model of
porous material, thermoelastic state, generalized Fourier method, basis solutions, addition
theorems, solution system, three-phase thermoelastic system, curvilinear coordinates,
spherical inclusions, heat sources, conjugation problem, ideal thermal contact conditions,
optimal control of thermoelastic state, multiply connected piecewise homogeneous body,
Fredholm operator, reduction method, parametric solution of infinite systems, quadratic
quality functional, ill-posed problem, spectral method, method efficiency, coefficient of
linear thermal expansion, stress distribution, finite element method, analytical solution,

stress and strain field, temperature field.
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BCTYII

AKTYAJILHICTH TeMH JOCJIIKeHHS.

Bxe chorosiHi MOXKHA CKa3aTH, 110 HOBI BUAM MaTepialiiB, cepel] SIKUX, B MEepIIy
4epry, CIi] BUAUTUTH KOMIIO3UTHI Ta MOPUCTI MaTepiajiy, 3p0OUITH PEBOJIIOIIIO B TalTy3sIX
MIPOMUCJIOBOCTI TI0 BChOMY CBITY, MPOMOHYIOYH OE3MpeleaeHTHI MOXJIUBOCTI s
1HHOBAIIIH, €PEeKTUBHOCTI Ta CTIHKOCTI. 3a MPOrHO3aMHU CIICLIATICTIB CBITOBUI PUHOK
TIIBKM KOMIIO3UTHHUX MarepianiB jaocarHe 164 minbspaiB gonapis CILIA B 2031 p.,
3pOCTa04M KOKHOTO POKY B cepeaHboMy Ha 7,2%. MikpoenekTpoHika, OyaiBHUIITBO,
MalIuHO- 1 aBiaOyayBaHHS, BIJHOBIIOBaJIbHA E€HEPreTHUKa, XIMIYHA IPOMHUCIOBICTH,
paKeTHO-KOCMIYHA TEeXHiKa, O10JI0Tisg, MEIUIIMHA — II€ JajJeKO He IMOBHHUH MepeliK
oOnacTeil, 16 BUKOPUCTOBYIOTHCS P13HI BUPOOU 3 MOPUCTHUX 1 KOMIIO3UTHUX MaTepialiB,
K1 B 3aJIEKHOCTI BiJ] CKJIAJIOBUX KOMIIOHEHTIB, MIKPOCTPYKTYPH, PO3MIPIB 1 (OpMH TIOp
1 BKJIFOUEHb, TEXHOJIOT1i BUPOOHHUIITBA MAKOTh P13HI (P13MKO-MEXAHIYHI BIACTUBOCTI. Tak,
HaIpUKIaja, MOPUCTI MaTepialid, Taki, SIK: METaJeBl MHU MalOTh BUCOKY MIIHICTh Ta
TEPMIYHY CTIAKICTh, ATFIOMOCHIIIKATH — HU3BKY MIIHICTb, aJ1€ BUCOKY XIMIYHY CTIMKICTb,
PI13H1 TUIU MTHOOETOHIB — CEPEIHIO MIITHICTh Ta HU3BKY TEIIONPOBIIHICTD, TO1O. Cepen
0aratb0X MPUYHUH, 110 3yMOBJIOIOTH BUKOPUCTAHHS KOMITO3UIIITHIX MaTepiajiB, MOKHA
HA3BaTH JIMIIE HAMOUIBII 3HAYYII: Majla MUTOMA Bara, BUCOKA MUTOMA YOPCTKICTh 1
MILHICTh; BUCOKA CTIMKICTh KOMIO3ULIITHUX MaTepiaiiB 3 MOJIIMEPHOI0 a00 KePaMiuHOIO
MaTpPHIIEIO 10 KOPO3ii; HU3bKa TETJIONPOBITHICT (3HAYHO HIDKYE, HIXK Y CTalll); CTIUKICTh
KOMIO3ULIMHUX MaTepiaiiB 3 KEPaMiuHOIO MaTPUIIEIO /10 BUCOKOI TeMIIepaTypH, TOIIO.

TakuM 4YMHOM, MPU MPOEKTYBaHHI BHPOOIB 3 MOPUCTUX a00 KOMITO3HULIIMHHMX
MaTepiajiB BaXJIMBO BpaxoOBYyBaTH YMOBHM IX MOAAJBIIOI €KCIUTyartallli, 30Kpema,
HAsIBHICTh TEMIIEpaTypHUX, AePOpMaliiHUX, TEPMOIPYKHHX IMOdIB, SIKI OKa3ylOTh
BILJIMB Ha iX HAJIHHICTH 1 JOBTOBIYHICTh. OKPEMOI0 MPOOIIEMOIO € cTajia MoTpeda B HOBUX
BHJIaX HaHOMAaTEpiajiB 31 3a37ajeriab 3aJaHUMU BJIACTUBOCTSIMHU, CTBOPEHHIO SIKUX Ma€
NepeayBaTH iX MaTeMaTHIHE MOJICTIOBAHHS.

OxpeMo cItiJl CKa3aTH Mpo MpoOJieMU KOHCTPYIOBAHHS MEXaHIYHUX 00’ €KTiB, K1

IJIaHY€ThCS €KCIUTyaTyBaTH B YMOBAaX TeMIlepaTypHUX mouiB. TyT TeMmmepaTypa Moxe
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BUCTYNATH $K KEPyBaHHSA MpH MiHIMI3alli HampyXeHb B 30HaX iX MOKJIHUBOI
KOHIIEHTpaIlli, 30KpeMa Ha MIK(pa3HUX TPAHULIAX Y CKIAJCHUX TiJax.

[Iupoke ko0 mpodsieM CydacHOi TEXHIKH MOB’si3aHE 3 MPUPOJIHUMH 00’ €KTaMU
a00 MTYYHUMH CHOPYJaMH, B AKX KpiM TepMoaepopMaIliiiHiuX MojiB, 00yMOBIEHUX
30BHIIITHIM CEPEIOBHUIIEM, € I1I€ ¥ BHYTPIIIHI JHKEpeia TeIIOBOi €Heprii, po3Mo/IlJIeH] Ha
JeAKUX TIOBEpXHsIX abo B obyactsax B cepenuHi Til. Cepen Takux 00’€KTIB MOXKHA
HA3BaTU: TEIJIOBI KOTJIM, MIJJIOTH y OyAMHKAX 3 MiIrPiBOM, 0araTtomapoBi iHTErpaibHi
TIJIaTH, M1J13€MHI CXOBHIIA, TEPMaIbHI pe3epByapH, CJIEMEHTH TETUIOBUIUICHHS B aTOMHIN
EHEpreTHlll, Toilo. Po3paxyHKOBI Mojel MOJIOHUX CHUCTEM IOBUHHI BpaxoOBYBaTH
MOTYXHICTh, (hOopMHU 1 00JIacTI PO3MOALTY, 30HU PO3TAIIyBaHHS JKEpEN y TijaxX, IO
IPUBOJUTH O AOJATKOBUX YCKJIAJHEHb IPHU MPOBEIEHHI oOuucieHb. Binomi meronu
YHCENBHOTO a00 aHaTITUKO-YMCEIBHOTO AOCTIKEHHSI BKAa3aHUX MOJETCH HE 3aBKIU
3a0e3MeuyroTh HEOOX1/IHY TOBHOTY 1 TOUHICTh PE3yJIbTaTiB 00uncieHb. OTxe, pO3BUTOK
METO/IB PO3B'S3aHHS KpallOBUX 3a/lad TEPMOMNPYKHOCT1 31 CKJIQJHOK TE€OMETPIEIO 1
pPI3HMMH BaplaHTaMU MEXaHIYHUX 1 TEIUIOBUX YCKJIAJAHEHb, CTBOPEHHS JIOKAJIbHUX
MoOJIeNield TEPMONPYKHOTO CTaHy B TUIaX 3 MOpaMU 1 BKIIOYEHHSMHM, JOCTIPKCHHS 1
aHaJli3 TePMOIPYKHUX TOJIIB 32 TOTIOMOTOIO ITUX MOJIETIEH € BEJIbMH aKTyaTbHUMHU.

3B’A30K po0OTH 3 HAYKOBUMHM NPOrpaMaMu, IJIaHAMU, TeMaMu. J(uceprariiina
po0O0Ta € YACTUHOIO JTOCIIIKEHb, B IKMX aBTOpP OYB BUKOHABIIEM, 1 K1 TPOBOIUIIMCS HA
Kadeapi BUIIOI MAaTEMaTUKH Ta CUCTEMHOTO aHalizy HallloHaJbHOro aepoKOCMIYHOIO
YHIBEPCUTETY «XapKiBChKMM aBiamidinuii iHcTUTyT» B 2021 — 2023 pp. 32 Temoro:
«P03BHUTOK Ta 3aCTOCYBaHHS MAaTEMAaTUYHUX METOIB JOCHTIKEHHS MPUKIATHUX 331249,
HoMep gaepxpeectparii Ne 01220201064, 1 B 2024 p. 3a temoro «Po3BuUTOK Ta
3aCTOCYBaHHS KOHCTPYKTUBHMX MAaTEMAaTHYHUX METOAIB PO3B'S3aHHS TMPUKIATHUX
3amau» Homep gaepxkpeectpamii Ne 0124U001351  mig kepiBHMITBOM mpodecopa
kadenpu, nokropa (pi3uko-MaTeMaTUYHUX HayK, mpodecopa, 3acay>KeHOro MpalliBHUKa
ocBiTH YKpaiHu, naypeata JlepkaBHOi mpemii Ykpainu B raiy3i ocBith HikomnaeBa
Onexcis ['eopriiioBuya.

Meta Ta 3aaaui aociailzkeHHs1. MeToO AuCEpTaIiiftHOI poOOTH € TOIabIIHIA

PO3BUTOK araparty y3arajibHeHoro Metoqy dyp'e Ha HOB1 KJIACH BICECUMETPUYHUX 3aa4
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CTalllOHAPHOT TEPMOMNPYKHOCTI JJIl IPOCTOPOBUX TL 31 CPEPUUHUMHU MOPOKHUHAMU Ta
BKJIFOUEHHSIMU, TOCIIJKEHHS €(peKTUBHOCTI METOAY 1 MEX HOro MpakTUYHOI peaisailii,
3aCTOCYBaHHS HOro J0 JIOKAJIBHOTO MOJIETIOBAaHHS TEPMONPYKHUX TMOJIB y TUIaxX 3i
chepuYHIMH TOPOKHUHAMH 1 BKJIIOYCHHSIMH, IOCITIDKEHHS 1 aHami3 IMX IIOJIB,
ONTUMAJIbHE KEPYBaHHS BICECUMETPUYHHMM CTAIlllOHAPHUM TEMIIEPaTypHUM TOJEM
TEPMOIPYKHOTO CTaHy IIPOCTOPY 31 CPepUYHUMHU BKIIOUEHHSIM 1 TOPOKHUHOIO.

JIns foCSITHEHHS 11i€1 METH ITOCTaBJICHO TaKi 3aj1a4i:

1. TlpoBectu aHami3 METOMIB PO3B'A3aHHS KpalOBUX 3a/lad CTalllOHAPHOI
TEPMOIPYKHOCTI, X 3aCTOCYBAHHSI MPU MOJIEIIOBAHHI 1 JOCIIKEHHI TEPMOIPYKHUX
MOJIIB B 0araTOKOMIOHEHTHHUX TUJIaX CKJIAIHOI (hOpPMH, a TAKOK METO/I1B ONTUMATBHOTO
KepyBaHHS MOAIOHUMH TTOJISIMH.

2. Po3BunytH amapar y3aragbHeHOro Metony Pyp'e Ha BICECMMETPHUYHI
CTaIllOHApHI TEPMOIPYXKHI 3a7adi IS MPOCTOPOBHUX 0OaraTo3B’sS3HUX TiJ, OOMEKEHHUX
chepuuHUMH TOBEpXHAMH. [[1s 1poro moOyayBaTH HOBI BiCECUMETpHYHI Oa3UCHI
BEKTOpHI pPO3B's3ku piBHAHBb Jlame 1 /lroamens — Heiimana, oTpumaTtu TeopemMu
JI0JIaBaHHS IIUX PO3B'SI3KIB B OJJHAKOBO HANPSIMIICHUX CPEepUUHUX CHCTeMaX KOOPAUHAT,
MOYaTKU SIKUX 3CYHYTI OJWH BIJIHOCHO OJHOTO JOBUIBHO B3JIOBXK OCI CUMETPIi.

3. 3acrocyBatu 0a3ucHl po3B's3ku piBHSAHHA Jlame 11 moOyJ0BHM TOYHOTO
AHATITUYHOTO PO3B'S3KY JIPYTroi 3arajibHOi OCHOBHOI BICECUMETPUYHOI KpaioBO1 3a1a4i
Teopii MPY>KHOCTI JUIsl KyJll 3 KOHIEHTPUYHUM CPEepUYHUM BKiIO4eHHsAM. [IpoBectn
MIOBHE OOIPYHTYBAHHS PO3B'SI3KY.

4. 3acTtocyBaTu PO3BUHYTHI METOJ JO JIOKAJLHOTO MOJIEIIOBAHHS CTalllOHAPHUX
TEPMOMNPYKHUX TOJIB y TiIax 31 CHEPUYHUMH MOPOXKHUHAMU Ta BKJIIOYCHHSIMHU.
PosrisHyTn 0O6mBa BUNIAAKHU: BiJICYTHOCTI 1 HASBHOCTI PO3MOJAUICHUX JKEPEN Tera B
00J1aCTSIX BKIIOUCHb.

5. TlpoBectu anHaimi3 1 OOTPYHTYBaHHS ITUX MOJENEH MIISXOM JOCTIIKEHHS iX
KOPEKTHOCTI.

6. [IpoBecTr 3BelieHHS 3a/1a4l ONTUMAIBHOTO KEPYBaHHS TEMIIEPATyPHUM TOJIEM

TEPMOTIPYKHOTO CTaHy MPOCTOPY 31 CPepUUYHUMHU BKIIIOYEHHSM 1 TMOPOKHUHOIO JI0
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eKBIBAJIGHTHOI 3ajlaul, B SIKIH CTaH 00’ €KTy BHM3HAYAETHCS HECKIHUEHHOIO CHUCTEMOIO
JTHIAHUX anreOpaiyHuX PiBHSIHB.

7. Po3poOutu MeToj MOCHIIKEHHS €KBIBAJCHTHOI 3ajlaul, 3aCHOBAaHWUM Ha
napamerpuaHomy po3s'sizanni HCJIAP.

8. JlocmiIuTH KOPEKTHICTh PO3B'A3KY €KBIBAJICHTHOT 3a]1a4l.

9. IlpoBectn B ycix 3ajayax MapaMeTPUYHMUIA aHAII3 TEPMOIPY>KHOTO CTaHy B
PO3TIIIHYTUX Y HUX TiJIax.

10. IIpoBecTu anaini3 epexTuBHOCTI Y M® B pO3TiIsIHYTHX KJIacax 3aja4 1 Mex Horo
MPaKTUYHOI peai3alii.

11. 3pobuTy BUCHOBKH 3a pe3yjIbTaTaMu MPOBEICHUX JTOCITIIKEHb.

O0’ekT gocCaimKeHHS — HaMpy>KeHO-IePopMOBaHUN CTaH 0arato3B’sI3HOTO
MIPOCTOPOBOTO Tija 31 CPEPUUYHUMU OPOKHUHAMHU Ta HEOJHOPIAHOCTSIMU 32 HAsIBHOCTI
B HUX CTaI[lOHAPHUX TEMIIEPATyPHUX IMOJIIB 200 O3 HUX.

IIpenmer pocaiTzKeHHS — METOAM Ta MOJAENI JOCHIDKEHHS HampyKeHO-
nedopmalliiiHux 1 CTallloHAPHUX TEPMONPYKHUX MOJIIB B 0araTo3B’I3HUX MPOCTOPOBUX
TiJ1aX MEeBHOI POPMU 1 ONTUMAIBHOTO KEPYBAHHS HUMHU.

Metoau pociaimkeHHsi. OCHOBHHUM METOJOM JOCHIDKEHHS PO3TISHYTHX Y
JUcepTallii KiaciB 3ajay € y3arajgbHeHud wmeron Dyp'e, skuil y poOOTI OTpuMaB
MOJANBIIOT0 PO3BUTKY. [Ipu mocmimKeHHI APyroi OCHOBHOI BICECUMETPUYHOI 3ajadyi
TEeOpii MPYXKHOCTI JJIs Kyl 31 chepUuHUM BKJIIOUEHHSIM 3aCTOCOBYBABCSl 3BUUYAWHMIA
Meton Dyp'e. st po3B'si3aHHS €KBIBAJICHTHOI 3a7a4l TPH JOCITIHKEHH] ONTUMAIBLHOTO
KepYBaHHS TEMIIEPATyYpHUM TIOJIEeM TEPMOIPYKHOTO CTaHy CKIAICHOTO Tijla
BUKOPHCTOBYETHCS 3aIIPONIOHOBAHUN y TUCEPTAllli METO/ MapaMETPUIHOTO PO3B'I3aHHS
HECKIHYCHHOI CUCTEMU JIHINHUX anreOpaiyHuX piBHIHB. /(15 4ncenbHOTO PO3B'sI3aHHS
HCJIAP BUKOPUCTOBY€EThCS METOJ] pEYKIIii, a B 3a7a4l ONTUMAJILHOTO KepyBaHHS 1Ie i
meto Jlarpanka i ciekTpaabHUN METO/I.

HaykoBa HOBM3HA JUCEPTALIMHOI POOOTH MOJISITA€ B HACTYITHOMY:

1. HaOyB momanpmioro po3BUTKY amapaT y3araibHeHoro meroay Dyp'e, mio
MOJISITA€ y HACTYMHOMY: TOOY/I0BaH1 HOBI BICECUMETPHUYHI BEKTOPHI 0a3MCHI PO3B'SI3KU

piBasiHb Jlame 1 [{roamens — Heiimana B chepuyHux KoopAuHaTaX, HAa OCHOBI HAOOPIB
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TapMOHIYHUX, OITAPMOHIYHUX 1 MOJIrapMOHIYHUX (PYHKLINA TPETHOTO NOPSAAKY. st nux
PO3B'SI3KIB BIIEpIIE OTPUMAHO TEOPEMH JOAABaHHS B CHUCTEMaX KOOPJAUHAT, MOYATKH
SKUX JOBIJIBLHO 3CYHYTI OJIMH BITHOCHO OJTHOTO B3JIOBX OCl CUMETPIi.

2. Bmepmie oTpuMaHO OOTPYHTOBAaHMI AaHAIITUYHHA PO3B'A30K  JAPYroi
BICECUMETPHUYHOI KpaloBOi 3ajadi Teopii MPYKHOCTI JJIg KyJi 3 KOHIEHTPUUYHUM
chepuyHUM BKJIIOYEHHSM B 3arajibHiil IMOCTAaHOBII 3BHUYalHUM MeToaoM Dyp'e.
BceranoBieHo kiac po3B’sI3HOCTI 3ajadi. J[Jis 1bOro BHepliie OTPUMAHO OLIHKY 3HHU3Y
MOAyJsi OaraTomapaMeTpUYHOrO0 BHU3HAYHHMKA PO3B’S3yBaJbHOI CHCTEMH B 3ajadyl
CHpsbKeHHS 1eopMaliiHUX TOJIIB.

3. Bnepuie oTpuMaHoO JOKaJIbHY aHAIITUKO-YUCIOBY MOJEINb TEPMOHAIIPYKEHOTO
CTaHy y OPUCTOMY Matepiaji B 00JacTi Mik ABOMa CHEPUUHUMHU ITOPaMHU.

4. Bmnepuie nNOCTaBI€HO 1 pO3B’S3aHO 3aJady ONTUMAJIBHOIO KepyBaHHS
PO3IO/IIEHOI0 CUCTEMOIO B 0arato3B’si3Hii 00J1acTi, a came, KepyBaHHS TeMIIEpaTypHUM
MOJIEM HANpyXEHOr0 CTaHy KyCKOBO-OJHOPILAHOIO THPOCTOpy 31 ChEepuyHUMU
BKJIFOUEHHSIM 1 TIOPOKHUHOIO. {7151 1IbOTO BIiEpIe po3B’s3aHO 3a/lady ONTHUMAaIbHOTO
KEpYBaHHSI CHCTEMOIO, CTaH SKOI BU3HAYAE€THCA HECKIHYEHHOIO CHUCTEMOIO JIHIMHUX
anreOpaiuHuX piBHSHb.

5. Po3po0neHo HOBUI METO/1 TapaMETPUYHOTO PO3B'I3aHHS HECKIHYEHHUX CUCTEM
JTHIAHUX anreOpaiyHuX PiBHSHB, MPaB1 YaCTUHU AKUX JIHINHO 3aekKaTh B/l TapaMeTpiB.

6. Brmepmie po3B’si3aHO 3agady OpO PO3MOAIT TEMIIEpaTypHUX HAINpPYyKEHb Yy
KYCKOBO-OJIHOPIAHOMY TPOCTOP1 31 CHEepUIHUMHU BKIIOYCHHSIMHU MPU HASIBHOCTI B HUX
PO3MOIIEHUX JDKEpesl TeIJla y BUIMAJAKY, KOJIM BKIIOYEHHS 1 MPOCTIP MarOTh Pi3HI
TEPMOMEXAHIUHI XapaKTEPUCTUKHU.

IlpakTuyHe 3HA4YeHHs1 Ppe3yJbTAaTiB Po0OTH. AHAIITUYHI  PO3B'SI3KH
PO3MIISIHYTUX Y AUCEpTAallii 3a7a4 JUIsl MPOCTOPY 3 IBOMAa CPepUyHUMHU OPOKHUHAMM 1 3
JBOMa  BKJIIOUYEHHAMH (DAaKTUYHO 3aJal0Th JIOKAJIbHI  MapamMeTpuyHl  MOJeml
TEPMOINPYKHOTO CTaHy B TMOPUCTUX 1 3E€PHUCTUX KOMIIO3UTHHX MaTepianax (31
chepUuyHUMH TMOpaMU 1 3€pHAMH) y TOMY CEHCI, IO JOCTaTHbO TOYHO OIUCYIOTh
pPO3MOMUT HAMPYKEHb B HUX y 30HaX iX HAMOUIBIIOI KOHIIEHTpAIlli — B 00JACTAX MIXK

HEOJHOPIAHOCTAMHU. JIOKanbHUN XapakTep pO3MOALTy HampyXeHb B TaKUX TUIax
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BuIUIMBae 3 npuHIuny Cen—Benana 1 OyB nepeBipeHHii B 3aa4ax Ui CKJIaIeHUX TUT B
moHorpadii [73]. BaxnuBicTh 1 IpakTHYHE 3HAYEHHA OTPUMAHHUX MapaMeTpUYHUX
MojieJield Ha BIJIMIHY BiJl YUCTO YHCEIBLHOTO KOMII FOTEPHOIO MOJEIIOBAHHS METOJIOM
ckinyeHHux enementiB (MCE) nmponemMoHcTpoBaHO B poOOTI Ha MPHUKIAl PO3B'SI3aHHS
3a/layl ONTUMAJbHOTO KEpPYBaHHS TEMIIEpaTypHUM IIOJIEM TEPMOIPY>KHOTO CTaHy
MpOCTOPY 31 CPEepUIHUMHU TMOPOKHUHOK 1 BKIIFOYEHHSM, /1€ ONTUMI3allisl (paKTHIHO
IPOBOANUTHCA 3a NIEBHUMH TapaMeTpamu JIOKalbHUX Mojened. Kpim toro, orpumanxi
MaTeMaTU4IH1 Moje 0e3 CYTTEBUX YCKJIaJIHEHb PO3MOBCIOIKYIOTHCA HA T1JIa 3 PI3HOIO
(iHOI1 BENMMKOI0) KUIBKICTIO HEOJHOpiAHOCTEeW 1 mepioawydi 3amadi, ne MCE wmaio
edexTrBeH. HeoOX1HO 3a3HAUMTH, IO OTPUMaHI MaTeMaTU4YHI MOJEINI € MPaKTHYHO
TOYHMMH y TOMY CEHCI, 10 y3araibHeHuit metos1 dyp'e 103BOJISIE TOYHO 3310BOJIBLHUTH
TpaHWYHI YMOBH, a YHCEIbHE PO3B'SI3aHHS PO3B’SI3yBaJIbHUX CHCTEM MOKHA BUKOHATH 3
OyIb-SIKMM cTereHeM TOYHOCTI. [Ipy MareMaTuyHOMY 1 KOMIT FOTEPHOMY MO/IEIIOBaHHI
MOJIIB HAmNpy»KeHb 1 JAeopMaliiii e OCOOJMBO Ba)XJHMBO B OOJACTAX 3 BEJIHUKOIO
KOHIICHTPAIIIEI0 HANpPy>KEeHb, € HETOUHI Pe3yJbTaTH MOXYTh HETaTUBHO BIUIMHYTH Ha
KOHCTPYKTOPCHKI a00 TEXHOJIOT14HI pillieHHs. BaxJIMBUMU MPaKTUUHUMH PE3yIbTaTaMu
po0OTH TaKOX € YHCeIbHE MOJCIIOBAHHS PO3MIISIHYTHX TEPMOINPYKHUX TIOJIB,
OTpPMMaHUN Ha OCHOBI HBOTO aHalli3 PO3MOAUTY HANpPyXEHb B OKOJI TMOPOXKHHH 1
BKJIIOYEHh B 3aJEKHOCTI Bl TEOMETPUYHUX 1 TEPMOMEXAHIYHUX I[apaMeTpiB,
BCTAHOBJICHHS 3aKOHOMIPHOCTEH B3a€MHOTO BIUIMBY KOHIICHTPATOPiB HAIPY>KEHb Ha iX
JokansHUM posnozain. Ili pesynbrati MOXKYyTh OyTH BUKOPHCTAHO MPH KOHCTPYIOBaHHI
PI3BHHX TEPMOMEXaHIYHUX CcHUcTeM. KpiM CTpOroro TeopeTHYHOTO OOIpYyHTYBaHHS
pO3p00JICHHNX Y AUCEpTallli METOIIB B yCIX 3a/a4ax AOCIIKYBAUCS MUTAHHS YUCEIIBHOL
301KHOCTI HAOJIMKEHUX PO3B'A3KIB 1 BCTAHOBJICHHSI MEX MPAKTHUYHO1 peasizailii MeTOI1B.
Anpobauis pe3yabTaTiB aucepramii. OCHOBHI MOJIOKEHHS JIUCEPTallIHOL
poOOTH TOMOBITATHCS HAa KOHPEPESHITISNK:
) XXI MixkHapoHuid cuMIio3iyMm «MeToau TUCKPETHUX OCOOIMBOCTEH B 3a/adax
matematnyHoi @izuku/ Discrete Singularities Methods in Mathematical Physics»

(MJO3M®/DSMMPh-2023), matepianu AOMOBI/I B CTATTI:
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Hikomaes O. TI'., Ckinka M.B. JlokanpbHa MOJENh TEPMOIPYKHOTO CTaHY
nopuctoro matepiany // BicHMK HalllOHaJIBHOTO TEXHIYHOTO yHiBepcuteTy «XIID».
Cepist: MaTeMaTH4He MOJICNIIOBaHHS B TeXHIIl Ta TexHoJorisax. — 2023, Ne 1. — C. 92-
100. DOI: 10.20998/2222-0631.2023.01.24;

o International conference «Mathematic problems of the technical mechanics.
Annual scientific conference MPTM 2024», September 17-19, 2024, Dnipro, Ukraine:

Nikolaev O. G., Skitska M. V. Thermoelastic problem for a space with two
inclusions and heat generation // International conference «Mathematic problems of the
technical mechanics. Annual scientific conference MPTM 2024», September 17-19,
2024, Dnipro, Ukraine, Book of Abstracts. Part 2, 144 p.

o 11-a MixHapoaHa HaykoBa KoH(pepeHuUis «MaTemaTuuHi npoOjieMu MeXaHIKd
HEOJHOPIAHUX CTPYKTYp». JIbBiB, 2024:

Hikonaes O., Ckinka M. Meroa BU3HAUYE€HHS ONTHUMAJIbHOTO KEpyBaHHS
TEPMOIIPYKHUM CTaHOM KYCKOBO-OJHOPIJHOIO TiMa 3a JOIOMOrOI CTalllOHApHOTO
TeMrepaTypHoro mnojisg // MaremaTudHi npoOJieMH MEXaHIKM HEOJHOPIAHUX CTPYKTYP:
301pHUK HayKOBUX mpanp 11-i MixkHapoHOT HayKoBOi KoH(epeHii / 3a 3ar. pea. P.M.
Kymmipa 1 FO.B. TokoBoro // JIbBiB: IHCTUTYT NpUKIaAHUX MTPOOJIEM MEXaHIKHA 1
mateMatuku M. A.C. Ilincrpuraua HAH VYkpainu. — 2024. — Bun. 6. P. 185.
http://tapmm.lviv.ua/mpmns2024/materials/mpmns2024 S0603.pdf

IMyoaikanii. Martepianu nucepTaiii JOCUTH MOBHO BHUKIAJIEHO Yy 5 HAayKOBHX
mpaisx aBTopa 3a TEMOI JucepTallii, y ToMmy uucii: 1 crartd y ¢paxoBoMy HaAyKOBOMY
BUJlaHHI YKpainu (kareropis A), inaekcyerbes B Scopus, EBSCO; DOAJ; Ulrichsweb
Global Serials Directory; OCLC WorldCat; Index Copernicus; INSPEC (Institution of
Engineering and Technology); CiteFactor; AcademicKeys; Infobase Index; Google
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PO3JLI 1
AHAJII3 METO/IB PO3B’SI3KY 3AJIAY TEOPIi IIPYKHOCTI TA
TEPMOIIPYKHOCTI JJI51 BATATO3B’SI3HUX TIJT

Teopis mpyxnocti [1, 2, 3] BUBYae MexaHIUHY IOBEIIHKY MaTepialliB ITiJl 4yac
nedopmailiii, M0 HE NPU3BOAATH A0 iX MOLIKOHKEHHS YW pyHHyBaHHS. OCHOBHUMHU
METOJaMU JOCTIKEHHS 3aJad y Teopil MPYXKHOCTI € aHAIITUYHI, YUCENbHI Ta
eKCIIepUMEHTalbH1 Mmiaxoau. KoxeH 3 [uX MEeTo/1iB Ma€ CBOi MepeBaru Ta OOMEKeHHS B
3aJIEKHOCTI B1J] CKJIQJTHOCTI 3a/1a4dl Ta TOYHOCTI, IKY HEOOX1AHO JIOCATTH.

[Tmocki 3aayi Teopii Npy>KHOCTI [4] BUBUAIOTh MEXAaHIUHY TTOBEIIHKY MaTepialiB,
KoJu fedopmaiiisi 0OMeXeHa OJIHIEI0 TUIONMHOK. OCHOBHI METOJIU PO3B’A3KY IJIOCKUX
3a/1a4 Teopii MPYKHOCTI MaOTh CBOI 0cOOIMBOCTI. OAHUM 13 HaOUIbII €(PEKTUBHUX 1
3arajbHUX METO/I1B € BUKOPUCTAHHS TeOpii PYHKIIIH KOMIUIEKCHOT 3MIHHOT, sIKa JI03BOJISIE
3HAYHO CHOPOCTUTHM MAaTE€MAaTU4YHI OOYMCIEHHS MPHU PO3B’SI3aHHI 3a7a4 HA MPYKHICTb.
3aBASKN BUKOPUCTAHHIO KOMIUIEKCHOTO aHali3y MOXHA OTPUMATH TOYHI PIIICHHS IS
MIEBHUX F€OMETPI 1 TPAHUYHUX YMOB, 1110 POOUTH 1I€ METO/T TOMYJISPHUM JIJISl PO3B’ 3Ky
KJIACUYHUX 33/1a4, TAKUX 5K 3a/1a4a Mpo PIBHOMIPHO HABAHTAXKEHY TJIACTHUHY.

Y poboti [5] po3rasgaeThCcsi KiIacHMYHA IJIOCKA 3ajada Teopii MPY>KHOCTI s
HamiBcmyru. Oco0IMBY yBary npuaijeHO CHMETPUYHOMY BapiaHTy 3ajiadi, 10 TI03BOJISE
CIOPOCTUTH MAaTEMAaTUYHUN ONHUC TPAHUYHUX YMOB. ABTOp 3aCTOCOBY€ aHATITHUHUN
MIIX11 A8 OTPUMaHHS TOYHOTO PO3B’SI3KY, 10 0a3ye€ThCsl HA METOJaX KOMILIEKCHOTO
aHajizy Ta QyHKUIM HanmpyxeHb. J{oCIiKy0ThCs 0COOIUBOCTI PO3MOALTY HAMNPYKEHb
y37I0BK TPAaHMYHUX TOBEPXOHb, IO Ma€ BAXJIMBE 3HAYCHHS I TMPOTHO3YBAHHS
MIIIHOCTI KOHCTPYKIIi} Ta OIIHKU IXHBOI JOBTOBIYHOCTI.

Po6ora [6] npucBsiueHa po3B’sI3aHHIO TJIOCKOI KpailoBoi 3a7aui Teopii Npy>KHOCTI
JUTSI IPSIMOKYTHO1 00J1aCTi. 3ampOonoHOBaHO TOYHI aHAITHYHI PO3B’A3KH, K1 0a3yIOThCS
HAa BUKOPUCTaHHI chemialbHUX (QYHKLIIA Ta METOMIB KOMIUIEKCHOTO —aHami3y.
JlocniKy€eThCsl BIUIMB PI3HUX THUIIIB TPAaHUYHMX YMOB Ha PO3MOJAUT HANpPYXKEHb 1

nepeMillieHb y JOCHKyBaHii ob6macti. OTpuMaHi pe3yibTaTd MOXYTb OyTH
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BUKOPHUCTAHI Ui MPOEKTYBAaHHS MEXaHIYHUX €JIEMEHTIB, L0 MPAIOIOTh y CKIATHUX
HaNpy>KeHHUX CTaHaX, a TAaKOX Ui BepuQiKallii YUCETbHUX METOIIB PO3PaXyHKY.

AHaJIITUYHO-YUCTIOBUN CHEKTPaJbHUM METOMA, SKHM Ii3HIme OyB Ha3BaHUU
MeToaoM OCTporpajchKoro, 3aCHOBAHUH Ha MOJAaHHI HAMpyXeHb Ta aedopmariiii yepe3
psanu @yp’e. Llelt MmeTon € MOTY>XKHUM 1HCTPYMEHTOM JIJIsl pO3B’SI3KY 3aJlay MPY>KHOCTI,
0COOJIMBO ISl 3a7a4 3 PEryJIipHUMHU T'€OMETPIsSIMU, TAKUX SIK MPSMOKYTHI TUIACTHHH.
[IpoTe #Oro HemOMIKOM € YyTIUBICTH O MOMUJIOK y YHUCIOBUX OOUYMCICHHAX Ta
HEOOX1THICTh 0OPOOKH BEJIMKOI KIIBKOCTI JaHUX, IO MOXKe OyTH TpyaomicTkum. Llei
METOJ] IPEACTaBICHO B poboTax [7-11] myst po3B’A3Ky IUIOCKOI 3a7a4i sl TPSIMOKYTHO1
rwiactTuHu. Cepesl HeJOMIKIB € Te, 0 BIH MOXKE OyTH Uy TJIMBUM JI0 TOMWJIOK Y UYACEITbHUX
oOuucieHHsx 1 TpyaomictkuM. Crnekrpanbauii Meto [ltypma—JliyBuwis € epeKTUBHUM
IHCTPYMEHTOM [JIsl PO3B’SI3KYy OIrapMOHIYHOTO PIBHSIHHA, IO OMMCY€ 3IMH IUIACTHH.
PeBenko [9] mokazaB HOro 3acToCyBaHHsSI AJIi TOYHOIO PO3PAXYHKY HAaIlpyKEHO-
ne(OopMOBAaHOTO CTaHy TOHKUX IUTACTHMH IPH PI3HUX KpalOBHX yMoOBaX. Y poOOTI
Peenka (2007) mpeAcCTaBlieHO aHATITHYHO-YUCIOBHM MeTo] OCTpOorpaachbKoro s
PO3B’A3KY TUIOCKOI 3a/1a4l Teopii Npy>kHOCTI. MeTo 1 6a3yeThCst Ha pO3KIIaJll PO3B’SI3KY Y
psaau Dyp'e, 10 A03BOJISAE 3BECTH PIBHSIHHS TEOP1i NPYKHOCTI JO CUCTEMHU alreopaiaHux
PIBHSIHbB, SIKa PO3B’SI3YETHCS YUCEIBHUMU METOJaMHU. ABTOP JOCHIIKY€E €hEeKTUBHICTh
[[HOTO MIAXOMY JJIS 33/1a4 13 PI3HUMHU IPAHUYHUMH YMOBAMH Ta IEMOHCTPYE MOTO BUCOKY
TOYHICTb.

HocmimkeHHsi, mpeactaBieHi B jpkepenax [12-15], mpucBsiueHi po3B’si3aHHIO
IJIOCKUX 3a/ad Teopli MPY>KHOCTI Ta TEPMOMNPYNKHOCTI 32 JTIONOMOTOK aHAIITHYHUX
MeToaiB. Y po6oTi [12] aBTOpM pO3MISAalOTh HAMpPyKEHO-Ie(POPMOBAaHUN CTaH Y
OPSIMOKYTHIM 00J1acTi, 3aCTOCOBYIOYM METOAM (DYHKLIA HAmpyKeHb, L0 JO3BOJSIOThH
OTpUMATH TOYHI AHANITHUYHI PO3B’SI3KM JJI1 KpaloBUX 3adad. AHajoriuyHo, y [14]
PO3TIIAIA€THCS 3a74a4a JIJIsl KUTBIIEBOTO CEKTOPA, 1€ BAKOPUCTAHHS (DYHKIIIH KOMIIJIEKCHOT
3MIHHOI 3a0e3neuye eheKTUBHUH IMiIX1]1 10 BU3HAYEHHS TI0JIIB HAMPY>KEHb 1 IEpeMillieHb
y Ipy>kHOMY cepeaoBuiti. [loganbmmii po3BUTOK aHATITHYHUX METO/IiB MPEACTABICHO Y
[15], ne aBTOpM 3acTocyBanu GyHKINT Biraka /st cripoiieHHs po3paxyHKy Hampys>KeHO-

ne(opMoBaHOro CTaHy y MPSAMOKYTHUX obOJyacTsx. L{el miaxia 103BoJIsS€ 3BECTH 3a1a4y
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0 PO3B’SI3Ky CHCTEMM DPIBHSHb Yy KOMIAKTHIIIOMY BHUIJISAL, LIO0 MiABUIILYE
OOYHCITIOBANIbHY €(EKTUBHICTh Ta 3MEHIIYE CKJIQJHICTh aHaji3y MeXaHIYHUX
HampykeHb. OkpeMy yBary NpHAUIEHO TepMONpPY:KHUM 3agadam y [13], 1e
pO3TIsAaeThCs  3a7ada A MPSMOKYTHOI o00dacTi B yMOBaXx HEPIBHOMIPHOTO
TEMIIEPATypHOTO  HaBaHTAXEHHSA. ABTOpPU 3aCTOCYBalIM METOJ  IHTETPAIbHUX
NEpPEeTBOPEHb, 110 JO3BOJMIJIO OTPUMATH TOYHI PO3B’S3KA Il  BU3HAYCHHS
TEMITepaTypHHUX TIOJIIB 1 OB’ I3aHUX 13 HUMU MEXaHIYHUX HAIPY>KEHb.

PoGotu [16-17] mpucBsiueH1 AOCHIPKEHHIO IUIOCKHUX 3ajlad Teopii MPY>KHOCTI,
30KpeMa 3ajad, [I0 OMHUCYIOTh HampykKeHO-IehOopMOBaHUN CTaH y Marepianax i3
BKJIFOUEHHSIMU. Y [16] aHami3yloTh pO3MOAUT HANPYKEHb y IUIOLIMHI, IO MICTHUTH
CUCTEMY MPSAMOJIIHIMHUX BKJIIOYE€Hb. BOHM BHUKOPHCTOBYIOTH METOAM KOMIUIEKCHOIO
MOTEHIIIaTy JUIst pO3B’SI3KY 3a/1adi, 110 I03BOJISIE TOYHO BU3HAYATH HAMPY>KEHHS B OKOJI
BKJItoueHb. MoHorpadis [17] [onoxoro npucssiueHa y3araabHEHHIO TEOP1i aHATITUHUHUX
(GyHKILIA KOMIJIEKCHOI 3MIHHOI. Y HIA BBEJIEHO MOHATTA p-aHAIITUYHUX Ta (p,q)-
aHATITUYHUX (PYHKI1H, 110 BAKOPUCTOBYIOTHCS JIJIs1 TOCHIIKEHHS KpaHoBUX 3a]1a4 TeOpii
npykuocti. Lleit migxig 3abe3nedye MOXIUBICTh y3araJdbHEHHS KIACUYHUX METOJIB
PO3B’SI3Ky Ta iX ajanTailito 10 3ajay i3 CKJIaJHUMU FPaHUYHUMU YMOBaMH.

Meron ckinuennux enemeHTiB (MCE) [18, 19] € ogHuM 13 HaWMOMIMPEHINMINX 1
Halie(pEKTUBHIMNX YHUCEIBPHUX METOMIB JUIsI PO3B'SI3aHHSA SIK CTaTHYHUX, TakK 1
JUHAMIYHUX 3a/1ad Teopil MPYy>KHOCTI B 00JaCTlI MEXaHIKM TBEpAUX A€(HOPMOBAHMX TiJI.
[e#t MeTo M03BOJIIE MOJIETIOBATH Ta aHAII3yBaTH TMOBEAIHKY MaTepiajiB 13 CKIATHOIO
Ir€OMETPIEID, HEOJHOPIAHOI  CTPYKTYpPOIO Ta KOMOIHOBAaHUMH  MEXaHIYHUMU
HaBaHTaXeHHAMU. [Ipunuun podotn MCE nondrae B po30HUTTI CKiIagHOI 00JacTi Ha
HEBENMKI Mmigo0macTi (CKIHYeHI €JeMEHTH) 1 MOJANbIINA ampoKCUMaIlli pO3B'S3Ky
BCEPEIMHI KOKHOTO €JIEMEHTa 3 BUKOPUCTAHHAM 0a3uCHUX (PYHKIIIH (4acTO MOIHOMIB).
3aBAsSKH IBOMY 3aj7ia4a 3BOJUTHCS 0 CUCTEMH JIHIMHUX a00 HEMIHIWHUX PIBHSHbB, SIKI
BUPIIIYIOThCA yucenbHO. Takum yuHOM, MCE € noTyXHUM IHCTpYMEHTOM IS
YHUCEJIbHOIO aHaI3y B MEXaHiIll MaTepialiB, 3a0€3Meuy0Yd BUCOKY TOUHICTb 1 THYUKICTh

y MOJIETTIOBaHHI IIIMPOKOTO CIEKTpa 3ajad.
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[HIMM BaXIMBUM MiAX0AOM € MeToa TpaHndHux enemeHTiB (MI'E), skwii
3aCTOCOBYETHCS JJISi YHCEIBHOTO PO3B’S3KY 3amad Teopii mpykHocTi. Lleit meron
e(EeKTUBHO BUKOPUCTOBYIOThH JUISI MOJICTIOBAHHS MOBEAIHKM MaTepialiiB 3a CKIIQJHUX
YMOB I'pPaHUYHUX 1 BHYTpilIHIX HaBaHTaXeHb. MI'E mae kinbka nepeBar: J03BOJIsIE TOUHO
BpPaxoOBYBaTH Pi3Kl 3MIHM B IPaHUYHHUX YMOBAaX, a TaKOX €(PEKTHUBHO MpAIIOE 3 JyXkKe
CKJITHUMH TeoMeTpisiMu. OTHAK TOUHICTh PIIICHHS 0€3M0CEPETHBO 3aJICKUTh BT SIKOCT1
ampoKCUMaIlli TPAaHUYHUX YMOB, 1[0 MOXK€ MPU3BECTH A0 MOMUJIOK MPHU HEIOCTATHHO
JeTabHOMY MO 00acTi. Y poboTi [20] myis ABOBUMIpHHX 3a7ad TEPMOIPY>KHOCTI
IPOMOHYEThCST MOAU(DIKAIl METOAY TPAaHUYHUX €JEMEHTIB, SIKa BUKOPHCTOBYE
NEPETBOPEHHS T'PAHUYHOTO IHTErPajbHOrO PIBHSAHHSA 3a JOIMOMOTOI pSIiB, WIO
BKIIIO4AtOTh QyHKIIT dopmu. Lle nae 3mory Oinbin eHeKTUBHO OOUMCIIOBATH TEILJIOBI
MOTOKM B Marepiajax, IO MJIAI0TbCSI HE JUIIE MEXaHIYHUM, a W TeIJIOBUM
HaBaHTa)XCHHSAM, 1 I03BOJISIE OTPUMATH TOYHIII PE3YJIbTATH AJIs IPAKTUYHUX 3a/1a4.

HocnipkenHss [21] 3ocepemkeHe Ha YHUCEIBHOMY MOJEIIOBaAHHI aHTUILIOCKOL
nedopmarlii Tila 3 TOHKUMHU MPYXKHUMHU BKItOUYeHHAMH. OnanacoBuuy Ta Jlparan
3aCTOCOBYIOTbH YHCEJIbHI METO/IM JIJISl aHAI3Y B3a€MO/I1i BKIIFOUEHD Ta OL[IHKU BILUIUBY LIUX
BKJIIOYEHb Ha 3arajbHUI pO3MOALN HAMPYKEeHb Yy Marepiaii. ABTOpH BUKOPUCTOBYIOTh
METOJY TPaHUYHUX E€JEMEHTIB ]Il BU3HAUCHHS HAINpPYXKEHOro CTaHy, IO JI03BOJIE
OIIIHUTH €(PEKTHU JIOKAII30BaHUX Jieopmarliiii Ta MOKJIMBUX 30H PYWHYBaHHS.

B cratTi [22] aBTOpU BUKOPUCTOBYIOTh METOJI TPAHUYHUX 1HTErPaIbHUX PIBHSHb
JUTSL pO3B’SI3KY CTAIllOHAPHOT TEPMOIIPYKHOI 3a/1a4l 3 MIIIAHUMHU TPAaHUYHUMHU YMOBaMHU.
BoHu nocaimkyoTh TeMnepaTypHui po3noall y NpsMOKYTHIM 00J1acTi, MOEAHYIOUH 11€
3 MEXaHIYHUMHM HaBaHTAKECHHSIMU. Takui Miaxid J03BOJISIE BPaXxOBYBAaTH OJTHOYACHO 1
TEIJIOB1, 1 MEXaHiuHI e()EeKTH B MaTepiai, 0 € BAKJIUBUM MPU MPOSKTYBaHHI CKJIaTHUX
KOHCTPYKIIiH, e TeMIiepaTypa Ta MEXaH14H1 HABaHTaKEHHS B3a€EMOI1I0OTh.

Meron KBaapaTypHUX €JIEMEHTIB ciia0koi ¢opMu AJjid aHami3y TUIOCKHX 3ajad
NPY>KHOCT1 OyB npeacTaBiaeHuit B poOoTi [23]. i nocsarHeHHs MeTH AOCIIKEHHS 0YyJI0
BCTAHOBJICHO BapialliiHy TMOCTAaHOBKY IUIOCKMX 3aJad MpPYXKHOCTI Ta BBEICHO
nudepeHIliaTbHUN KBaIpaTypHUN aHajor moxigHuxX y dyHkiioHami. s mepeBipku

€(heKTUBHOCTI Ta MEPCIEKTUBHOCTI METOTy OYJIO TOCTIIKEHO KUJIbKa TUMOBUX TJIOCKUX
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3a/1a4 IPY>KHOCTI. Y poOOTI 00TOBOPIOIOTHCS MOAIOHOCTI Ta BIAMIHHOCTI, TTEpEBaru Ta
HEJIOJIIKKM METOAYy KBaJpaTypHHUX EJIEMEHTIB claOKoi (GopMH TOPIBHSIHO 3 1HIIMMHU
YUCEJIbHUMH METOJIaMU, SIK MPABUJIO, 3 METOJIOM CKIHUEHHHUX €JIEMEHTIB p-Bepcii.

Y poboti [24] pocHimKYyeTbCcs OBOBUMIpHA OirapMOHIYHAa 3ajaya s
HaIlIBHECKIHYEHHOT cMyTHu 3 yMoBaMmu [lipixiie Ha Mexi. OCHOBHA yBara npualIsiEThCs
3aCTOCYBaHHIO METOY CYNEPIO3UIIii I TOOY0BH PO3B’SI3KY, 1110 JO3BOJISE PO3KIIACTH
3aJja4y Ha OKpeMi KOMITOHEHTH 3 TTOIaJIbIINUM TXHIM 00’ € JHaHHSIM. Ba)kinBO10 4aCTHHOIO
poOOTH € MOCHIKEHHS I1HTErPAJIbHOTO PIBHSHHS, IO OIMKMCYE IOBEAIHKY (PYHKIIIT
HEB1JIOMOI IIUJIBHOCTI, 3 BAKOPUCTAHHIM TE€XHIKHU nepeTBopeHHs Mernina. e no3Borsie
JIETAIbHO MpOaHAII3yBaTH ACUMIITOTHYHI BJIACTMBOCTI PO3B’SA3KY MpPH HAOIMKEHHI
apryMeHTy JI0 HECKIHYEHHOCTI, 110 € KJIIFOUOBHMM JIJIsl OLIHKU TOBEIIHKU PO3B’SI3KY Y
BigganeHux obmactsax. Pobora cmpsiMoBaHa Ha PO3MIUPEHHS MOXIJIHMBOCTEH METOTY
CYNepIo3uilii y KOHTEKCTI OIrapMOHIYHUX 3ajad 1 iX 3acTOCyBaHb Yy MEXaHiIll
ne(opMIBHUX CEPETOBUIII.

[IpocTopoBi 3amadi Teopii MPYKHOCTI JJisi 0Oarato3B's3HUX TUI CTaHOBJISATH
CKIAHUI KJac IHKEHEPHUX 3a/lad, 10 BPaxOBYIOTh TpUBHUMIpHI nedopmarii Ta
HaIpy>KEHHA B MaTepiajiax, Kl MOXYTb OyTH CKJIAQJHUMHU a00 MarOTh HEOTHOPIIHY
CTPYKTYpYy. BaXJIMBO BU3HAYUTH MOBEMIHKY TaKUX T MiJ JIE0 PI3HOMAHITHUX
HABAHTAXKEHb Ta y PI3HUX TOUKaX IXHHOro 00'eMy. Monorpadis [25] MICTUTh IUPOKUN
aHali3 TOYHUX aHATITUYHHUX PO3B’S3KIB ISl KpalOBHX 3a7a4 MEXaHIKU AePOpMIBHUX
TBepauX Ti1. OCHOBHHMI akIEHT 3p00JIEHO HAa METOAAaX CUHTYJSIPHUX IHTETPATbHUX
PIBHSIHB, SIK1 JO3BOJISIFOTH JIETAJILHO TOCIIIUTH HANIPYKEeHO-1eopMOBaHuUM CTaH y 30HaX
BHUCOKOI KOHUEHTpAIlll Halpy>KeHb, 30KpeMa Mo0JU3y OTBOPIB, PO3PI3iB T4 KOHTAKTHUX
oOnacTeil. ABTOp TakOoX pO3MJISAa€ 3aCTOCYBaHHS AHANITUYHUX METOMIB IS
MOJICTIOBaHHSI PeaJbHUX MEXaHIYHMX CHUCTEM 13 HEOJHOPITHOCTSMHM, 110 MA€ BEJIMKE
3HAUEHHS Ui OIIHKK JOBrOBIYHOCTI MarepiaiiB. Y 3arajibHOMYy, OOWABI poOOTH
BUKOPUCTOBYIOTh KOMOIHOBAaHI TEOPETUYHI METOJIM, L0 J103BOJISIIOTH OTPUMYBATH SIK
TOYHI, TaK 1 HAOJMKEH1 PO3B'SI3KU JJIs1 CKJIAIHUX MEXaHIYHUX 3a/]a4.

ACUMNTOTUYHUIN METOJ € MOTY>KHUM 1HCTPYMEHTOM JJIsi HaOJIMKEHOTO aHalli3y

3a/1ay JiHIHHOT Ta HeniHIHHOT npy»)HocTi. Karaziit Ta [lllnopTa [26] npoaeMoHCTpyBanu
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1oro epeKTUBHICTH ISl OTPUMAHHS TOUYHUX aHATITHYHUX PIIIEHb Y BUMAJKAX 3 MATUMU
napaMeTpamu, 10 J03BOJISI€ 3MEHIIUTH OOYHMCIIOBAIbHI BUTPATHU MPU MOJAETIOBAaHHI
CKJIAJHUX MEXaHIYHUX cucTteM. JlOCHi/PKeHHs HaIpyKeHO-1e(OpPMOBAHOIO CTaHy
OaraTomapoBUX MaTepiaiiB € KIOYOBUM Yy MEXaHilll KOMIIO3UTHUX CTPYKTYp. ABTOpHU
[27] npencTaBuiy aHamITUKO-4UCeNbHUM miaxia s ouinku HJIC mapyBaTux ocHOB, 110
JIO3BOJISIE  BU3HAYUTH  ONTHUMAaJbHI MapaMeTpu MIAKPIILIIOIOYUX  EJIEMEHTIB Y
KOHCTPYKITISIX TAKOX aCHUMIITOTUIHUM MeToa0M. Lleir MeTos 3a3Bryaii 3aCTOCOBYIOTHCS
JUIsL BUpPIIIEHHS 3ajad, JIé BaXKJIMBI JIOKaNbHI €(eKTH, Hampukiaj, MpU BETUKHUX
nedopmairisix a00 B yMOBaX CKJIAJHUX B3a€MOINA MK MarepiajioM 1 HaBaHTaKEHHSIM.
ACUMNOTOTUYHI METOJU JO03BOJIAIOTh CIIPOCTUTH PO3paxXyHKH, 30epiraroyu JTOCTaTHIO
TOYHICTbH JIJISl IPAKTUYHUX 3aCTOCYBaHb.

Merton ckinuenHux enemeHTiB (MCE) [28] € oaHMM 13 HaWMNOTYXHIIIUX
YHUCEJIbHUX MM1IXO0/IIB JIJI PO3B’S3aHHS 3a/1a4 MEXaHIKH CYIUIBHUX CEPEOBHIIL, 30KpeMa
JUJIS1 aHaJTI3y Hapy»KEeHO-Ae(OpMOBAHOIO CTAHY B 00JIACTSX 13 pO3pi3aMu, BKIIOUCHHSIMU
Ta 1HIIUMH ocoOJuBoCTsIMU TeomeTpii. Pobora [29] PymakoBa K. M. mpucsiueHa
po3po0ili eHEeKTUBHUX AITOPUTMIB 3aCTOCYBAHHSI METOJY CKIHUCHHHX E€JIEMEHTIB IS
TPUBUMIPHUX KPaHOBUX 3aJ]a4 MEXAHIKK TBEPJOro Tifa. ABTOp JOCIHIJIKY€E MOKIUBOCTI
I1IBUIIICHHS TOYHOCTI PO3PaxyHKIB IIJISIXOM ONTUMI3AIlli 00UHUCIIIOBAILHUX MTPOIIECIB Ta
BUKOPHUCTAHHS aJIAITUBHUX CITOK. 3alpOIIOHOBAHI MiX0/IN MOKPAIIYIOTh €¢(DeKTUBHICTh
PO3B’A3KY 3a/1a4 3 ypaxyBaHHSIM CKJIQIHUX TPAHWUYHUX YMOB, III0 MA€ BEIMKE 3HAYCHHS
JUISL  aHami3y KOHCTPYKIIMHMX €JIEMEHTIB Yy MAaIIMHOOYIyBaHHI Ta aBlaliiHil
MIPOMHUCIIOBOCTI. 3arajiom, Ii JOCIHIJKEHHS JEMOHCTPYIOTh KitouoBl nepeBaru MCE npu
MOJICITIOBAaHHI MEXaHIYHOI MOBEAIHKH CKIIQTHUX TMPYXKHUX CTPYKTYp. BukopucranHs
I[OTO METOAY JO03BOJISIE aHAII3yBaTH HANPYKEHO-AE(POPMOBAHUNA CTaH y PEATbHHUX
KOHCTPYKIIISIX, Y TOMY YHUCJ1 THX, III0 MICTSTh pPO3pi3H, BKJIFOYEHHS Ta HEOHOPITHOCTI
MaTepiaiy, 3a0e3Meuytour BUCOKY TOUHICTh 1 00UHCITIOBANIbHY €(DEKTUBHICTD.

B po6orax [30, 31] nmpeacTaBieHO yTOUHEHY MaTeMaTHYHY MOJIEIb HaIpy>KeHO-
ne(opMOBaHOTO CTaHy OJHOBAJBLHOIO Ta30TypOIHHOTO JBUTYHA, peEalli30BaHy 3
BUKOpUCTaHHAM  MeTony  ckindueHHux  enemeHtiB  (MCE).  Ocob6muBicTio

3aMpOIIOHOBAHOTO MIJIXOAY € 3aCTOCYBAaHHS CIEIiali30BaHUX KOHTAKTHUX CKIHYEHHHMX
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€JIEMEHTIB, K1 JO3BOJIAIOTH MOJICIIOBATH YMOBH TEPMOYINPYTroro KOHTAaKTy B 30HI
CHpsDKCHHS Jucka 3 JjomaTkamu. lle 3a0e3medye BHCOKY TOYHICTH MOJEITIOBAHHS
CKJIQJHUX MEXaHIYHHUX 1 TEMIIEpaTypHUX MPOIIECIB, 1110 BUHUKAIOTH IT1]] 4aC eKCILTyaTallii
CHEPreTUYHUX YCTAaHOBOK HA36MHOTO 200 MJIaBY4YOTO THITY.

Jocmipkerns [32-38] nmpucBsdeH1 po3B’A3aHHIO MPOCTOPOBUX BICECUMETPUUHUX
3aJ1a4y Teopii MPY>KHOCTI JIJIS TUT 13 CPepUUHUMU TOPOKHUHAMU Ta BKIIOUEHHAMHU. Y [32]
Tsuchida, Nakahara ta Kodama ananizyioTh acumeTpuyHy 3aady Ui HECKIHUEHHOTO
NPY>KHOTO Tijla, 10 MICTUTh ABI chepuuHi BkimodeHHs. OcoOIMBYy yBary HpHILIEHO
BIUTUBY ()OPMH Ta B3a€EMHOTO PO3TAIIyBaHHS BKIIOYCHb HA PO3MOJIIT HAMPYKECHb y
HABKOJIMITHROMY CEPEIOBUIIl. 3aIPOIIOHOBAHO MIX1]I, 10 0a3yEThCSl HA BUKOPUCTaHHI1
NOTEeHIIATBHUX (YHKIIIH, 1110 T03BOJISIE€ OTPUMATH TOUHI PO3B’SI3KH Y BUMAAKAX CKIIATHOT
reomeTpii. Y ctarti [33] pO3MNIAHYTO MEXaHIKy HampyXeHb 1 Jaeopmanii y
OCECUMETPUYHUX OO0OJIOHKAX, SIKI MalTh IIAPOBY CTPYKTYpY 1 HAOIMKAIOTHCS J10
chepuunux QGopm. Y poOOTI aHATIZYIOTHCA TEOPETHUYHI MIAXOAW 10 MOJCITIOBAHHS
nedopMaliiii Takux TIT MiJ BIUIMBOM PI3HOMaHITHUX HaBaHTakeHb. OCHOBHA yBara
MPUALIAETHCS BUBUCHHIO HAIIPYKEHb Y IIAPOBAHUX CTPYKTYpax, € BAKIUBUM aCIIEKTOM
€ PO3MO/ILJT HaBaHTaXXEHHs Ta AedopmMallii MiXK apaMu 00O0JIOHKH, 1110 MA€ MPAKTUYHE
3aCTOCYBaHHS B Tally3iX, J€ BHUKOPUCTOBYIOThCA OaraTomapoBi Marepianu abo
KOHCTPYKIIii 31 chepraroro reoMerpiero. CTaTTs BHOCUTh 3HAYHUM BHECOK y PO3BHUTOK
Teopii MEXaHIKh OOOJOHOK, 30KpeMa B 00JIACTI aHali3y OCECUMETPUYHUX 3ajad s
CKJIQHUX TEOMETPUYHUX (OPM, TaKUX SIK OOOJOHKH 3 KIJTbKOMa IIapaMH Ta Maibke
chepuunumu nopoxkauHamu. Y [35] Kammusuii, Konuctpa ta JIoMoHOC TOCTIKYIOTh
HaIpyKeHO-1e(POPMOBaHNN CTaH KyJi 3 HEKOHIICHTPHUYHOIO KYJIHOBOIO MOPOKHUHOIO.
ABTOpaMu 3ampoOIIOHOBAHO METO/I IIPEICTABIICHHS PO3B’I3K1IB Uepe3 CrerianbHl QyHKITIT,
110 3HAYHO CITPOIIYy€ aHANITUYHUH onuc 3a1a4i. Y [34] Kanmmsuii 1 Horin 10¢miKyoTh
BIUTUB CHEPUYHHUX PO3PI3IB y TPYKHOMY MPOCTOPi, MO € BAKIWBHUM IS aHATI3Y
pyiiHyBaHHS Ta OIIIHKM MiI[HOCTI MmaTepianmiB. Jochimkenns [36-38] 3ocepemkeHi Ha
OLTBII CKJIAQTHUX TEOMETPUYHHMX IOCTAaHOBKax. Y [36] pO3MISHYTO BHUIIAJIOK JBOX
chepuYIHHX MTOPOKHUH y TPYKHOMY MPOCTOPi, a B [37] moCHiIKy€eThCs 3aa4a s Kyl

3 HEKOHIIEHTPUYHOI MOopoxHUHOW. Y [38] JloMoHOC po3risgae po3B’sS30K 3adadi
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HANpYy>KEHOT0 CTaHy MPOCTOPY 3 IBOMA CHEPUUYHUMHU OPOKHUHAMU, BUKOPUCTOBYIOUU
y3arajibHeH1 aHaJIITUYH1 METO/H, III0 BPaXOBYIOTh CKJIAIHICTh T€OMETPII.

VY po6orti [39] AocaimKyoThCcsl MPOCTOPOBI 3a/1ayul TEopii MPYKHOCTI y TEpMiHAX
HanpyXeHb. BUKOPUCTOBYIOThCS aHAIITUYHI METOAU PO3B’A3KY, 30KpeMa METOAH
(GyHKIIIH Hanpy’>KeHb, 110 JIO3BOJISIOTH OTPUMATH TOYHI PIIICHHS IS 3a7a4 MEXaHIKU
TBEPI0T0 J1e(POPMIBHOTO TiJIa.

VY crarti [40] MeTomoMm Teopii MOTEHIIady OTPUMAHO PO3B'SI30K MPOCTOPOBOI
CUMETPHUYHOI CTalllOHAPHOI TEPMOIIPY’KHOI 337241 3 TOHKUM KOPCTKUM BKIIFOUEHHSIM. SIK
3aCTOCYBaHHS OTPUMAHOI 33J1a4l JJIs KPYTJIOro >KOPCTKOTO BKIIFOUEHHS Y MPOCTOPI i
JI€I0 OJJHOPIIHOTO TEMIIEPATYPHOTO MOJISL.

Y poGoti [41] nochiKYIOTHCS KOHTAKTHI 3a/1a4i Teopii MpyKHOCTI Jisi obsacTe
13 CKJIAJHOI0 T€OMETPIEI0 Ta HEOAHOPITHOCTSIMH. ABTOPH 3aCTOCOBYIOTH METO[ P-
(GYHKINN, M0 A03BOJISE aHATITHYHO OINMMUCATH TeOMETPII0 HEKIACHYHUX OOJacTed Ta
OynyBaTu TO4YHI a00 HaOJMXKEHI PO3B’SI3KM KOHTAaKTHUX 3afady. OCHOBHY yBary
NPUALUICHO 3a/Ja4aM, Y SIKHUX pPO3IVISIIAE€ThCS B3a€EMOJIIS MPYKHOTO TUIA 31 CTOPOHHIMU
BKJIIOUCHHSIMH, TpPIIIUHAMH a00 IHIIMMHU CTPYKTYpHUMH OcoOiuBocTAMH. PoboTa €
BKJIMBOIO Y KOHTEKCT1 PO3BUTKY aHAJTITUYHUX METO/IIB PO3B’A3KY 3a7a4 MEXaHIKH ISt
T1J1 13 HECTaHJAPTHUMHU KOHTYPaMHU.

Po6ora [42] npucBsiueHa JOCIIKEHHIO BIUTMBY HAMPY>KEeHb Ha MiBCepoiganbHy
HEOJHOPIAHICTh, PO3TAlIOBaHy Ha BUIBbHIA MOBEPXHI MPY>KHOro miBmpocTtopy. s
pO3B’sI3aHHS 3a/1a4l aBTOPU BUKOPUCTOBYIOTH METOJIM IHTETPAIIbHUX PIBHSIHB Ta TEOPIIO
Emenb01 eKkBiBaJ€HTHOrO BKJIKOYEHHS, 10 AO3BOJISIE AOCTIAUTH MOBEAIHKY BHYTPILIHIX
nedekTiB y marepiani. PoOoTa € BaXJIMBOIO AJi aHaNi3y HaIpyKEeHO-Ie(hOpPMOBAHOIO
CTaHy MarepiajiB 3 BKJIIOYCHHSMH, 30KpeMa y BHUIAJKaX, KOJH HEOJHOPITHOCTI
po3TanioBaHi Ha MOBEpPXHI a00 MoOaM3y Hei. 3ampornoHOBaHI MiIXOAU MOXYTh OyTH
3aCTOCOBaH1 IS JOCTIDKCHHS MartepiaiiB 13 MIKPOCTPYKTYPHUMHU JedeKxTamu, o
poouTh 10 POOOTY aKTyaJdbHOK [ MEXaHIKM KOMIIO3MIIMHMX MaTepiajliB Ta
MaTepianio3HaBCTBA.

V3aranbHenuit Metoq Oyp'e(YM®D) € nOoTyKHUM MaTEMAaTUYHUM anapaToM, SIKHil

3aCTOCOBYETHCSI B TE€OPIi MPYKHOCTI JJI PO3B’sI3aHHS KpaoOBUX 3a7a4 y MPOCTOPOBUX
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0araTo3B'sI3HUX KAaHOHIYHUX 00nacTsaX. Bnepiie Hazpa YM® 3’4Bnsi€ThCS B JOKTOPCHKHIA
muceptarii O. I'. Hikonaesa [43] y 1997 p., vomy nepenyBanu roro podotu y 80-90-x
pOKax MHHYJIOTO CTONITTA. B HuX Oyno moOyaoBaHO YaCTHHHI BEKTOPHI PO3B'S3KH
piBusiHHS JlamMe 1 cucTeMu pIBHSHB PIBHOBAarM B MEPEMINIEHHSX TPaHCBEPCATbHO-
130TPOMHUX T JJIA BCIX KAHOHIYHMX MPOCTOPOBHUX 00JaCTel, MEXa SIKUX OMHUCYEThCS
KOOPJIMHATHUMH TOBEPXHSIMHU KPHUBOJIHIMHUX CHUCTEM KOOPAMHAT, B SIKUX MOBHICTIO
pPO3AUIAIOThCA 3MiHHI B piBHsAHHI Jlammaca. Byno chopmynboBaHo MOHATTS 0a3UCHOCTI
pO3B'sI3KIB piBHSAHHA JlaMe B KaHOHIYHIM 00jacTi 1 JOBEIEHO Oa3MCHICTh YCiX
noOyaoBaHuX po3B'sa3kiB. s moOyaoBaHMX Oa3MCHHUX PO3B'SA3KIB OyJ0 OTPUMAHO
TEOPEMH JIOJaBaHHS B MapaxX CUCTEM KOOPAMHAT 31 CINUIBHUMHU 1 JIOBUIBHO 3CYHYTHUMU
MoYaTKaMu, a TaKoX (OpMyJIH MOBOPOTY. Teopemu qonaBaHHs Oys0 TaKOX OTPUMAaHO
JUISl YaCTUHHHUX PO3B'S3KIB CHCTEMHM pIBHSHb pIBHOBarM B MEPEMIIIECHHSIX
TpaHCBEPCATbHO-130TPOIMTHUX KAHOHIYHMX T B Mapax CUCTEM KOOPAMHAT 31 CHUIbHUMU
novyaTkamu. [[eski 3 poOIT 1[bOro nepioAy HaBeACHO B jkepenax [44 — 52]. JlocmikeHHs
O. I'. HikonaeBa Ta oro y4HiB J€MOHCTPYIOTh €(DEKTUBHICTh LIbOI'O METOAY B aHaJI31
HaIpY>KEeHO-1€(POPMOBAHOTO CTaHy PI3HUX MPYNKHUX CEPEIAOBHUII 1 HAAAIOTh IIUPOKUN
cnekTp 3actocyBaHHs YM® i aHamizy MOpYKHHX MarepialiB, BKIIOYAIOYH
MWTHAPUYHI Ta cdepoinanbHi CTPYKTYpH, TOPHUCTI CEPEJOBHINA Ta KOMIIO3UIIIHHI
Marepianu. Jleski 3 mux poOiT HaBenaeHo B [53 — 55]. Pob6oTu [54] Ta [55] 30cepemkeni
Ha po3po0Ili MaTEeMaTHYHUX MOJICICH HAMPYKEHOTO CTaHy MOPUCTUX 1 KOMITO3UIIIMHIX
MaTepiais.

CyuacHi JnociipkeHHs y cdepl TEepMOMPY>KHOCTI 30CEPE/KEHI Ha aHai3l
MEXaHIYHOI'0 BIATYKY MaTepialliB 32 YMOB BIUIUBY TEIJIOBUX M0JIiB. OTHUM 13 KIIFOUOBHUX
HaIpsIMIB € pO3B’sA3aHHS 3aj]1a4 JjIsl 0araTo3B’ I3HUX 00JIACTEH, 110 MICTATh BKIFOUCHHS,
MOPOKHUHU 200 TPIIUHU. AHATITUYHI Ta YUCETbHI METOIU JI03BOJISIFOTH JIOCTIKYBaTH
HaIpy>KeHO-1e(POPMOBAaHUN CTaH TiJI, BPAaXOBYIOUH BIUIMB HEOJAHOPIAHOCTEH MaTepiary
Ta reOMeTpUYHOI ckiIagHocTl. dyHaameHnTanbHa podota [56] (Richard B. Hetnarski, M.
Reza Eslami) € ogHi€ro 3 HaliieTaNIbHIIIMX MOHOTpadiid, IPUCBIYEHUX TEPMOIPY>KHOCTI.
Y HIM po3rAsAaloThCAd KIACHYHI Ta CydYacHI MiAXOAWM J0 BUPIMICHHS 3a/1a4

TEPMOMPYKHOCTI JJI PI3HUX THUIIIB MaTepiaiiB, BKIOYAIOYU 130TPOIHI, aHI30TPOMHI Ta
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OararomrapoBi CTpykTypu. OCHOBHA yBara MpHUAUISETHCS aHATITUYHUM Ta YHCEIbHUM
METOJIaM PO3B’sI3Ky, TaKuM K MeTosl Dyp’e, METOA 1HTETpaIbHUX TIEPETBOPEHb, METOT
IPaHUYHUX E€JEMEHTIB Ta METOJl CKIHYEHHUX EJIEMEHTIB. ABTOPH aHaJTI3yIOTh BILIMB
TPali€HTIB  Temmepatypd, ¢a3oBHX TMEpPeXoiB Ta 3MiH (i3HKO-MEXaHIIHUX
XapaKTEepUCTUK MaTepiaiiB, IO € BAXKIUBUM JJisi MPOCKTYBAaHHS 1HKEHEPHUX
KOHCTPYKIIIH, CXWJBbHHX JO0 TEMIIepaTypHHUX HaBaHTaxeHb. Pobora [57] (A. .
KoBasneHnko) € ojHi€l0 3 KJIACHYHUX Mpallb y Taly3l TePMOMNPYKHOCTI, MPUCBIUYECHUX
MaTeMaTUYHOMY MOJIETIOBAaHHIO TEIIOBUX IMPOIIECIB Y MpyKHUX Tu1aXx. OCHOBHA yBara
30cepepkeHa Ha TMoOyA0BI MaTeMaTHYHUX MOJENEH, IO OMHUCYIOTh PO3MOALI
HaIpy>KeHb, Aedopmailiii, TeMreparypHUX IMOJIB Ta MEPEeMIlIeHb Y Marepianax i
BIUTUBOM SIK MEXaHIYHUX, TaK 1 TEIUIOBUX HAaBaHTaXKEeHb. Y MOHOrpadii HaBeJAeHO TOUYHI
PO3B’SI3KM JUI BWIIAJKIB OJHOPIAHHUX CEPEAOBUIN, a TaKOX PO3TISHYTO METOAH
HAOJIM>KEHOTO YMCEIBHOTO aHAJI3Y ISl OUIBII CKIIAJHUX T€OMETPUYHUX KOHDIryparii 1
HEOTHOPITHUX cepenoBuil. OKpeMO MPHUILIEHO yBary 3acTOCYBaHHIO y3aradbHEHHX
¢ynkuiid ['piHa Ta aHaMITUYHUX METOMAIB I1HTErpyBaHHSA PIBHAHb TEPMONPYKHOCTI.
AHaNITAYHI MeTOau, mpeacTtaBieHl y [56] 1 [57], M03BOJNSIOTH OTPUMYBATH TOYHI
PO3B’SI3KU I 3aja4 TEPMOIPYKHOCTI, OJHAK Yy BHUIAJIKaxX CKJIAJHOI reoMerpii abo
HEOHOPITHUX MaTepialiB YHMCEIbHI METOIW, TaKi SK METOJ CKIHUCHHHUX CJICMCHTIB
(MCE) a6o meton rpannunux enemeHTiB (MI'E), € 61nb11 epexTuBHUMH.

VY 0OaraTth0X JOCHIIKEHHSIX TEPMOIPY>KHOCTI BUKOPUCTOBYIOTHCS METOIU
CKIHUEHHHUX €JIEMEHTIB Ta METOJM TPAaHUYHUX €JIEMEHTIB ISl PO3B'SI3KY TEPMOIPYKHUX
3ajay y OaraTo3B's3HUX TuTax. J[omaTkoBo, AOCHIIKEHHS MOXYTh BKIIIOYATH PIi3HI
(b13M4HI TPOLIECH, TaK1 K TEIJIOBUH MOTIK, Heopmanis, 1udy3is Ta XIMiuHa peakilis, 1o
noTpeOyIOTh I1HTETPOBAHOTO TIAXOAY JO TEPMOIpPYKHOCTI. Y crarti [58] aBTopum
BUKOPUCTOBYIOTh y3arajlbHEHUW METOJl TpPAaHUYHUX €JEMEHTIB Ta ITepaliiHy
JIEKOMITO3UINI0 JOMEHY $K e(deKTUBHUN Crocid MOJEMIOBaHHS HEOTHOPITHUX
CEpellOBUI Y KOHTEKCTI TEPMOIPY>KHOCTI Ta TEIJIONPOBIAHOCTI. [HIIMKA miaXiza
JIEMOHCTPYEThCA B cTaTTl [59], me mns peanizallii MeTo/la TPAaHUYHUX EJIEMEHTIB Y
TPUBUMIPHUX 3a7a4ax TEPMOMPYKHOCTI MEPETBOPEHHS MOB’SI3aHOTO 3 TEMIIEPATYPHUM

MOJIEM MOTPIHHOrO 1HTErpasga y MoBepXHEBUH B IPAHMYHOMY 1HTErpajIbHOMY PIBHSHHI
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3MIACHIOETRCS 3a AonomMororo ¢yHkii ['pina. [le 3HauHO criporye o0UnCIeHHs s TiT
ckiaaHoi reomeTpii. Y [60] po3pobiieHo METOT TPaHUYHUX €JIEMEHTIB JIJIsT JOCIIHKCHHS
CTaIllOHAPHUX TEIJIOBUX 1 TEPMOMEXAHIYHUX IOJIB y TijdaxX 3 TPIIIMHAMU 1 TOHKHUMH
NPY>KHAMH BKITIOYeHHSIMU. OCTaHHI MOJCIIOIOTHECS Ha OCHOBI IMPHUHIIUITY CTPSHKEHOCTI
KOHTHHYYMIB Pi3HOI po3MipHOCTI. JIJIsi BUpIIIEHHS MOCTaBJIEHO1 3a7a4l BUKOPUCTAHO
METOJ TOJABIMHUX TPAaHUYHUX €JIIEMEHTIB pa3oM 13 OTPUMAHUMH MOJEISIMU
TEIUIOMPOBITHOCTI Ta TETLIOBOTO PO3IIUPEHHS TOHKOTO BKIIOUCHHS.

Y crarti [61] omucaHO METOJ AaHATITUYHOTO PO3B'S3aHHS 3aJad IUIOCKOI
NPY>KHOCTI Ta TEPMONPYNKHOCTI ISl TUIOHIMH 1 HAMBIUVIOWIMH 3 HEOJHOPIAHUMH
BJIACTUBOCTSIMUA MaTepialy B OJIHOMY 3 IUTaHApHUX HanpsMKiB. OCHOBHI PiBHSHHS
3BOJSITBCS JO IHTErPajbHOTO PIBHSHHS, AK€ PO3B'SI3y€ThCS 3a JOMOMOTOI IPOCTOI
1TepaliiftHOl TeXHIKH 31 MBUIAKOI 301kHICTIO. Llei miaxin 3a0e3nedye BUCOKY TOYHICTh
JUTsE 337124 3 0araTomapoBUMU CTPYKTYpaMu.

VY [62] mocnimpKeHO MOBEAIHKY IMOPOXHUCTUX IWIHIAPIB 3 (YHKIIOHAIBHO-
rpagieHTHUMU Matepiaiamu (FGM), siki miagarThCsd MEXaHIYHOMY Ta TEPMIYHOMY
HaBaHTa&KEeHHIO. OTpUMaHO AHANITUYHUN PO3B'S30K IS PO3MOJUTY NEPEMIIIeHb Ta
HampykeHb 3a JIOMIOMOTOK  METOIB  IHTETpajJbHOro Ta JU(epeHIliaIbHOTO
MEPETBOPEHHS, OTPUMAHUX 3 PIBHSHb MEXaHIYHOI piBHOBaru Ta TerioT. [1o0ymoBaHo
YHUCEJIbHI MOJIETIl 3 BUKOPHUCTaHHSIM MeToay ckiHdeHHuXx enemeHtiB 3 USDFLD Ta
METOAY CKIHYEHHUX pI3HUIb [JIsI TEpPEeBIPKA TOYHOCTI AHAIITUYHOTO PIIICHHS.
AmnaniTnyHa GOpMYITIOBaHHS Ta MPOTHO3HM YMCEIHLHOTO MOJICTIOBAaHHS MAalOTh BUCOKHUUN
PIBEHb Y3TO/I’KEHOCTI.

VY crarTi [63] BUKOpUCTAHO TEOPIt0 aHAMITUYHUX (PyHKI1H Ta popmanizm LlTpoxa
JUIst TOOYIOBH 1HTETpaIbHUX 3aJeKHOCTEH Ta piBHSIHL TUy CominbsHu. LI piBHIHHS
3aCTOCOBYIOThCA JJIs 3a7a4 TEPMOMPY>KHOCTI y HAMiBIUIOIIMHI, 1110 MICTUTh OTBOPH,
TPIIIMHYN Ta CTOPOHHI BKIOYeHHS. OcHOBHA niepeBara ¢hopmanizmy lltpoxa monsrae y
MOXJIMBOCTI BpaxyBaHHS BC1X MOMKIJIMBUX KOMOIHAIIM MEXaHIYHHUX 1 TETUIOBUX KpaOBUX
YMOB Ha MeEXI1 HaIiBIOPOCTOPY. IHTErpangbHi 3aJ€KHOCTI J03BOJSIOTH €()EKTUBHO
OMMKMCYBATH B3aEMO/III0 TPIIIUH 1 BKIIFOYEHB Y MaTepialii, 0 pOOUTH 1EH MiaXi1 3pyIHUM

TS aHami3y aedekTiB. MoaudikoBaHUi METO ] FPaHUYHUX €JIEMEHTIB, TPEACTABICHUN Y
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CTaTTi, JEMOHCTPYE BHUCOKY TOYHICTh PO3PAXyHKIB HaBITh IS 3aJad 13 CHJIBHO
HEOTHOPITHUMH BKJIIOYEHHSIMH. 30KpeMa, BiH J03BOJIsi€ OOYHMCIIOBATH TEMIEPATypHI
OJIs Ta HAIIPY’KEHHS B 30HAX JIOKAJII30BaHUX JAE(EKTIB 13 MIHIMAJIbHOIO MOXHUOKOIO.

Y poborti [64], K anbTepHATHBA METOIY CKIHYCHHHUX €JIEMEHTIB, JJIs1 PO3B'SI3aHHS
IPOCTOPOBHUX 3aJad TEOpii MPYKHOCTI Ta TEPMOMPYKHOCTI MPOMOHYETHCS METO/]
CKIHYCHHUX KOMIPOK, SIKUM TIO€HYy€ B coOl1 iet0 (PiKTMBHOI 00JIacTi 3 MepeBaramu
METOJIy CKIHYEHHHUX €JIEMEHTIB BUCOKOTO MOpsAKy. Llei miaxiz mo3BOJIsIE€ MiBULIUTH
TOYHICTb PO3PaXyHKIB I HEOJHOPITHUX MaTepiajiB 1 CKIAIHUX T€OMETPIi.

VY crarti [65] 3anpomnOHOBAHO METOJI TPAJIEHTHOTO 3IJIaJ)KyBaHHS Ha OCHOBI
LHEHTPY Kparo 3 BUKOPUCTAHHSIM €JIEMEHTIB HU3bKOTO MOPSAAKY Ui MOB'SI3aHUX 3a]ay
TepMonpykHOcTi. OCHOBHUM pe3yibTaTOM € MoOyA0Ba JIHIHHOTO T'PaJIIEHTHOTO IO
BCEPEIMHI €JIEMEHTA 3 Y3rOKEHUM TPaJI€EHTOM B IIEHTPl CTUKY €JIEMEHTa, BKII0Yal0un
KpalloBH LIEHTP TPUKYTHOT'O €JIEMEHTA Ta LIEHTP IPaHi TETPACAPUYHOTO €JIEMEHTA.

ABTOpH cTaTTi [66] 3aCTOCOBYBAIIN PILLIEHHS AJI CTAJIOT0 PO3MOALTY TEMIIEPATypH
B IpPSAMOKYTHIM 00nacTi Ta TpaHUYHUM I1HTErpajJbHUM METON Il OTPUMAaHHS
HAOJIMKEHOT 0 PO3B'A3KY /7S IUIOCKOI 3a/1a4l HE3B'sI3HOT TEPMONPY>KHOCTI 3 MEXaHIYHUMHU
IPaHUYHUMU yMOBaMHU PpIi3HOTO TUNY. ABTOpU Te3 [67] BUKOPUCTOBYIOTH METO]
BIJIOKpEMJICHHSI 3MIHHMX JJI aHAJITUYHOTO PO3B'A3aHHS 3ajadvi Jijisi 0araTomapoBOro
NPSMOKYTHOTO  Tapajenerninena 1 BHUKOPUCTOBYIOTh TapMOHIYHI — (YHKIIT IS
MPECTABIICHHS 3arajlbHOrO Po3B'si3Ky. PO3B'SI30K 3adadi 3BOAUTHLCSA 10 PO3B'SI3aHHS
CUCTEMHU JIIHINHUX aNreOpaiyHuX piBHSIHB 3 OJIOYHO-/[1arOHAIbBHUMH MATPHUIISIMH.

VY crarri [68] po3risigaeTbecsi CTBOPEHHS SIBHUX PO3B'SI3KIB KBAa31CTaTUYHUX
kpaiioBux 3a1a4 (KK3) 3B's13aH01 TeOpli TEPMONPYHKHOCTI 17151 TOPUCTOI NIPYKHOT chepu
Ta MPOCTOPY 31 CHEPUUHOI0 MOPOKHUHOW. JlOCTHiIKEHHSI BUKOPUCTOBYE PETYIISIPHUN
PO3B'SI30K CUCTEMHU PIBHAHD JIJISl 130TPOIHOTO MOPUCTOIO MaTepiaty, o MO0y J0BaHUH 3
BUKOPUCTAHHSAM  €JeMEHTapHuX (QyHKIIH  (TapMOHIYHUX, OIrapMOHIYHMX  Ta
MeTarapMoHIYHUX). Y [69] BUKOpUCTAHO eleMeHTapH1 (yHKIIIT AJIsl pO3B'sI3aHHS 3a7a4
TEPMOMNPYKHOCTI i1 CHEepUUYHMX MaTepiaiB 13 TNOpOXKHUHAMHU. [ apMOHIYHI,
OirapMOHIYHI Ta MeETarapMoHIYHI (YHKIi TO3BOJSIOTH MOJETIOBATH PO3MOJILIT

HaIpy>KeHb 1 TEMIIEpaTyp y TPUBUMIPHUX CEPEIOBUIIAX.
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VY crarti [70] posrisimaetbes niepiia GpyHaaMeHTaabHa 3a1a9a TEPMOSTACTUIHOCTI
JUISL CTUCHEHOTO cpepoina 3 KOHIEHTPUUHOIO CHEPUYHOIO TTOPOKHUHOIO 32 JTOIOMOT OO
y3arainbHeHoro Merony ®dyp'e. Lleit Meroa € epekTUBHUM IS 3a7a4 13 CHMETPUUHUMU
TeOMETPIsIMH, JIe TeMIepaTypHi Ta MEXaHI4HI BIUIMBH MOXXYTh OyTH TpPEICTaBJICHI y
Burisil psaiB dyp'e. 3amada Oyna 3BelleHAa A0 HECKIHYEHHOI CHUCTEMH JIHIMHHUX
anreOpaiuHux piBHAHb 3 ornepatopoM @DpenrosbMa, SKIIO TPaHUYHI TOBEPXHI HE
nepetuHaioTbes. Onepatop Openronasma 3ade3neuye cTablIbHICTh PO3B'A3KIB, 0COOIHBO
I 3ada4 13 TapMOHIYHMMH 30ypeHHsAMH. JIis BUpIIICHHS 1i€]  CHUCTeMH
BUKOPHUCTOBYBAJIUCA SK YHUCEIbHI, TaK 1 aHAIITHUYHI METOAM, IO J03BOJISIE JTOCATTH
BHUCOKOI TOYHOCTI. Pe3yIbTaTH YUCENbHUX Ta aHANITUYHUX MOJIENEH MoKa3aal BUCOKY
y3TOJIPKEHICTh 1 JIEMOHCTPYIOTh MEPCIEKTUBHICTh y3arajllbHEHOro meroay Dyp'e s
3amad TepMonpyxkHOCTi. Ciif 3a3HAUYUTH, IO METOJ € €PEKTHUBHUM sl OaraThoX
reoMeTpii 1 BiAMOBIHI poOoTH [71 -76] mpucBsUYeH1 po3B’ 3Ky pi3HUX 3a1ady Y MO,

Y crarmi [77] BuxkopucroBaHo teopito Hynmiato-Koyina nns matepianmis 3
MOPOKHEYAMH 3 METOI0 PO3POOKM TEOpii TEPMONPYKHUX TBEPAUX TIA 3 MOABIHHOIO
NOpUCTICTIO. BiAMIHHICTH HOBOI TEOPIi MOJISATAE y TOMY, 1110 BOHA HE 0a3y€eThCs Ha 3aKOH1
Hapci. HocnimkeHo npedopmarliito OPY>KHOTO TPOCTOPY 3 OJHIEK C(HEpUUHOIO
HOPOKHUHOIO.

Momnorpadis [78] onucye Teopiro BU3HAYEHHS MOJIIB TEMIIEPaTypH, HANPYKEHb 1
nepeMiiieHb i AeOpMIBHUX TBEPAMX TI 13 TOHKUMH BKJIFOUCHHSIMU. OCHOBY III€i
TeOpii CTAaHOBJIATh METOJH, 3aCHOBaHI Ha amapari (PyHKIIH KOMILJIEKCHOI 3MIHHOI Ta
IHTErpajJbHUX MEPEeTBOPEHb. BOHM 3a0e3MeuyroTh BUCOKY TOYHICTh IS 3adad 13
aHI30TPOMTHUMH MaTepiajlaMH, 10 MarTh HEOJHOPIIHI TepMO(I3UYHI BJIACTUBOCTL. Y
MoHorpadii TAKOXK MPEICTABICHO KOHKPETHI IBOBUMIPHI IPUKJIAIH JIs1 PI3HUX THITIB TiJT
13 BKJIIOUeHHsIMU. OcO0JIMBY yBary MpUAUICHO BIUIMBY TEMIEPATYPHUX TPAIIEHTIB Ha
HIAC wmarepianiB. Metoau iHTETpajdbHUX TMEPETBOPEHBL JO3BOJISIIOTH BpPAaXxOBYBATH
CKJIaJH1 TPaHWYHI YMOBU Ta B3a€MOJIi Mk BKJIIOUEHHAMH PI3HOI (opmu il po3Mmipy.
MeTon CHUHTYISPHUX I1HTETpadbHUX PIBHSAHb BHUKOPHUCTOBYETHCS JUISI BH3HAUCHHS
TEMIIEPATypHOTO Ta HAMNpyXeHO-Ie()OpMOBAHOTO CTaHy TIA 13 TpIIUHAMHA U

BKJIIFOUCHHsIMU.
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Meton ckiHuyeHHHX eneMmeHTiB [79-81] mepenbauae mogaHHS KOHCTPYKIUT Y
BUTJISIII CYKYITHOCTI IPOCTUX Ti00aCTeH, K1 HA3MBAIOTHCS CKIHUCHHUMH €JIEMEHTaMH,
HaIPUKJIAJ, TETpaeApiB YU MIECTUTPAHHUKIB Y TPUBUMIPHOMY MPOCTOPL. Y KOKHOMY
€JIEMEHTI BHUKOHYIOTh AlMpPOKCHUMAILII0 IIyKaHWX (YHKIH TepeMilieHb MOJIHOMaMH,
TICJIS YOTO CUCTEMA PIBHSHB JIJI BCIET KOHCTPYKIIIi 3BOAUTHCS JI0 alreOpaiyHuX PIBHSIHD
JUIsL BY3JIOBUX 3HA4yeHb IMepeMilieHb. Y cTaTTi [82] po3risIaeThcs METOIUKa,
OpI€EHTOBaHAa Ha BUKOPHCTAHHS METOJy CKIHYCHHHUX €JIEMEHTIB Uil pO3B’SI3aHHS
IrCOMETPUYHO HEMHINHUX 3a/1ad MEXaHIKA TBEPAOTro AehOpMIBHOIO Tijla, sika 0a3yeThCs
Ha MPUHIUIN BIPTyaIbHUX TMEepeMillieHb. Y pooOoTi [83] mpeacTtaBieHO METOIUKY
pO3paxyHKy HaIpy>KEHOT'0 CTaHy CKJIQJeHUX OOOJIOHKOBHX KOHCTPYKIIIA Ha OCHOBI
PIBHSIHb TPUBHUMIPHOI TeOpii MPYKHOCTI 13 3aCTOCYBaHHAM METOAY CKIHYEHHHX
ejeMeHTiB. B pamkax oOJiHiI€I pO3paxyHKOBOi CXEMH BUKOPUCTAaHO SIK TPUBHMIpHI
CKIHUEHHI €JIEMEHTH, TaK 1 MOJu(IKOBaHI €JIEMEHTH, 110 BPAXOBYIOTh MPHUITYIICHHS
Teopii obonoHok. Ha mpuknaai anamizy cpepudHoro pesepByapa BHCOKOTO THUCKY 3
pajiaibHUM LWJIIHIPUYHUM MAaTpyOKoM OyJi0 TPOJEMOHCTPOBAHO €(PEKTHUBHICThH
po3pobisieHoro miaxomy. Y poOoTi [84] po3rismaeTrbcs  OCECHMMETPHYHA KOHTaKTHA
3a/1aya JyUIsl TPUILAPOBOTO MPYKHOTO LMIIIHJAPA 3 CKIHYEHHUMH PO3MIpamu, sIKUM Mae
JKOPCTKUI HEPIBHOMIPDHO HArpiTUH CEepJACYHUK Ta TMIJJIAETHCS  30BHINIHHOMY
KOHBEKTUBHOMY TEIIIO00MiHY. Ha MOKIIMBHX KOHTAKTHUX MOBEPXHSIX MK IMIIHAPOM,
CEepICYHUKOM 1 OKpPeMHMH IIapaMH BCTAaHOBIIOIOTHCS YMOBH  1/1€aJIbHOTO
OJIHOCTOPOHHBOTO MEXaHIYHOT'O KOHTAKTY Ta HEelJIeaIbHOTO TEIUIOBOTO KOHTAKTY. 3a1a4a
chopMysibOBaHa y BapialliifHiil MOCTaHOBI, a JJIS i1 PO3B’SI3aHHS 3aMPONOHOBAHO
ITEepaLliiiHuil METOJ, y AKOMY Ha KOKHOMY KpOILll BUPILIYIOTbCS OKpEMI 3ajadi Teopii
MPY>KHOCTI Ta TETUIOMPOBITHOCTI 3 BUKOPUCTAHHSIM METOIY CKIHYCHHUX CJIEMEHTIB JJIs
JIMCKPETH3allii.

JlocmimKkeHHsT TEPMOIIPYKHOT TTOBEIHKA HEOJHOPITHUX ITIHAPUIHUX Ti [85] €
aKTyaJIbHOIO MPOOJIEMOI0  Cy4acHOi MEXaHIKM, OCKUIBKM Il Tija IMIHPOKO
BUKOPUCTOBYIOTBCS B PI3HHX cepax JIOJACHKOI AISUIbHOCTI, @ TAKOX 3 OIIALY Ha
CTPIMKHUA PO3BUTOK TEXHOJIOTI BHUTOTOBJICHHS KOMIIO3UTHUX MaTepialliB, 30KpeMa

(GYHKLIOHATBHO-TPAAIEHTHUX 3  Hamepex  3aJaHuMHU  OpoPuIsIMH  pO3MOALTY
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TEIIO(QI3UYHUX T4 MEXaHIYHUX XapaKTepUCTUK. Y [86] AOMOBiAl OMUCAHO METOIUKY
OTPUMAaHHS aHAJTITUYHUX PO3B'SI3KIB 3a7ad TEPMOMNPYKHOCTI JJS TMOPONKHUCTOTO
IUJIHApa 3a Jii OCEeCHMMETPUYHOrO0 TeIJIOBOro HaBaHTaxkeHHsA. Koedimientu
TEIUIOMPOBITHOCTI Ta JIIHIMHOTO TEIJIOBOTO PO3IIMPEHHS B3ATO JOBUIBHUMH (DYHKIISIMU
paaialibHOI KOOpJWHATH, a I1HII BJIACTUBOCTI MaTepialy BBaXKAIOTHCS CTaJIUMMHU.
3acTocyBaBIIM  METOJ  O€3MOCepeHhOr0  IHTETPYBAaHHS, BIANOBIAHY  3aJaudy
TETJIOMPOBITHOCTI 3BEIM JO I1HTErPAJbHOTO PIBHSIHHSA JPYroro poay, ske OyIio
aHATITUYHO PO3B'SI3aHO 3 BUKOPUCTAHHSM METOJY PE30JbBEHTU. Y poboTi [87] mpu
pO3B’sI3yBaHHI CTAllIOHAPHOI TEPMONPYXHOI 3adadi JUIsl 130TPONHOrO LIMJIIHIpa
CKIHUEHHO1 JIOBXXUHU TeMIIepaTypHe ToJie 0yJi0 po30UTO Ha /Bl CKIAJOBl: CHMETPUUYHY
Ta aHTUCUMETPUYHY BIAHOCHO OCHOBOi KOOpJAMHATH LMJIHApA. Y KOXXHOMY BUIAAKY
TEMIIepaTypHE MOJIE 3HAXOAATh y BUIIAAl psaay Dyp'e mo ocboBiil KoopauHaTi. 3a
pajiaibHOI0 KOOPJAMHATOI PO3YMHM po3kiajgaroTbes B psau beccens — ini. Ilicns
3a/I0BOJICHHSI TPAHUYHUX YMOB BUXOJUTh HECKIHUEHHA CHCTEMA JIIHIMHUX alreOpaidHux
PIBHSIHb, SIKA PO3B’SI3YEThCA METOAOM YIOCKOHAJIEHOI peaykmii. Y crarti [88]
noOyJI0OBaHO AaHANITUYHUNA PO3B’SI30K TPUBUMIPHOI 3a7adi TEPMOIPY>KHOCTI ISt
TPaHCBEPCANIbHO-130TPOMHOTO MPOCTOPY 3 BHYTPIIIHIMU CTAlllOHAPHUMU JDKEpeIaMu
TeIuia. 3a JOMOMOTOK METOAY MPSMOrO IHTErpyBaHHs 3aJady 3BEACHO JI0 CUCTEMH
KJIIOYOBUX PIBHSHb JJIi KOMIIOHEHT TEH30pa Halpy>KeHb, SKa pPO3B’SI3ye€TbCS 3a
JIOTIOMOTOI0 MOJIBIHHOTO IHTETPaILHOTO MepeTBOpeHHs Dyp’e.

Y upoMy JochipkeHH1 Oyina JOCHDKeHa OJHOBHMMIpHA BiCECMMETpPUYHA
KBa3ziCTaTU4YHA 3B’si3aHa TEpPMOMpYKHA 3anada [89]. 3aranbHl pO3B’SI3KU 11 KEPIBHUX
PIBHSHB OYJIM OTPUMaHI B 00JIaCTI NEPETBOPEHHS, & TAKOK HABECHO PO3B’A3KHU B A1MCHIN
o0acTi s BUIMAJKIB HECKIHYEHHO JOBTOTO CYLIUJIBHOTO HMIIHIpa Ta HECKIHYEHHOTO
CepeNoBUIIA 3 MIWIHAPUYHUM OTBOPOM. [[71s1 BUpileHHs 1i€l 3a7a4i BUKOPUCTOBYBAJIU
nepeTBopenHs Jlamaca, a iHBepcCis 10 M1CHOI 001acTi Oyia TOCSATHYTa 3a IOMOMOTOI0
TeopemH 3anuiikiB Ko ta reopemu 3roptku. OTpumMani pe3ysibTaty 0yJiv MOPiBHSAHI 3
omyOJIIKOBAaHUMHM Pe3yJIbTaTaMH, e OyJii 3po0JieH] OAIOH] NMPUITYIIIEHHS Ta HaKIaJAeH1

OJIHAKOB1 TPAaHUYHI YMOBH, 1 TOKA3aJI1 IOBHY 3rOJTY.
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VY crarti [90] po3risgaeTbes 3amaya Mpo BU3HAYCHHS] TEMIEPATypHOTO TOJS B
MOPO’KHIN CKIHUEHHIH BiICECUMETPHUUHIN TpyOIll 3 MaTepiajaoM, SIKU 3aJIEKUTh BiJ IBOX
KOOpJIMHAT, 3 METOI0 JIOCSATHEHHS BiJICYTHOCTI TE€PMOHANpPYKeHb. ABTOPH OTpUMAIU
TOYHUN aHATITUYHUNA PO3B'I30K 3a/1adi, B SIKOMY BHKOPHCTOBYIOTHCS (YHKIIIT
HOpMaJIbHOTO po3mnoairy ['aycca ayis IBOKOMIOHEHTHUX (DYHKI[IOHAJIBHO-TPAAIEHTHUX
MatepiaiiB 3 TemIo(pI3UIHUMHI TTapaMeTpaMu, L0 OMUCYIOThCS 32 MOJEIUII0 MPOCTOI
cymiiri. Po3paxyHKu mokasaiu, 0 MOKJIMBO JOCATHYTH BiJICYTHOCTI TEPMOHAIPY>KEHb
y TpyOlli, BUTOTOBJICHIA 3 pealbHUX MarepiajiB, HpH MEpenajl TeMmrepaTyp Mix
MOBEPXHAMM TPYOKH Ha JEKIJIbKAa COTEHb TPAIYCIB.

Po3pobnena metoauka [91], 1o 103B0JII€ BU3HAYUTH CTATUYHUM TEPMOIPY>KHUN
CTaH IIapyBaToro UWIIHApPAa 3 (YHKIIOHATBHO-TPAIIEHTHUMUA TEPMOUYYTIUBUMHU
CKJIQJIOBUMH 3  ypaxyBaHHSIM KOHBEKTHBHO-IIPOMEHEBOTO  TEIUIOOOMiHYy, IO
B1JIOYBAETHCS Uepe3 3aJIeKHI BiJ] TEMIIEpATypu T'YCTUHOCTI NMOBEPXHEBUX Ta 00 €MHUX
JpKepen Tera. J{ns 3HaxXoKeHHs TeMIepaTypHHUX MOJIiB BUKOPUCTOBYIOTHCS PO3B'SI3KH
JOTIOMIKHUX 3a/lad  TEIJIOMPOBIJHOCTI, IWIO 3BOJATHCS JIO PO3B'SI3aHHS  OJIHOTO
HEJTIHIHHOTO anreOpaidyHoro piBHSAHHA. Y pOOOTI HABENCHO pPE3YIbTaTH YHCIOBUX
JIOCHKeHb. Byno oTpumaHo po3B'si3ok [92]  TepMONpPY>KHOCTI [Jii CKIHUEHHOTO
IUJIIHpA 3 JHKEPEJIOM TeIla Ta KOHBEKTUBHUM TEIIIOOOMIHOM 3a JIONMOMOTOK0 (DYHKITIH
['pina, y3aranpHeHUX (DYHKIH Ta 1HTErpalbHUX NEpeTBopeHb ['aHkens. B dncenbHux
JTOCTIDKCHHSAXPO3MIISIHYTO ~ BUMAJOK  TpUIIapoBoro uwiiHapa. Y [93] Oyna
3aMpoNOHOBaHa MoOJU(DIKaIlis aJIropuTMy MOOYTOBM aHANITUYHUX PO3B’SI3KIB TEOPii
NPY>KHOCTI Ta TEPMOIPYKHOCTI I UWIHAPIB 3  pagiadbHO-HEOJHOPITHUMU
KoakcianbHUMHM InapamMu. HoBuii minxiy Oa3yeTbcsi HAa BHUKOPUCTAaHHI KIACHYHUX
MOX1JTHUX 32 PaJllabHOI0 KOOPINHATOIO, 1110 JT03BOJISIE€ CIIPOCTUTH TTOOYIOBY TTOBTOPHUX
IHTErpajJbHUX SIIEp PE30JIbBEHTHOTO PO3B’S3KY.

HaBenemo po6oTH, B SKMX JOCITIDKYIOTHCS CTalllOHApHI TEPMOMPYXHI 3a7adi 3
TeIIOBUIUICHHSIM. B [94] po3risiHyTo MeTOJ pO3B’SI3aHHS OCECUMETPUYHUX 3aaad
CTaI[lOHAPHO1 TETJIONPOBITHOCTI Ta TEPMOIPY>KHOCTI JIJIS T171a 3 TOHKUM T€PMOAKTUBHUM
BKJIIOUeHHsIM. Jlokasi3oBaHi TOHKI TUIOIIMHHI HEOTHOPITHOCTI MOJESTIOITHCS 3aBICOIO

JOKEpeNn Teria, sKi pO3TallloBaHI B IUIONMIMHI HEOOMEXEHOTO Tila 1 3aJ1aloThCA
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nepeTBOpeHHAM ['aHkens pagiaibHOT 3MIHHOT A€SKOi MapaMeTPpUYHOI TBIPHOI (PyHKIIII.
3a paxyHOK Takoi TpaHchopmallii TakoX BUPAKCHUN HANPyKEHO-AePOPMOBAHHIA CTaH
BCbOro Tijla. PoO3B’A30K 3amayl OTPUMAHO MICHS TMEPETBOPEHHS CHUHTYJISPHOTO
IHTErpaJILHOTO PIBHIHHSA 3 /IpoM beccerns 3a 1ormoMororo po3pruBHEX iHTETpaiiB Bebepa
— [TadreiiTaina B psg 3a1aHoi PYHKIIIT 32 OPTOrOHAIBHOO CHCTEMOIO TIOJIIHOMIB SIKO001.

3actocyBaHHA JOrapu(MIYHOTO TOTEHIAly MPOCTOro IIapy, TEPMOIPY>KHOTO
NOTEHIIay nepemimienb, Gpyukuii Hanpyxkenb Epi Ta ¢ynkuii byccinecka no3Bonuino
BUPIIIUTH CTaIllOHApHI JBOBHMIPHI 3aJadi TEPMOIIPOBIIHOCTI Ta TEPMOIPYKHOCTI Y
IJIOCKIN nedopmariii mBOE3MEXKHUX TUI 32 YMOBHU TEIUIOBUAUICHHS y HapaleiabHId 10
MEXI1 CTPIYKOBIM 00JacTi, e TemmepaTypa abo TeruioBHM MOTIK 3amaHi. Lled miaxin
ormucanuii B po6oti [95]. [lobynoBa dynkuiii byciHecka 3BOAUTHCA 10 BUPIIICHHS
KpaloBUX 3a7a4 JJIsl TapMOHIMHUX PYHKUIM y mBOpocTOpi. OTpUMaHO CHiBBIIHOIIEHHS
JUTSL TIEPEMIIIIEHD 1 HAPYXKEHb, SIK1 € BIANOBIAHUMU (yHKIIsIMU ['piHa 1 MOXKYTh OyTH
BUKOPUCTaHI JUII BU3HAYEHHA TEPMOIIPYKHOIO CTaHy MIBIPOCTOPY BHACIIAOK
TEIUIOBUJIUIEHHST B obOsacti cmyru. Crarrs [96] npucBsueHa BHU3HAYEHHIO
TEMIEPATypPHOTO TMOJIA 1 HAINpPYXEHOro CTaHy HECKIHUEHHOro TuUla 3 OIHHUM
TEIJIOBIABIAHUM C(HEPUYHUM BKIIOYEHHSM 3a PI3HUX TEIIO(PIZUYHUX 1 MEXaHIYHUX
napameTpiB, a TaKOX 13 CHCTEMOI0 CQEpUYHUX TEPMIUHI BKIIOUEHHA. TepMidHi
BKJIFOUECHHS - 1€ BKJIIOYEHHS, MaTepialid SKMX MAOTh TakKl X MPY>KHI BIACTUBOCTI, SIK 1
Martepian Matpuili. [Ipu oMy BIAPI3HAIOTHCS JUIIE KOSPIIEHTH TETUIOMPOBITHOCTI 1
JHIAHOTO TEIIOBOTO po3mupeHHs. [10TyXHICTh JpKepen Tako mocTiiHa. [ ogqHoro
BKJIFOUEHHSI TOUHHMI PO3B’A30K 3a7adl BUXOJUTH uepe3 (yHIaMEHTAIbHUN PO3B’S30K
piBusiHHs Jlamaca. J{iis cucteMu BKITIOUEHB PO3B’SI30K (DAKTHUHO OTPUMYETHCS METOIOM
CYIEpHO3ULlii MOMEepPeIHbOT0 PO3B’A3KY 3 MOTEHLIadaMH, 3B’SI3aHUMHU 3 LEHTPaMU
BKItOUeHb. Y [97, 98] mnoOynmoBano ¢yHkiii bycciHecka cTaiioHapHUX 3ajad
TEPMOTIPYKHOCTI JUIsl MIBIOPOCTOPY 3 BUIBHOI, >KOPCTKO, IUIABHO YW THYYKO
3aKPIIUICHOI0 MEXEI0 TP HYJIbOBIM TeMiiepaTypl abo TEIIo130JIs1lii Ha HbOMY Ta €10
Ha HBOTO TEIJIOPO3CIIOI0YOTO TEIJIOBOTO C(HEpUUHOTrO BKIIIOUCHHS. J[J11 MoOy10BH MX
GyHKIIM BUKOPUCTAHO TEPMOIPYKHI MOTEHITIATN TMEPEMIIeHb y MPOCTOpl 3 JABOMA

C(l)epI/I‘IHI/IMI/I BKIIFOUCHHsIMMU. POSFJ’ISIHYTO 3ajjauy [Jiid  TCIIJIOBOIO  BKJIIOYCHHS.
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BuxopucTtoBy€eThCS PO3B'SI30K 3a1a4l 71T OAHOTO BKIIFOUEHHS (TTOTY>KHOCTI MOCTIAHUX
JDKepen) y TPYKHOMY MPOCTOpI Ta METOJ CHUMETPUYHOrO ab0 aHTHCHMETPUYHOTO
MIPOJIOBXKEHHS Yepe3 IPaHUIlIO MiBIPOCTOPY (METO 300pakeHb ).

B poGoti [99] 3a aii cTamioHapHOro JpKepena Termjaa MOOyIoBaHO (yHKIIT
Byccinecka 3amadi TepMOMIPYKHOCTI 3a IUIOCKOi AedopMaliii HarmBOOMEKEHOTO Tijia 3
BUIBHOIO, KOPCTKOIO, TJIaJK0 a00 THYUYKO 3aKPIIJICHOI0 MEXEI0, Ha SKIM MIATPUMYETHCS
HYJIbOBa TeMmIiiepaTypa abo temoizonsiis. [loOynoBy dyHkmii byccinecka 3BeneHo 110
pPO3B’sA3yBaHHs KpalOBUX 3ajJay JIJIsl TapMOHIYHUX (QYHKIIN y miBrpoctopi. OTpuMaHo
CITiBBiTHOILEHHS JIJIs TIEPEMILIIEHD | HATIPYKEHb, AKi € BIAMOBIAHUMH QyHKIisMHU [pina i
MOXXYTb OyTH BHKOPUCTaHI MPHU BU3HAYEHHI TEPMOIIPY>KHOTO CTaHy MIBIPOCTOPY 3a
TEIJIOBUAICHHS] Y CTPIYKOBIM oOisacti. byna po3pobieHa mMeToauka AJjis BU3HAUCHHS
TEPMOIPYKHOTO CTaHy y OaraToIIapoOBHUX TUIAX 3 YpaXyBaHHSM TEIJIOBUX (DAKTOpIB Ta
b13UKO-MEXaHIYHUX XapaKTePUCTUK MaTepiay 3a Jii Jpkepedn Tera. Jis po3B's3yBaHHs
3a/lay BUKOPHUCTOBYIOThCSl mneperBopeHHs Kipxroda, itepamiiinuii meron HsroToHa,
y3aranpHeHi Qydkuii ta ¢Qyskuii Ipima. Takox 3agi s 6ararociaoMHuX — Tin
npeacTtasiieHo y poooti [100]. Asrop [101] po3risaaB TepMivHi HANIPyKEHHS, 3yMOBJIEHI
pI3HHIICI0 KOE(DILIEHTIB TEMJIOBOIO PO3MIMPEHHS CHEPUYHOTO BKIOYEHHS Ta MaTPHIL.
[lepenbOauaeThcsi, 1O 1 BKIIOYEHHS, 1 MaTpUIll MaloTh KyOiuHy cumerpiro. Jis
BUPIIICHHS 3a7a4l BUKOPHUCTAHO METO]I €KBiBaJICHTHOro BKItoueHHS Emen6i. V [102]
aBTOPH, BUKOPHCTOBYIOUM 3arajibHi po3B’s3ku JIsBa, OynyloTh pO3B’S3KM KpaloOBUX
3a/lay IJis MPYXKHOTO Ta TEPMOMPYKHOTO MPOCTOPY 31 CHepUYHUM BKIFOUECHHAM a0o
TIOPOKHUHOIO.

B poGotax [103-105] mpencraBieHo 3agayi Jjsi 0araTo3Bsi3HUX Til. Y poOOTI
[Tinctpuraua f. C. ta Konsno 0. M. [103] mochimKyrOThCsl piBHSHHS y3arajJbHEHO1
TEPMOTIPY>KHOCTI JUTS TiJ1 3 TOHKHMH BKIFOYCHHSAMA. ABTOPH PO3TIIAIAI0OTh MaTeMaTHIHI
aCNeKTH MOJICTIOBAaHHS TEPMOIPYXKHOTO CTaHy MaTepialliB, IO MICTATh MIKpPO- Ta
MaKpOCKOTMIYH1 HEOJHOPITHOCTI. 3aMpONOHOBAHUH MiAX1/1 JO3BOJISIE€ BPaXOBYBATU BILIUB
TOHKHX BKJIIOYEHb Ha PO3IMOIi HANpPYXXEHb 1 TEMIEpaTypH, IO € BaXKIMBUM JIJIS
MPOTHO3YBAaHHS TOBEMIHKMA KOHCTPYKIIIMHUX MaTepiaiiB B yMOBaxX HEPIBHOMIPHOTO

TerioBoro HaBaHTaxkeHHs. Jlocmimxenns Mensenesoi H. 1O. [104] mpucsiueHe
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PO3B’sI3aHHIO 337a4 HETIHIMHOI CTATUCTUYHOI TEPMOIPYKHOCTI AJisi 0araTo3B'sI3KOBUX
oOnacteii. ABTOpPKa aHaji3ye OCOOJMBOCTI HAaMpy>KEeHO-I1e()OPMOBAHOTO CTaHy
MaTepialliB MpU il TEMIEPaTypHUX 1 MEXaHIYHUX HABaHTAKEHb, BHUKOPHUCTOBYIOUHU
METOAM HENHIHHOro aHamizy. B poOoTi po3risimaeTbcs BIUIMB CKJIQJAHOI TeoMeTpil
obmacted Ta B3aeMojii MK PI3HUMH BKJIIOYEHHSMH Ha PIBHOBWXHUH CTaH
tepMornpyxHux Tul. Po6ota I'y3s I'. B. [105] 30cepemkena Ha BUBUEHHI MPOCTOPOBHUX
3a/1a4 TePMOTPY>KHOCTI IJ1s 0araTo3B's3K0BHUX 00acTeil. BoHa MicTUTB aHAII3 KpallOBUX
YMOB Ta METO/IIB PO3B’SA3KY 3aJad TEPMOIPYKHOCTI Y BHIIaJIKaX CKJIAJHOI TeoMeTpii
KOHCTpYKIIK. [locmikeHHs: crpsiMOBaHE Ha pO3pOOKY METOMAIB OLIHKH HaIpy>KEHO-
ne(OpMOBAaHOTO CTaHy MaTepiajiB, IO JO3BOJIAE€ TOYHIIIE IPOrHO3YBaTH IXHIO
MOBE/IHKY B YMOBaX CKJIa[HOTO TEIJIOBOIO BILIUBY.

Teopiss ONTUMAILHOTO KEPYBaHHS ChOTOJIHI € KJIIOUOM JI0 PO3B'SI3aHHS Oe3miul
MPAKTUYHO BAXKIMBUX I1HXKEHEPHUX 3a/lad B YyCIX Taly3siX JIOJCHKOI [ISITBHOCTI.
[TepeniuuMo nuIe OKpeMmi 3 HUX, HE 30BCIM TPAAUIIIHI: MEHEIXKMEHT 1 ekoHoMika [106],
NpoeKTyBaHHS KOHCTpYKLiK [107], 6iosoris [108], crpaxyBanns [109], dinancu [110].
OxpeMo ciifi cKa3aTH Mpo MpoOJieMH KOHCTPYIOBAaHHS MEXaHIYHUX OO0 €KTIB, SKi
IUTAHYETHCSI eKCIUTyaTyBaTh B yMOBaX TeMIepaTypHuX moiiB. TyT Temmneparypa Moxe
BUCTYNATU $K KEpyBaHHA TMpW MiHIMI3AIIl HaMpy>KeHb B 30HaX 1X MOXKJIUBOI
KOHIIEHTpAIlii, 30KkpeMa Ha Mk(}a3HUX TPAHUIISLX Y CKIAACHUX TiJaX.

OCHOBHMM METOAOM Ui PO3B’A3KYy 3aJad, MO0 KEPYKTbCS 3BHUYANHUMU
nudepeHIiaTbHIMIA PIBHAHHIMH, € TpUHIUN Makcumymy I[lontpsrina [111, 112].
[Ipuban3HO B TOM ke Yac BaxJIMBUNU BHECOK B Teopito 3poduB P. bemnman [113, 114],
3aCTOCYBAaBIIIM CTBOPEHHMI HUM METOJ TUHAMIYHOTO MPOTPaMyBaHHS AJIsi PO3B'S3aHHS
JeSKUX 3a7a4 ONTUMaIBHUX TporieciB. CUCTEMU KEPyBaHHS, 00'€KTU SIKUX OMMHCYIOTHCS
3a  JIOMOMOTo Ju(epeHIialbHuX PIBHSIHL y YacTUHHUX noxigHux[115, 116],
HA3WBAIOTHCS CHUCTEeMaMH 3 posnofuieHumu mapamerpamu[117]. ¥V poGoTi[118]
pPO3MIISIIAIOTECS  3a7a4l ONTUMAJIBHOTO KEPYBaHHS ISl O0'€KTIB 3 PO3MNOJALICHUMHU
napamMeTpamM, SKi ONHCYIOTbCS HENIHIMHUMHU JAUQPEPEHIIHNHUMU PIBHSIHHAMU 3

YAaCTUHHUMU TOXITHUMHU MapabOIIYHOTO THUITY.
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VY po6oti Hikomaesa O. I'. [119] po3risiHyTo MeTOA BU3HAUYEHHSI ONTUMAJIbHOTO
KEepYBaHHsS HamNpy>XeHO-Ie(OpPMOBaHMM CTaHOM CKJIQJHOTO Tijla 3a JOMOMOTOIO
CTaI[lOHAPHOTO TEMIIEPATYPHOTO MOJIs, 171l PO3B’°SI3KYy OYyJI0 BAKOPUCTAHO y3araJbHEHHM
mMetoa Dyp’e(YM®D). ABTOp mpOIOHYE MiAXiI, IO JO3BOJISE 3A1CHIOBATH KOHTPOJIb HAJT
pO3MOJIIOM HalpyXeHb 1 jJedopMmaiiii y Marepiaal IUIIXOM — peryJIroBaHHS
TEMIIEpaTypPHOTO BILTUBY. 3alIpONIOHOBAHUI METOJ] 0a3y€ThCsl HA BUKOPUCTAHHI PIBHSIHB
TEPMOTIPYKHOCTI Ta ONTHUMI3alliiHUX aJITOPUTMIB, IO 3a0e3Meuye MOMIUBICTh
KepyBaHHA HaIpy>KeHO-Ie(QOPMOBAaHMM CTaHOM VY CKJIAJHUX 0araTo3B'A3KOBUX
obOnactsax. OcobnuBa yBara npujiijeHa 3aCTOCYBaHHIO OTPUMAaHHMX pPE3yJibTaTiB 0
IPOEKTYBaHHS KOHCTPYKIIHM JITaJbHUX anapariB, 1€ KOHTPOJIb 332 HAIPYKEHHIMH Mae
KpUTHYHE 3HAYCHHS JJIs1 3a0e3ledYeHHs JOBTOBIYHOCTI Ta HAAIMHOCTI €JIEMEHTIB
KOHCTpYKIii. JloCHiDKEHHSI € I[IHHUM BHECKOM Y PO3BHTOK METOJIB KEpyBaHHS
MEXaHIYHUMH XapaKTepUCTHUKAaMU MaTepialliB IIJIIXOM BIUIMBY Ha iX TEMIIEpATypHE MOJIe
Ta BIAKPUBAE MOKIMBOCTI I MOJAJBIIMX JOCIIKEHb Yy cdepl ONTUMaIbHOIO
NPOEKTYBaHHS CKJIQJHUX TEXHIYHUX CHUCTeM. [IpOMOBXKEHHS MOCHIIKEHHsS 3adadi
ONTUMAJILHO KepyBaHHs Y M® Oyio BukoHaHO y po6oTi [120].

Y poGortax [121-126] Oyno po3risgHyTO 3aJadl ONTUMAIbHOTO KEpyBaHHS
TEPMOHANPYKEHUM CTaHOM TBepAuX Ti. OCHOBHHUM METOJOM pO3B’S3KYy 3ajaad OyJjio
3BEJICHHS /10 OOEpHEHUX 3a/1a4 TEPMOIIPYKHOCTI. 3 BUKOPUCTAHHAM BHUIIE3a3HAYEHOTO
METOAY OTPUMAHO KEpPYyBaHHsS HAarpiBaHHSM KaHOHIYHUX TII 3 OOMEXKEHHSIMU Ha
KepyBaHHsA. Y poOoTi [127] Ha ocHOBI 00EpHEHOT 3a7a4i TEPMOMEXaHIKH PO3POOJICHO
MaTeMaTUyHy TIOCTAaHOBKY 3aJadl ONTHUMAJIbHOIO (32 IIBUAKICTIO) KEpyBaHHS
HarpiBaHHSM TEPMOYYTJIMBUX KAHOHIYHUX TiJA (HECKIHYEHHOrO IIapy, MOPOKHUCTOTO
nuiiHgapa abo cdepu) 3 0OMEKEHHSIMH Ha KOHTPOJIb 1 MaKCHMMajbHE TaHTCHIAIbHE
TEpMIYHE HANpPyKEHHS 3 ypaxXyBaHHAM IJIACTUYHOI Aedopmallii MmaTepiany; po3po0sieHo
QITOPUTM YHCENIbHOI MO0YyMoBU pO3B’si3Ky. Y poboti [128] po3pobiieHo MeTon
KBa3iCTATUYHOI OOEpHEHOI 3aJadyl TEpPMOIPYKHOCTI ISl  PO3B’SI3aHHS  3ajadi
ONTUMAJIBHOTO (32 IUBHUJKOJIE€I0) KEpPyBaHHS JIBOBUMIPHHM HEOCECUMETPUUYHUM
HECTAI[IOHAPHUM TEIUIOBUM PEXKHMOM Yy JOBTOMY TIOPOKHHCTOMY IIWJIIHAPI 3

OOMEXXEHHSIMM Ha TEPMOIPYKHI HaIpy>XKEHHA. 3a JOMOMOTOI I[OI0 METOJY 3ajady
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OyJ0 3BEJCHO 10 IHTErpaIbHOIrO PiBHSIHHA DPpearonbma Neporo poay Ta po3poOaeHo
METOJIMKY HOTO CTIHKOTO PETyJIIPU30BaHOTO PO3B's3KY. Y po6oTi [129] onrcano ocHOBHI
€TaId PO3BUTKY JOCHIKEHb, 3alI04YaTKOBaHUX ITpodecopoM Birakom, y rairysi Teopii Ta
METO/[IB ONTHUMAJIBHOTO KEpyBaHHS TEIUIOBUMHU IMPOLIECAMU Ta TEPMOHANPYKEHUM
cTaHOM J1e()OPMOBAHUX TBEPAMX TiJ, TeOpii OOCPHEHMX 3ajlay TEIUIONPOBIIHOCTI Ta
TEPMOMEXaHIKH, a TaKOXX MaTeMaTH4HI METOJM B MeEXaHilll TBEpAOro Tija, IO
nedopmyerbea. Y pob6oti [130] mig BUManKy mpyKHO-IUIACTUYHOTO JehOpMyBaHHS
Matepiany chopMyIbOBaHa MATEMATHYHA TTOCTAHOBKA 1 PO3POOJIEHO AJITOPUTM YHUCIOBOT
noOyJI0BH PO3B’SI3KYy JBOBUMIPHOI 3a/ladl ONTUMAJIbHOTO 3a IIBUJKOJIEI0 KEpyBaHHS
HarpiBaHHSAM JIOBIOI'0 TEPMOYYTIMBOTO MPSIMOKYTHOTO Mapajienieninea 3a 00MexXeHb Ha
KEepyBaHHA 1 MAKCUMAJIbHY BEJIMYMHY IHTEHCUBHOCTI IOTUYHUX TEPMOHAIPYKEHb.
Crarti [131-134] npucBsiueHi 3a1ayaM ONTUMAIBHOTO KEPyBaHHS TEPMONPYKHUM
CTaHOM IMUTIHJIPIB( MOPOKHUCTOTO, JOBTOTO, CKIAIOBOTO Ta iH.). YCi pO3B’SI3KH OYJ0
OTPUMAHO 3a JOMOMOIOI0 TPAJI€EHTHUX METO/IB, 3BOPOTHUX KpaloOBHX 3ajad.
[IoOynoBaHO B SIBHOMY BHIJISiAI BUPa3W TPATIEHTIB (DYHKIIOHATIB HEB’SI3KH IS
1meHTUdIKaIll mapaMeTpiB 3ajadl TepMONPYKHOCTL. Y poboTi [135] po3risiHyTo HOBI
3a/1a4l  ONTUMAJIBHOTO KEPYBaHHS PO3MOJUICHUMH CHCTEMaMH, SIKI OMHUCYHOTHCS
KpaloBUMH 3aJja4aMHU ISl SIIITHYHOTO PIBHSHHSA B 00’ €THAHH1 IBOX 0OMEKEHHUX CTPOTO
mnmuieBux obaacteil. O6macTi  MawTh CHUIBHY JIISTHKY MEXKI, Ha SIKif TTOCTaBJICHO
YMOBH CHPSDKEHHSI Y BUTJISII PIBHAHHS TEIUIONPOBIIHOCTI. KepyBaHHS BXOIUTH y MpPaBy
YacTUHY IU(EpPeHIIaAIbHOTO PIBHSHHA. ICHYBaHHS Ta €IUHICTh PO3B'SI3KY KpanoBOi
3a/1ayl OKa3aHo 3a 10noMororo Teopemu Jlakca — Minbsrpama. AHanorigyba reopema Jjist
ONTUMAJIBHOTO KEPYBaHHS, SIKE€ HAJEXKHUTh ONMYKJIA 3aMKHEHIM MHOXKEHI OCHAIIEHOIrO
r'iJIbOEpPTOBOTO  MPOCTOPY, JOBOAUTHCS 3a JOMOMOTOIO Y3arajJbHEHOro pPO3B'SI3KY
CHPSDKEHOr0 PIBHSHHS Ta KBAJPAaTUYHOTO (PYHKIIOHANA BapTOCTi. [[s BCiX omucaHux
BUIIAJIKIB JOBEJACHO TEOPEMH ICHYBaHHS Ta €IMHOCTI ONTUMAJILHUX KepyBaHb. Y pPoOOTI
[136] mochimKeHO MUTaHHA ONTUMAJIbHOTO KEpyBaHHS HECTalllOHAPHUM AUQY31HHUM
MPOIECOM B TOHKOMY HEOJHOPIAHOMY CKIHUEHHOMY CTPWXKHI MPH 3aJaHUX 3HAYCHHSIX
TEMIIepaTypyd Ta TMOTYKHOCTI TEIJIOBOTO TOTOKY Ha MOTO KIHIAX 3 KBaJPAaTUYHUM

¢dbyHkuioHaaoM BapTocTi. KepyBaHHS 311 CHIOETHCS MOTY>KHICTIO TEMJIOBOTO MOTOKY Ha
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OJHOMY 3 KIHIIB CTpwxHS. JIOBOAMTHCS Teopema, aHajoriyHa Teopemi JlioHca, mpo
ICHYBaHHS Ta €JMHICTb PO3B'SI3KY BapialliiiHOT HEPIBHOCTI, sIKa 3a7a€ HEOOX1IHY YMOBY
ekcTpemMymy (QyHkiionana. HaBeneHo cxemMy mnoOynoBH HaOIMKEHOTO PO3B'S3KY
BapialiifHOi HEPIBHOCTI TPAIIEHTHAM METOJIOM 3a IOTIOMOTOIO SIBHUX BHPA3iB TPaIi€HTIB
byHKIIOHATIB-HEB'sI30K. Y poboTi [137] posrisgaeTsess 3ajada  ONTUMAJIBLHOTO
KepyBaHHS PIBHSIHHSAM TEIUIOMPOBIIHOCTI B IMOPOKHBOMY IMMJIIHAPI, JI€ KEpPyBaHHS
BU3HAYAETHCS TEIUIOBUM MOTOKOM Ha BHYTPIIIHIM MOBEPXHI MHIIHApPA 1 (PYHKIIEO
TEIJI000MIHY Ha 30BHINIHIN HOro moBepXHi. 3aCTOCOBAHO METOJUKY 31 cTatrTi [136]. ¥V
YUCEIbHOMY PO3B'sI3KYy BUKOPHCTOBYETHCS METO/] CKIHUEHHUX €JIEMEHTIB. Y po0oTi [138]
BUBYAIOTHCS MPOOJIEMHU ONTHUMAIBbHOTO KEPYBaHHS TEPMOIIPYKHUM CTAHOM JOBIOTO
HOPOKHUCTOTO KPYroBOIrO LUJIIHApa. Po3risgaeTbes cTalioHapHa OAHOBUMIpHA 3aa4a
TEPMOIPY>KHOCTI BIIHOCHO PaJilaJIbHOTO 3MIIIEHHS, $IKE€ BHU3HAYAETHCS CTAIUM
HOPMAJIbHUM HaBaHT)XCHHSM Ha TMOBEPXHSX Tija 1 CTaI[lOHAPHUM pajialbHUM
TemrepatypHuM nosieM. KepyBaHHS 3M1HCHIOETBCSI TEIUIOBUM MOTOKOM, MPHUKIAICHUM
710 TIOBEPXH1 NOPOXKHUHM. {7151 KBa[paTUYHOrO (PYHKI[IOHAJIA AKOCTI IIOCTABIIEHO 3a7a4y
ONTUMAJbHOIO KEPYBAHHS, ICHYBaHHS Ta €IMHICTh PO3B'SI3KY SIKOI JTOBOJIUTHCS 3a
JIOTIOMOTOI0 y3arajibHEHOT0 PO3B's3KYy CHIpsKEeHO1 3a1a4ui. HabmuxeHuit po3B's30k 3a1a4i
KEepYBaHHSI 3HAXOJAUTHCS TPATIEHTHUM METOJIOM.

VY pob6oti [139] nns 3amaui onmTuMmizaiiii TEPMOIPYKHOCTI OTPUMaHI HEOOXIJIHI
ONTUMAJIbHI YMOBH 32 JOTIOMOI'OI0 Bapial[liHOrO YMCIEHHS, B MOAAJIBIIOMY PO3B’A3KU
OTPUMYIOTBHCS 32 JIOMTOMOTOI0 METO/Y CKIHUEHHHX €JIEMEHTIB 1 CIIOJIyYeHUX IPaJII€HTIB.

ABtopamu [140] posrismaeTbes 3amada IIOA0 BU3HAYEHHS ONTHUMAJIBHOIO
cnocoO0y HarpiBaHHs HECKIHUEHHO TOHKOi TUUIAaCTUHKH, SIKa Ma€ KOHTaKT 3
TEIUIONPOBITHUM CEPEIOBUINEM B3J0BX OJIHIET 31 CBOIX IOBEpXOHb. Kpurepiem
ONTUMAJIBHOCTI € yMOBA, IO MOJSArae B MiHIMI3alli (QYHKI[IOHAY €Heprii MpyxHOi
nedopmarrii.

VY po6oTi [141] po3riisiHyTO 33724y BU3HAUCHHS ONTUMAJILHOTO 32 HANPYKEHHIMU
peXUMYy HArpiBy KyCKOBO-OJIHOPIJHOII CKJISHOI HMJIIHAPUYHOI OOOJIOHKH 31 CTaJIOIO
TOBITUHOIO 32 YMOBH BIJICYTHOCTI 30BHIITHBOTO HaBaHTakeHHs. OO0JOHKA HATPiBAETHCSA

KOHBEKTHMBHO HETEPEPBHO PO3MNOAUICHUMHU 30BHILIHIMU JKepenamMu Tersia. BHyTpiiHs
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MOBEPXHS OOOJIOHKH € TeII0130JIb0BaHOI0. MeToro 3a7aul € 3HaXOMKEHHS PeKUMY
HarpiBy 30BHIIIHBOI MOBEPXHI 0OOJOHKM BiJ] MOYATKOBOI TEMIEPATypU O 3a/aHOi, B
(bikcoBaHMII MOMEHT Yacy IpH MEBHUX OOMEKEHHSIX Ha MapaMeTPy TEPMOHAIPYKEHOTO
CTaHy 1 IIBUAKICTh HarpiBy. KpuTepieM onTHMManmpHOCTI BHOpPaHO YMOBY MIHIMyMY
MEpPUAIOHAIBHUX 1 KPYTOBUX HOPMAJIbHUX HAMpPy>KEHb. 3alpolOHOBAHO METO/I,
3aCHOBAHMM Ha TIPUHIUIN TOKPOKOBIM HapaMeTpUUHIM omTHUMI3aIllli 3 BapilOBaHHSIM
3Ha4YeHb Kepyro4oi (QyHKIIT Ta yTOUHEHHSIM KpOKy auckperusaiii. [licisa ycepeaHeHHs
32 TOBUIMHOIO OOOJIOHKM 3a/iladya (PaKTUYHO CTAa€ OJHOBHUMIPHOIO 3a IMPOCTOPOBOIO
3MiHHOIO. Y crarTi [142] PO3IIIAHYTO 3aJady OINTUMAJIBbHOIO KEpyBaHH:A
OCECUMETPUYHUM TEPMOHAIIPYKEHUM CTAHOM CYLIBHOTO LHMJIIHAPUYHOIO TUIA IIJITXOM
3MIHM PO3MOAUTY 00’€MHMX Jukepen Tema. g po3B’s3yBaHHS 3ajadl 3aCTOCOBAHO
X170, SKui 0a3y€eThCsl Ha BapiallitHOMY METO/I1 OJTHOPIIHUX PO3B’A3KiB, pO3pOOICHOMY
paHile ajisi po3B’SI3yBaHHS OCECUMETPUYHMX 3aJad Teopii mpyxHocTi. BimmiTumo
TaKOX, 1[0 MpU OUIBII MIHPOKOMY TPAKTYBaHHI ONTUMAJIBHOCTI TEOPIs ONTUMAIBHOTO
KEpyBaHHS MEPETUHAETHCS 3 TEOPISIMH aBTOMATUYHOTO 1 aJJallTUBHOTO KepyBaHHs [ 143].

®izuxo-iHpopmoBaHi HeupoHHi Mepexi (PINN) BoctanHe cTanm JOCUTH
NOMYJIIPHUM METOJIOM I PO3B'A3aHHS SIK MPSIMUX, TaK 1 OOEpHEHMX 3a]ad, SKl
KOHTPOJIIOIOTHCSL PIBHSHHSAMHM B YAaCTUHHUX MOXiAHUX. OCHOBHA OCOOJIMBICTH IIHOTO
X0y TOJITa€ B TOMY, IO BiH BKIIIOYA€E 3AMIINOK PIBHSHb B YACTUHHHUX MOXITHUX Y
GyHKIIIO BTpaT CyporaTHOi Mojenmi, sika 0a3yeThbCsi Ha HEUPOHHIM Mepexi, s
HEBIJJOMOIO cTaHy cucTemu. lle 103Bojisie JIeTKO MO€AHYBaTH JlaHI BUMIPIOBaHb 3
b13uuHMMH 0OMekeHHsIMU. B naniil po0oTi [144] aBTOpM pO3MIMPIOIOTH LEH Miaxia Ha
3a7a4i ONTUMAJILHOTO KEPyBaHHSI.

Crarta [145] cnpsmoBaHa Ha KepyBaHHs Jedopmalii€ro Ta TeMIepaTyporo
TEPMOIPYKHOTO TiJIa 32 JOMOMOTrOI0 30BHIIIHBOI CHIIM, SIKa JII€ HAa OKPEMY YaCTUHY
I[LOTO Tija. Y IOMY BHITQJIKy B OCHOBHIM MOJIEl HEMAa€ 3HAUYCHb Y BUXIJHUX JIaHUX.
BiacyTHICT, JaHUX y PpO3TJSHYTIA MOJENI BHMAara€e 3acTOCYBaHHS KOHIICHIIIi
OE3IIKOIHOTO KepyBaHHs, sika Oyna BBeaeHa J. L. Lions jys BupimieHHs 3aaad

ONTUMAJIBHOTO KEpPyBaHHSA y PO3MOMAUICHUX CHCTeMax, Je JaHi BiAcyTHi. Cucrtema
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ONTUMAJBHOCTI, $Ka CKJIAQJA€ThCS 3 B3a€EMO3B'A3aHUX PIBHAHb Ta CYMDKHHX
B32€MO3B'SI3aHUX PIBHIHB, XapaKTePU3Y€ ONTUMAIIbHY TIapy (KepYyrOUHil CTaH).

OnHoto 3 MOHEPCHKUX POOIT, MPUCBIYEHUX MOLUIMPEHHIO TPUHIIUIY MAaKCUMYMY
[Tontpsrina Ha nudepeHITianbHi pIBHIHHSA B YaCTUHHUX MOX1AHUX, € cTaTTs [146]. B Hiil
pPO3TISAIAETHCS ONTHMalIbHE KEPyBaHHS HAIMIBIIHIMHUM EIINTUYHUM PIBHSHHAM Yy
BUIAJIKYy PO3MOJUICHOTO KEepyBaHHA B 00yiacTi Ta Ha ii MeXl MpU J0JATKOBUX
OoOMeKEeHHSIX Ha cTaH cucTeMU. B po6oTi moOynoBaHo CIpsHKEHY KpaioBy 3a/1a4y, B SIKY
byHKIi mTpady BXOIATH SK JOJATKOBl WICHH B IpaBl YaCTHHHU JAU(EPEHINaTbHOTO
piBHAHHS 1 TpaHuyHOl yMOBH. DyHKIisA ["aminbToHa (popMyeThCst OKpeMo sl 00JacTi
KepyBaHHA Ta ii Mexi. OTpuMaHO HEOOXIHy yMOBa ICHYBaHHS ONTHUMAaJIbHOTO
KepyBaHHs, Ha IKOMY 0OU/B1 PYyHKIIT ['aMIIbTOHA OCITAaIOTh MIHIMYyMY.

Y crarri [147] po3risiHYyTO Kiac 3aJad ONTUMAJIbHOIO KEpyBaHHSA I
KBa3UIIHIMHUX  €NINTUYHUX  PIBHSAHb, B  SKUX  KOCQILIEHTH  EIINTAUYHOTO
nudepeHIiaIpHOro oreparopa 3ajiexarhb BiJ QyHKIT cTaHy. 3HAWIEHO YMOBHU MEPILIOTO
1 Jpyroro MOPSIKY ONTUMAJIBHOCTI. [[ns 1bOro neraibHO AOCHIIHKEHO PpO3B'SI3KU
PIBHSIHHS CTaHy CHCTEMH Ta MHOro JiHeapu3aiii. BuBeneHo aHaior MNpUHIIMITY
MakcuMyMy [IoHTpsITiHA Ta TOCTaTHI YMOBHU ONTUMABHOCTI. Y po0oTi [148] moBoauTHCS
CHWJIbHA 301KHICTh YHCEIBHOI JUCKpETH3alii 3a7adi ONTUMAIbHOTO KEPYBAHHS ISt
KBa3UTIHIHHOTO €JIITHYHOTO PIBHSHHS 3a JOIMIOMOTOI0 METOJa CKIHUYCHHUX CIEMEHTH
JUIS CTaHy Ta Pi3HI BUAM JUCKpPETH3allii AJIsI KOHTPOJItO. JIJisl IbOro OTPUMAHO OLIIHKHU
NMOXUOOK TPH TUCKPETU3aIlil PIBHSHHS CTaHy Ta TMOB’S3aHOTO CIPSHKEHOTO PIBHSIHHS.
PerynsapHi po3B's3kM IUMX pIBHSAHB, SKI HEOOXIOHI JUIsl LOTO aHaii3y, 3HAWIEHO 3
HEOOXITHUX YMOB ONTUMAIBHOCTI NEPIIOTO MOPSAKY, OTpUMaHUX y cTaTTi [147].

VY poborti [149] posrmsimaeTbesi 3aada ONTUMAIBLHOTO KEPYBAaHHS ISl OJHOTO
KJIacy HENIHIMHUX eNINTHUYHUX PIBHAHb TUIy piBHsAHHS PeiiHonbaca. JloBoauTbes
TeopeMa ICHyBaHHS Ta €QUHOCTI C1ab0ro po3B'sI3Ky PIBHSHHS CTaHy CHUCTEMH. TaKoXK
JIOBOJUTHCS ICHYBaHHS OMTHUMAJILHOTO KEepyBaHHs. BUKOPHCTOBYETHCS METOIMKA, KA
3acHOBaHa Ha Teopemax BkiameHHs CoOoneBa. YucenbHI pe3ynbTaTd OTPUMAHO

JUCKPETU3AINEI0 32 JOMOMOTOI0 XapaKTepUCTUYHUX (YHKINN 1HTEpBAIIB pPO3OUTTS.
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HaBeneHo 3actocyBaHHs Ui BU3HAUEHHS ONTUMAIbHOI BIJCTaH1 3aUCYI0Y0i TOJIOBKU
BiJl MarHiTHOTO JIMCKY.

Y crarti [150] posrnspaeThes 3ajadya  ONTHUMAJIBLHOIO KEPYyBaHHS IS
ctamioHapHoro piBHsSHHS Ctokca. OOMeXeHHS Ha IIBHIKICTh 33/Ja€ThCA - HOPMOIO.
YMOBHU ONITUMAJIBHOCTI MEPUIOTO MOPSAKY JJIsl HEMEPEPBHOI Ta TMCKPETU30BAHOI CUCTEM
BUBOJIATHCS 3 yMOB Kapymia-Kyna-Takkepa mis yHkiionana Jlarpanxka micist 3aMiHu
ix Ha cnabki audepeniianbai ymoBu. [Ipu quckpeTusaiiii CHCTeMH BUKOPHCTOBYIOThCS
CHeKTpaibH1 HaOMMKeHHs ["anepkina, s AKUX OTPUMAaHO anpiopHi OLIHKHU MOXUOOK. 3a
JIOTIOMOT 010 1TepaliiHoro anroputmy KO3aBu 1 MpOEKIIHOT CXeMU OTPUMAHO YUCEIbHI
PO3B'SI3KM 3a7a4i.

VY crarti [151] posrisgaeTrbes 3aada ONTHUMAIBHOTO KEpyBaHHS B JIBO- Ta
TPUBUMIPHUX JIINIIMIEBUX TMOJITONHUX O00JIACTSIX HANBUIIHIMHUM  EIINTUYHUM
PIBHSIHHSIM 3 TPAHUYHUMH YMOBAMHU MEPIIOro poay Ta JT0JaTKOBUMU OOMEXEHHSIMU Ha
KepyBaHHs. J[J1s 3anpONOHOBAaHO] aBTOpaMy OOYHCITIOBAILHOI CXEMH, SIKA TUCKPETU3YE
PIBHSHHS CTaHy Ta CHpPsDKEHI PIBHAHHS KYyCKOBO-JTIHIMHUMHU (PYHKUISIMH, a KEpPYIOUy
3MIHHY KYCKOBO-CTJIMMU (PYHKIIIMH, OTPUMAHO OIIHKY TOYHOCTI HaOIUKEHOTO
pPO3B’sI3Ky. 3HAWJIEHy OI[IHKY IMOXUOKM PO3KJIaJeHO HAa CyMy TPhOX CKJIaJOBHX, SKI
MOB’5I3aH1 3 IUCKPETU3AIIEIO PIBHAHD CTAHY Ta CIPSKEHOTO CTaHy, a TAaKOX Kepyrouoi
3MiHHOi. [To/110Ha OlliHKa € BaXKJIMBOIO MTPH KEPYyBaHHI TOXUOKOIO B aIalITUBHOMY METO/I1
CKIHYCHHUX €JICMEHTIB.

VY po6orti [152] po3pobiaeHo HOBUM MiAXid A0 KOHTPOJIO IMOMMJIOK 1 amamTarii
METOAY CKIHYEHHMX €JIEMEHTIB IPH AMCKPETH3alli 337a4 ONTHUMI3aLli, sIKI KEPYIOThCS
nuepeHIlaJbHUMI  PIBHSHHAMHM B YAacTMHHMX NoXigHuX. Popmanizm Jlarpanxka
BUKOPUCTOBYETHCS JUJIA OOYMCIIEHHS CTalllOHAPHUX TOYOK HEOOXIHMX yMOB
ONTUMAJIBHOCTI TMEPIIOro MOPSAKY. AjanTaiisi CITKM KEpYeTbCS arnoCTeplOpHUMHU
OLIIHKaMH TOMMWJIOK Ha OCHOBI 3aJIMIIKIB KIITHHOK CITKH. OCOOJMBICTIO PO3MIISHYTOI
3aa4l € TPUPOJHUM BHOIp (yHKIlIOHATA KOHTPOJIKO TOMUIJIOK, SIKMM 30Iira€rbcs 3
GbyHKI10HAJIOM BapTOCTi 3ajayi ontumizauii. MHOHUK JlarpaHxa BUKOPUCTOBYETHCS

JUTS 3BaKYBaHHS 3QJIUIIKIB KIIITHHOK B OI[IHIOBAaHH1 TTOMIJIOK.
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B pobGoti [153]  posrmsmaeTrbcst onTuMizaliiHa 3amada IS JIHIHHOTO
napaloJIYHOTO PIBHAHHS 3 KEPyBaHHSM, SIKE BXOAWTH Y MpaBy YaCTUHY PIBHSIHHS 1 B
rpaHuyHy yMoBY. OCHOBHUM pe3yJbTaTOM pOOOTH € 3aCTOCYBaHHS METOJY MPOEKIIii
rpajieHTa Ais 3HAXOKEHHS ONTHUMAIBHOTO KepyBaHHsS. 3HaWaeHo (opmyny amis
rpajieHTa (QyHKI[IOHaJIa BapTOCTI 4epe3 PO3B'A30K CIPSHKEHOI KpailoBOi 3ajadl.
JloBeneHo TeopeMy Mpo pi3Hi BUAM 301KHOCTI TTOCTIIOBHOCTI KEPYBaHb, 110 MiHIMI3YIOTh
¢dbynkionan BaptocTi. Y ctarri [154] posrnsgaerbes 3amada onTUMI3aili A
KBa3UTIHIHHOTO MapaOoIidYHOrO PIBHAHHS, B SIKE KEPYBaHHS BXOJHWTh SIK BEKTOPHUU
napameTp B Koe(DilleHTH (BKJIIOYAKOYM CTApIIMil) 1 B TpaHW4YHI yMOBH. OCOOIMBICTIO
IIOCTAHOBKHU 3ajaul € Te, 110 KEPYBaHHS BBAXKA€ThCsS HE IMPOLIECOM, & TOUKOIO KyJi B
CKIHUEHHOBHUMIPHOMY €BKJI1JIOBOMY MPOCTOPi. Y poOOTI peanizoBaHO KIIACUYHUHN MIAXI1],
3T1HO 3 IKMM HE0OX1Ha yMOBA ONTUMAJIbHOCTI 3HAXOAUTHCS 3 MPUHIUITY MAKCUMYyMY,
axuit popmymoerbest Aig GyHkuii ['aMiibToHa, MO0y J0BaHOT 32 IOMIOMOTOI0 PO3B'SI3KiB
BUXIJTHOI Ta CHPSDKEHOI KpaloBUX 3a7ad. UMCenpHUN alropuTM poO3B'sS3aHHS 3ajadyl
BUKOPHUCTOBYE 1TEpaLlIfHy CXEMY 1 METO/ CIIPSKEHUX T'PAJIEHTIB.

Y  poGoti [155] mocmimKyloThbes 3a7adi  ONTHUMI3aIli, $KI KepyrThCs
HaIBJIIHIMHUMHU TapaOONIYHUMH PIBHAHHSMU 3 KEPYBaHHSM B T'PAHUYHUX YMOBaXx.
OcoOnuBICTIO 3371a4 € TTOTOYKOBI MilllaHl OOMEXEHHSI Ha KepyBaHHS Ta CTaH CUCTEMHU.
BuB4aroThcs HEOOXiHI yMOBHU ICHYBaHHS ONTHUMAJIbHOTO KEPYBaHHS B TIEBHUX
(GyHKLIOHAJIBHUX MPOCTOPAX, a TAKOXK YMOBH PEryJISPHOCTI MHOKHHUKIB Jlarpanxa, siki
BUKOPHCTOBYIOTHCS MPHU MOOYA0B1 CIPSIKEHUX PIBHSHb.

VY crarti [156] po3rnspaersbest JiHIMHE MapaOoyiyHe pIBHSHHS B oOjlacTi 3
OUTIHIMHUM KepyBaHHSM, sSIKe Jl€ Ha MAMHOXUHI 1HTepBany . Koediient qudy3ii mae
BUPO/DKEHHS B KIHIIEBUX TOYKaxX I1HTEpBaTy. ABTOpaMH JOBOJIUTHCA ICHYBaHHS Ta
€IMHICTDh CIA0KOTO PO3B'SI3KYy KpalloBOi 3ajadi JJii BUXIAHOTO PIBHSIHHSI, 1CHYBaHHS
ONTUMAJIBHOIO KEepyBaHHS i1 KBaJAPAaTUYHOTO (PyHKILIOHANA 3 PEryJspU3yIOuuM
yieHoM. HeoOXxifHy yMOBY MEpLIOTO MOPSAKY B 3aJadl ONTUMAJIBHOIO KEpyBaHHS
OTPMMAaHO Yy BUIJISIA1 BapialliiHOT HEPIBHOCTI BIAHOCHO MoxigHoi Dpemie ¢pyHKIIOHATA

BapTOCTi. BI/IBOI[I/ITI)CSI TAKOX JOCTAaTHSI YMOBa iCHYBaHHH OIITUMAJIBHOI'O KCPYBAHHA.
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VY po6oti [157] po3risimaeTbest MilliaHa IMUIOYMCIIOBA ONITUMI3AIIS 3 00MEKEHHSIMHA
y BUMIISII AA(EpEeHIiabHOTO PIBHAHHSA B YACTMHHUX IMOXITHUX E€BOJIOLIMHOTO THUITY.
OmnepatopoM piBHSAHHS € 1H(DIHITE3UMALHUNA TE€HEpPaTOp PIBHOMIPHO HEMEpPEepBHOL
HiBrpynu JIHIHHUX OOMEXeHUX omepaTopiB. Juckperusallisa 3amadi MPOBOIUTHCS 3a
yacoM Iiciisi 00epTaHHs €BOIIOLIMHOIO OmepaTropa 3a JIOMOMOTroI0 orneparlii 3rOpPTKH.
Jluckperuzailisi 3a NPOCTOPOBUMHU 3MIHHMMHU 3acHOBaHa Ha MeToial ciTok. JlaHo
3aCTOCYBAaHHS JI0 PO3B'S3aHHS 3a]adl ONTUMAJIBHOTO PO3MIIICHHS JKEpEN Teria B
o0J1acTi mpu 0OMEXEHHI 1X KIJIbKOCTI.

Y poGoti [158] posrisigaeTscsi 3ajada ONTUMAJIBHOTO KEPYBaHHS PIBHSHHAM
TEIUIONPOBIJTHOCTI 3 HEONMYKIMMHM OOMEXKEHHSMHU. 3ajadya 3B’si3aHa 3 IMPAKTUYHUM
IPOLECOM aJWTUBHOTO WIAPOBOTO BUPOOHMIITBA, SIKUH BHUKOPUCTOBYETHCS IJIs
BUTOTOBJICHHS TPUBUMIPHUX J€Tajied 13 METaJeBUX MOPOUIKIB IUIAXOM IOIIAPOBOTO
IUIaBJIEHHs Matepiany. JlazepHuil NpOMiHb CKaHye€ IIOBEPXHIO JETajl, MOKPUTY
MOPOIIKOM, HarpiBaroud ii /10 HEOOXIZHOTrO piBHA. MIiHIMI3Y€TbCA KBaJpaTUYHUI
(GyHKIIOHAT 31 CKJIAJOBUMHU, SIKI 3aJieXkaTh Bl BIAXWIEHHSA TeMIEpaTypu AeTaill BiJ
HOMIHAJIbHOI, IpaJleHTa TEMIIEPaTypHOIO MOJIs 1 KepYBaHHsS — TPAEKTOPII JIa3epHOro
MIPOMEHS B3JI0BK 00J1aCTl CKaHYBaHHA. Y MOBH Ha TPAEKTOPIIO MPUBOJIATH /10 HEOITYKJIMX
oOMeXeHb Ha KepyBaHHsS. Pe3ynbTaToM poOOTH € HEOOXiJHa yMOBa ONTUMAJbHOCTI,
OTpUMaHa y BUTJIA/II BapialliifHOi HEPIBHOCTI.

Y crarri [159] po3rnsgaeThes 3agada  ONTUMIZAIlll IS HAMIBIIHIAHOTO
napaboIIYHOrO PIBHSHHS, B MPaBYy YACTUHY SIKOT'O KEPYBAHHS 1 CTaH BXOJSATh Y BUTJISII
OumHIMHOT (Qopmu. OOMEXEHHS Ha KEpyBaHHS 3aJal0ThCsl JBOMA TI'PAaHUYHUMH
¢byHkuisimMu 3 npoctopy. Ilpy mNeBHHX yYMOBaX MOHOTOHHOCTI IHTETPAJIBHOIO
dbyHKIIOHATa B poOOTI JOBOJIUTHCSA, IO OYb-SKHI PO3B'SI30K OMTUMI3aIliiHOI 3a1adl
3a/1a€ThCsl bang-bang QyHKIE€O, sKa OYyIyeTbCs Yy BUIUIAAL JIIHIMHOT KOMOIHAITi
XapaKTEPUCTHYHUX (DYHKI[IH BUMIPHOI MHOKMHM Ta ii momoBHeHHA. Koeditientamu
OpU XapaKTEPUCTHUUHUX (DYHKISAX € TrpaHuydHi (QyHKLI, SKI 33Jal0Th JOIYyCTUMY
MHOKEHY KepyBaHHs. B 3a7a4i onTuMizaiiisi IpoBOIUThCA (PAKTUYHO MO 00JACTSX, K1 €
HOCISIMU ~ xapakTepucTuuHux (Qyskiii. I[lomiOni 3amavi  BITHOCATBCA 110 3aaad

ontumiszatii Gopmu.
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VY crarti [160] gocaimxyeTbes aOCTpaKTHE €BOIOLIIHE PIBHSAHHS MapaboIIdyHOTO
TUMY 13 3aMi3HEHHSIM, B SIKOMY OIEpaTOp € TeHEepaTopoM EKCIOHEHIIAaTbHO CTIMKOI
NiBrpynu. 3ami3HeHHS BBAXKAETHCS PO3MOAICHUM Ha BIIPI3KY MIHCHOI OC1 1 BXOJUTH Y
CTaH CHUCTEMH, BIJ] AKOTO 3aJEKHUTh JOAATKOBHM WiieH piBHSHHA. [logiOHMM YHHOM
dbopmyeThes PyHKIIOHAT BapTOoCcTi. HeoOXimHa yMOBa ONTUMAIBHOCTI (DOPMYITIOETHCS Y
BUTJISAMII TIPUHLIMNY Makcumymy Tuiy IlonTpsrina. IlomiOHi 3amadi BHHUKAIOTH,
HANpPUKIIAJ, PU KePYBaHHI MOTOKOM TeIlIa B TUIaX 3 MaTepiajiB 3 Mam ATTIO, A€ BXKE
BUKOHYEThCS y3araJibHEeHUH (HE JTOKaIbHUI) 3aKOH Dyp’e.

VY po6oTi [161] po3risiHyTO 3a/a4y ONTUMAJIBHOTO KEPYBAHHS IS BEKTOPHOTO
HAITIBIIIHIMHOTO MapaboJiYHOrO PIBHSIHHS Y YacTKOBUX NoxigHuX. Kepyroua 3miHHa
BXOJIUTh y MATPHUII0 KOe(DIIIeHTIB Mpu cTapmux mnoximHux. HeoOximHa ymoBa
ONITUMAIBHOCTI MPUBOIUTH JI0 MIPUHIIUITY MAKCUMYMY, SIKUIA (POPMYITIOETHCS aHATIOTIIHO
KJIAaCUYHOMY BHMAJKy. J[OBEJEHHS 3aCHOBAaHO HAa BUKOPHCTAHHI METOJY TOIYacCTHX
Baplaliid, fAKi BHOWPAIOTbCS TAKUM  YUHOM, II00 OTpUMATH  HEOOXIJIHY
T epeHIHOBHICTh CTAaHy CUCTEMH BIJHOCHO KEpYBaHHS.

Y crarti [162] [OOCHIIKYyEThCS CHUCTEMa, SKa OIMUCYEThCS  HESBHUM
nu(epeHiaJbHO — ONEPATOPHUM PIBHSHHSAM MapaboJIIYHOTO THITY, HEPO3B’I3HUM
BITHOCHO cTapiuoi noxigHoi. KepyBaHHS BXOOUTH B MpaBy YacCTUHY DPIBHSHHS, SIK B
3BUYAMHOMY, TaK 1 B IMIYJbCHOMY BuUTIIsAAl. Ontumiszailis 3A1HMCHIOETHCA 3a JBOMA
BUJIaMU KEpPYBaHHS, IPUUOMY IMIYJbCH PO3IIIAAIOTHCS B (PIKCOBaAaHI MOMEHTH 4acy 1
KEPYIOThCSl 3a JIONOMOIOK iX I1HTeHcHBHOCTEH. OKpeMO po3IiIaeThCcsl 3anadya 3
ONTHUMI3alll€l0 MOMEHTIB 4acy /il IMIysbciB. MeTon TOCHIIKEHHS 3aCHOBAaHO Ha
PO3B'SI3KY NUQPEPEHIIATILHOTO PIBHSHHS, MOOYJI0BAHOTO 3a JOIMOMOTOI ONEpaTOPHOI
MIBrpyNH, siKa 300pa)xye€ThbCs. IHTETPAJIOM BiJl TICEBIOPE30JBBEHTH OINEPATOPHOTO
KMYTKAa.

VY crarti [163] posrismaerbcs NiHIHHO-KBaApaTUYHA 3ajada ONTHMAaJIbHOIO
KEPYBaHHS OCECUMETPUYHUMH KOJIMBAaHHSAMHU KpyTioi MeMmOpaHH. 3a JOMOMOTOIO
METO/y MHOHHUKIB Jlarpanxa oTpruMaHo HEOOX1JHI YMOBU ONTUMAaJIbHOCTI. JloBeeHO
€IMHICTh ONTHUMAJbHOTO KEpPyBaHHsA. 3aJauy 3BEJIEHO JO CUCTEMH I1HTErpo-

nudepeHiaIbHuX pIBHSIHB PiKKaTI Ta 10JaTKOBUX YMOB JI0 HEI.
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OxpemMO pO3rasHEMO JesiKi 3a/Jayl ONTUMAIbHOTO KEpPYBaHHS TEPMOINPYKHUM
ctaHoM TuUI. Y ctarTi [164] aHami3yeThcs 3B’s3aHA CTAIlOHApHA OMNTHMI3aIliitHA
TEepMOIpYy>KHa 3a7ada JUIsl JOBUIBHOTO CKIHUEHHOTO Tija 3 MINIaHUMHU TPAaHUYHUMHU
yMOBaMU JIJIsl TEMIIEPATYPHOTO TOJIS 1 MOl TIEPEMIIICHh Ta TPAHUYHUM KEPyBaHHSIM.
MeTonamMu KJIIaCMYHOTO BapiallifHOTO YHMCIEHHS 3a JIOTIOMOTOI0 MHOXKHUKIB Jlarpanxa
CIIOYATKy BUBOJATHCS HEOOX1HI YMOBH ONTHUMAaILHOCTI. 11 yMOBM BKJTIIOUAIOTh CUCTEMY
nudepeHiLiaTbHuX PIBHSIHB BIIHOCHO TEMIIEPATYPH, MIEPEMIIICHD 1 CIPSHKEHUX (QYHKITIH.
JInst 4KMCcIIOoBOTO PO3B'A3KY 3a/aul MPOMOHYETHCS METOMA, Y SKOMY IPOCTOpPOBa
JUCKpeTu3aliss AudepeHIialbHUX pIBHSIHb JOCATalOThCS 33 JOMOMOIOK METOIY
CKIHUEHHHUX €JIEMEHTIB, a IpH MiHIMi3aIlli (yHKI[IOHAIa BAPTOCTI - METOJI CIPSHKEHUX
rpagieHTiB. Y po6oTi [165] AochipKyeThes MOCTAaHOBKA Ta MOOYI0Ba YHUCEIHHOTO
PO3B’SI3Ky 3a7adl ONTUMAJIBHOTO KOHTPOJO (B CEHC1 MIBUAKOII) HArpiBy IJIACTUHU
BHYTPIIIHIMH JPKEPEIaMH TETlIa TPU HAsIBHOCTI OOMEKEHb Ha KOHTPOJIb 1 MAKCUMAaJIbHE
3a aOCOJIOTHOIO BEIMYMHOIO TEpPMIUHE HaIpyXEHHSI. BUKOPHCTOBYETBHCA METOA
PO3B's13aHHST 0OEPHEHOI 3a/1a41 TEMJIONPOBIAHOCTI Pa30M 3 METOJIOM CKIHUCHHUX PI3HUIb
Ipu a”ami3l mpsMoi 3amadi. Meroro pobotu [166] € kepyBaHHs jaedopmaliiero Ta
TEMIEPATYPOIO0 TEPMOTIPY>KHOTO TiJia IIJITXOM BIUIMBY Ha HHOTO 30BHIIIHBOI CHIIH, IO
nie Ha Horo yactuHy. [locTaHoBKa 3aa4i BiAPI3HAETHCS Bl KJIIACHYHOI, OCKIJILKH B HIN
BIJICYTHS 1H(pOpMAIIisi TPO TOYATKOBI JaH1 — MEPEMIIIEHHS Ta PO3MOJILT TEMIIEpaTypu B
Tutl. HemoBHOTA JaHuX Mpu3Besa 10 HEOOX1THOCTI BUKOPUCTOBYBaTH po3BuHeHy K.-JI.
JlioHCOM KOHIIETIIi0 6€3MpOorpairHoro KOHTpoto (KouTpods [lapeto). Jlmns 1i peanizarii
aBTOPAaMH BBEAECHO MOCIIIOBHICTh (DYHKIIIOHAJIIB BAPTOCTI, KA 3aJIEKUTH BIJl 1OJATHOTO
napametpa. [lpm KOXKHOMY 3HAu€HHI MapaMerpa (YHKIIOHANI BapTOCTI BIJIMOBIIAE
KOHTPOJIF0O 3 MiHIMagbHUM TmporpamoM. [lokazano, 1o Oe3nporpanHuii KOHTPOJIb
MO>KHA OTPUMATH 13 KOHTPOJIIO 3 MIHIMaJbHUM MPOrpalioM IPaHUYHUM MEPEXOIOM 3a

YMOBH, 10 3a3HAYCHUM ITapaMeTP NPSAMYE 10 HYJIS.
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BucHoBok po3ainy 1

[IpoBeaenuit ormsi AiTEPATypH 3aCBIAUYMB 3HAYHUN MPOTrPEC y PO3BUTKY METO/IIB
PO3B’sI3aHHS 3a/1a4 Teopii MPYKHOCTI Ta TEPMOIPYKHOCTI SIK y JBOBHUMIPHHUX, TaK 1 B
TPUBHMIPHUX MTOCTAHOBKAaX. YBara JIOCIIAHUKIB OyJia 30cepe/KeHa K Ha aHATITUYHUX,
TaK 1 Ha YUCEJIBbHUX MIIX0JIaX, Cepe]l AKUX HAWOUIbII MOITUPEHUMU € METOAN (PYyHKITIH
HaNpyXeHb, METOAM KOMILJICKCHOTO aHalli3y, a TaKOX YHUCENIbHI METOAU — METO[
ckinueHHux eneMeHnTiB (MCE) 1 meton rpannunux eneMenTiB (MI'E). KoxkeH 13 HUX Mae
CBOI IepeBarn Ta OOMEKEHHs, 110 3yMOBIIIOE BHOIp METOAY 3aJIEKHO Bl XapakTepy
3aJlayi, CKJIaJHOCTI TEOMETPIi Ta yMOB HaBaHTAKECHHSI.

Oco0nuBy yBary B JiTepaTypl HNPHAUICHO 3ajayaM JJisi T 3 BKJIIOYCHHSIMH,
TpIIMHAMH, T[OPOKHMHAMU Ta IHIIMUMH HEOAHOpigHOcTsMHU. Ile mnoB’s3aHO 3
aKTYyaJbHICTIO aHAN3y peajbHUX KOHCTPYKIINA 1 MaTepialliB, IO MAalOTh CKIJIAJIHY
CTPYKTYpy. Y 1IbOMy KOHTEKCTI BaXJIMBE MICIE 3aiiMalOTh  JOCHIIKEHHS
TEPMOIPY>KHOTO CTaHy OaraTomapoBHX 1 (PYHKIIOHAIBHO-TPAIIEHTHUX MaTepiaiB, IJs
SAKUX XapaKTepH1 HEOTHOP1IHI PI3UKO-MEXaHIYH1 BIACTUBOCTI.

Oxpemy Tpymy CTaHOBJSATH pPOOOTH, TPUCBSYEHI 3adadyaM ONTUMAIbHOTO
KepyBaHHA  HaNpy>KEHO-Ie(POPMOBAaHUM CTaHOM  KOHCTPYKIIH. Bukopucranus
TEPMOYIIPABIiHHS SK 1HCTPYMEHTY JUIsi MiHIMI3allli Hampy>KeHb € MEePCHEKTUBHUM
HaIpsMOM, IO J03BOJISI€ MOKPAIIUTH HAAIMHICTD 1 JIOBTOBIUHICTh CKIaJHUX TEXHIYHUX
CHCTEM.

Cepen ycix pO3TJIIHYTUX METOJIB OCOOJIMBE MICIIE 3aiiMae y3arajibHEHUU METO
Oyp’e (YM®D). Lleit meTon BUSBHUB ceO€ K MOTYXHUM IHCTPYMEHT ISl aHATITHKO-
YUCEIHHOTO PO3B’SI3aHHS MPOCTOPOBUX KPAWOBUX 3a/7a4 Y KAaHOHIYHUX 0arato3B’si3HUX
o6macTsX. Floro oCHOBHUMH IepeBaraMm € MOKJIHBICTb MOOYI0BH Ga3HCHUX PO3B’SI3KiB
piBHsHHS Jlame, edexTuBHE BITOKPEMJICHHS 3MIHHUX Y CKIAIHUX KOOPJAMHATHHUX
CUCTEMax Ta 3/IaTHICTb JI0 TOYHOTO BpaxyBaHHsS IeOMeTpli ¥ (I3MYHMX BIACTHBOCTEU
Marepiary. 3aBiasgku 1boMy YM®D He nuiie AOMOBHIOE KJIaCH4YHI METOIU, ajie M
BIJIKpPUBAE HOBI MOXJIMBOCTI JJIA aHAJI3y CKIAJHUX 3a/lad MEXaHIKH Je(POPMOBAHOTO

TBEPJOTO TiJIa, 30KpeMa y cepi ONTUMAIBLHOTO KEPYBaHHS TEPMOIPY>KHUM CTAHOM.
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PO3JILI 2
PO3BUTOK ATIAPATY Y3ATAJIBHEHOT'O METOJY ®YPBE

2.1 InBapianTHHII BicecuMeTpu4YHU 0a3uc 1A piBHAHHA Jlame

[{ro raBy MpUCBSIYEHO MOAAIBIIOMY PO3BUTKY arapaTy y3arajlbHEHOTO METOIY
®dyp'e HA BiceCUMETPUYHI KpaloBi 3a/1a4i CTaIliOHAPHOT TEPMOIIPYKHOCTI TSI IPOCTOPY
31 chepUUYHUMH HEOTHOPIAHOCTSIMU. PO3BUTOK Tonsrae B MOOyAOBI i1HBaplaHTHHUX
BICECUMETPUYHUX Oa3uCHUX pO3B'A3KIB piBHAHb Jlame 1 [roamens — Helimana B
cepUyHUX KOOpJIMHATaX 1 OTPUMaHHI TEOPEM JAOAaBaHHs IMX PO3B'S3KIB B OJJHAKOBO
HAMpSMJICHUX CHUCTEMax KOOPAMHAT, TMOYATKU SKUX JIOBUIBHO 3CYHYTI B3JIOBX OCI
cumetpii. Ha BigMiHy BiJl 3aragpHuUX 0a3MCHUX PO3B'A3KIB piBHSAHHA Jlame B cepruHux
KOOpJIMHATax, Akl Oyjo moOynoBaHo B [44], B nucepTallli BUKOPUCTOBYIOTHCS 1HIII
PO3B’SI3KH, B SIKI HE BXOJUTH MapaMeTp TPaHUIHOI TOBEPXHi.

VY TpUBHMIPHOMY MPOCTOPI BBEAEMO JEKAPTOBY CHUCTEMY KOOpAHMHAT (X,),z) 3

noyatkoM y touti 0(0,0,0). CyMmicTUMO 3 JEKapTOBOIO CHCTEMOIO C(pepUyHy CUCTEMY
koopauHat (r,0,¢), r€[0,0),0<[0,7],p €[0,27]. B obnactsx OF - {(r,0,0): r<>11§}’

K1 337]a10Th 30BHIIIHICTD 1 BHYTPIIIHICTh KYJIi 3 IEHTPOM Y OYATKY KOOPJIMHAT pajiiyca
R, po3risiHeMo HAOOPH PETYJIAPHUX BICECUMETPUYHUX PO3B'S3KIB piBHsAHHSA Jlamiaca
Au=0 2.1
y chepuUHHUX KOOpAMHATAX
w (r,0)=r""P.(cos8), w, (r,0)=r"P(cos0). (2.2)

2 2 2
Tyrac 0,0

+ + — oneparop Jlamnaca, P, (x) — mHorounenu Jlexxanmapa, 3HaK
2 2 2 g
ox~ oy~ oz

+ (-) BigmoBigae o6acTi QF (Q ). Oynkuii w;: (w;) OyJieMO Ha3WBaTH 30BHINIHIMH

(BHYTpIITHIMHU) PO3B'I3KaMu PiBHAHHS Jlarnmaca s Kydi.

Posrasinemo piBHsiHHs Jlame

AUX)+(1-2v)'V(divU(x)) =0, (2.3)
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SIK€ OMUCY€ BEKTOp nepemimierb U(X) Touku X y npyxHoMy Tull. TyT v — koediieHt

[Tyaccona, V — omeparop Habna.

[ToOyayemo HabOpH BiCECUMETPUYHHX PO3B'sI3KIB piBHAHHA Jlame, perynspHi B

obmactax Q1 (Q7).

OCKiTbKH BUKOHYIOTBCSI TOTOKHOCTI
[A+(1-2v)"'V(div)[V = AV + (1-2v)'V(divV) = VA + (1-2v) 'VA =

:2—2V§A’
1-2v

TO poO3B'A3kamMH piBHsAHHA Jlame B oOmacTsax ot OyayTh Taki HAOOpPU BEKTOPHUX
bYHKITIH:
W (r,0) =Vw, (,0). (2.4)
Hpyruit HaOip po3B'A3KiB OyAEMO IIYKAaTH y BUTJISI1
Wi (r,0) = 2,V (r.0) = oW (r,0), Vi 0) = VIrw (r,0)],  (2.5)
ne y.,¢; — nmeski umciosi koedimientu. 1106 ix 3HANHTH, BUKOHAEMO MOMEPEIHI

MEPETBOPEHHS

divV*(r,0) = A[F*w' (r,0)] = 6w’ (r,0) + 4x

ow, (r,0) +ay ow, (r,0) 4z ow, (r,6) N
ox oy oz

: 24
AW (1, 0) = 6w (1, 0) + 4r 2O _J2T L e 6y, (2.6)
or 6+4n

. L, 2-4n| . . 2—4n| -,
AV (r,0) = VAP W (r,0)] = VWi (r,0) = WE(rn0),  (27)
6+4n 6+4n| -

div[r W (r,@)]:aﬁ[rz Mj i Erz M} 9 (rz 6w;(r,9)J:
X

ox oy oy 0z 0z
+ -2-2
=r’Aw; (r,0) + ZFM = " w(r,0), (2.8)
or 2n

AP (r,0)] = 61 (r,0) + 4r§ W (r,0) + 1AW (r,0) =
r
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—2-n| ., —2—-4n| ..
= 6% (r,0) + 4 W (r,0) = W (r,0). 2.9)
1 ’ 4n+2 ’

[TincTaBuMO BeKTOP-(QyHKIIIIO an (r,0) B niBy yacTuHy piBHAHHA Jlame, BpaxoByOUH
oTpuMaHi popmynu
[A+(1=2v) ' V(diV)T,, (r,0) = AW, (r,0) + (1-2v) ' V(div)V; (r,0) =
= 2, AV (r0) + (1= 2v) ' V@iv)V (r,0)] -

~SIAGCWE (r,0)) +(1- 2v)*?<div)<r%(r, 0)]=

I e O+ (-2 0
=20 Ve an Wi (r,0)+(1-2v)" 64 W (r,0) |-

—¢7 {:(411 + W (r,0)+(1-2v)" { 2 W (r,0) }

I R P T g (4n+2)(1—2v)+2+2n
“H V6 pan( 12y O —(4n+2)(1-2v)—2n

} _'li (I", 9) .
Jlnst Toro, mo0 BeKTop-QyHKIIIi W;ﬂ (r,0) Oymu po3B'si3kamu piBHsAHHS Jlame, BUOepeMo
Koeditientn ¥, y TAKOMY BUIJISIII:
Xr=n(4v-3)+2v-2, y. =n(4v-3)+2v -1, (2.10)
{'=2n-1)2v-2), ¢ =2n+3)2v-2). (2.11)

3anmiueMo po3BUHEeHHs posB’si3kis W), (r,0), W, (r,0) 3a KOOpAMHATHUMH OPTAMH

[~(n+1)P (cosO)é. + P (cosO)é,], (2.12)

-, 1
VI/L" (l", 6) = T2
r
W, (r,0) = " [nP,(cos @), + P! (cos 0)é,], (2.13)
Wgﬂ (r,0)= in[—n(n +3-4v)P(cosO)é, +(n+4v—4)P (cosh)é,], (2.14)
v

Wz‘,n (r,0)=r""[(n+ D) (n+4v —2)P (cosO)é. +(n—4v+5)P (cosO)e,]. (2.15)

Hactynuuii pe3ynbrar BHKOPUCTOBYE TOHSATTS Oa3MCHOI CHCTEMH PO3B'S3KiB
piBHsiHHS JlaMe B 0JTHO3B’ sI3HIM KaHOHIYHIM 00J1acT1, BBeZieHe B poboTax [51, 52]. Becroau

y IOJAIbIIIOMY BBaxaemo, 1o v € (0;0.5).
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Teopema 2.1. Bekrop-¢hyHKiii <{I/I7L+O(r,6’),Wl+ (r,@),VT/zfn(r,@)}f:l YTBOPIOIOTh

N

0asucHy cHuCTeMy pO3B'si3KiB piBHsSHHS Jlame B oOumacti ot Bexrop-dynkiii

{szo(r,ﬁ),Vﬁ;(r,@),@jn(r,ﬁ)}le yTBOPIOIOTh 0a3MCHY CHCTEMY PO3B'SI3KIB PIBHSIHHS

Jlame B o0Onacti QQ .

JloBeaenns. PosrisiHemMo kpailoBy 3a7auy B epeMIlIEHHSIX B 00J1aCTi of

AU ) +(1-2v)'V(@ivU (%)) =0, xeQT, (2.16)
U)o = 2.(B"P,(cos0)é, + b Pl (cos)é,), (2.17)
n=0

ne {é.,¢é,} —opTu chepuuHOi cucTeMH KoopauHaT, b\” =0, a rpaHHYHA BEKTOp QyHKIIis

3aJI0BOJIBHSIE YMOBY
> (B [+n|B? ) <oo. (2.18)
n=0
Bynemo nrykatu po3B's30K I1i€l 3a1a4i, peryasipHUil Ha HECKIHUEHHOCTI, Y BUTJISII
U(x) =Y [a"R™W (r,0) +a R'W;, (r,0)]. (2.19)
n=0
[Ticnst mepexoay A0 KOOPAMHATHOTO 3aMUCy 0a3UCHUX MEPEMIIIEHbB 1 3aI0BOJICHHS

I'PaHUYHOT YMOBH OTPUMAEMO alre0paiuHy cCucteMy

M __pm @ _
a,” ==b,’,a,” =0,

n>1

b

~(n+1)a'” —n(n-4v+3)a’? =p",
af:) +(n+4v - 4)a,(12) =p?

n 2

KA Ma€ PO3B'sI30K

n A > Ym0 A

n n

. (2.20)

pI(&
A =2[3=4v)n+2-2v]. 2.21)

[Tpu v €(0;0.5), n € N BUKOHY€TBCS OIIHKA

A >2(n+1). (2.22)
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[TimcTaBuMO oTprMaHi KOS(MIIEHTH B P IJIs1 TIEPEMIIICHHS U (X). Iicns neskux

NIEPETBOPEHDb MAEMO

U(X) = ZR—n[b;”g (cos@)eé. + b P P' cosB)é,] +

n=0 r

+i (}’l+4V_4)bn(1) Zn(n_4v+3)b’52) {R}Hz B R

n=0 n

][—(n +1)P.(cos0)é, + P' cosO)é,].

n+2 n
r

r

(2.23)

CxkopucraeMoch omiakamu (pyHkii Jlesxanapa
| P(cos®) <1, | PlcosO)|<n+1,
o0 JOCHITUTH 30DKHICTh psAAiB y monepenHid ¢opmyni. Ha mpomikky 7 e[R,0)

yKazaHi QyHKIIOHATIBHI PSIIM MaXKOPYIOTHCS YUCIIOBUMU PsilaMuU

o0 n

—|B" P (cos 0)é, + P cos0)é, | +

n=0

r r

+i (n+4v — )b + n(n—4v +3)b® [sz R

2 n
A n+
n=0

J[—(” +1)P (cosO)é. + P (cos9)é, ]| <

n

o0 1 o0
<D (B |+ +1) |67 )+ 52(” +3)(15,” |+n| B ). (2.24)
n=0 n=0

3 ymoBu (2.18) BUIUIMBAE, 110 YKCIIOBI psAau mpaBopyd y (2.24) 306iraroThcsi, TOOTO

¢dyHKL10HATIBHI psiau B (2.23) 30iraroTbesi pIBHOMIPHO BITHOCHO ¥ €[R,), 0 €[0,].
To/1 BUKOHYIOTBCSI YMOBH:

U(x) e CHQHNCQY), (2.25)

lim U(x) =Y [b"P,(cos0)é + b Pl cosO)é,]. (2.26)

n=0

TakuM YMHOM, TOBENEHO Oa3UCHICTL cucTeMu po3B's3kiB (W) (r,0),W, (r,0)},_,

piBHsHHS Jlame B oOacTi ot JIyst BHYTPIIIHIX pO3B’SI3KIB JOBEICHHS aHAJIOT1YHE.



55

2.2 YacTuHHi po3B'si3ku piBHsAHHA {roamess - Heiimana

+ . .
Posrnsaemo B obnactax Q— piBHsaHHSA roamens — Heitmana

2X W o), (2.27)

_ 1 - _
AU(X)+ VdivU (X)) =«
(x) 2 ( (X)) o

K€ OTHCYE MEPEMIILIEHHS B MPY>KHUX TijaX MNPy HASIBHOCTI TeMmepaTypHoro noss. Tyt
- : + . g
T(X) — cramioHapHe TeMIlepaTypHe MoJie B 00JacTax Q—, o — KOoe]ille€HT JiHIIHOTO

TEMIIEpaTypPHOTO PO3IIMPEHHS. By1eMo IyKaTH YaCTUHHUHN PO3B'SI30K 1IbOTO PIBHSHHS B

o0J1acTIX Qi y BUTJISAIL

U(X)=VD(¥), (2.28)
ne O(xX) — nesxa ponomixHa ¢yHkuis. [lincranoBka (2.28) y piBusiHHA [{roamens —
Heiimana moka3sye, mo BOHO OyJe 3aJ0BOJIeHO, sKIo ¢yHKito P(X) BuOpaTH SK

po3B’s30k piBHsHHSA [lyaccona

AD(F) = 22" T (%), ¥ e QF, (2.29)

Ham Oyae motpeba y po3B’s3kax piBHAHHS (2.29) B obOmactsix ot LTSI
TEMIIEpaTypHHX TIOJIB, AKi 3a1aroThess QyHKImiamMu: w, (r,0), r’w. (r,0). TakuM 1onsm
3QJIOBOJIBHSIIOTh  TOMOMIXKHI ~ (DYHKITIT CDj(r,Q) 1 d);“)(r,@), Kl € BIAIOBIIHO
OIrapMOHIYHMMH 1 TIOJITapPMOHIYHUMH (YHKIISIMH TPEThOTO mopsaky. Ilepie
TBEpJHKEHHS BUTLIUBAE 3 hopmyinu (2.6) 1 mpuBOIUTH 10 PYyHKITIH

(1-2n)"

. (rf)=a {(2;1 +3)"

}rzw;(r,e) | (2.30)
Jlpyre TBEPKEHHS € HACIIAKOM MIEPETBOPEHHS
AP W (. 0)] = 207w (r, 0) + 81 w AW (r,0) =
a

=20r*w, (r,0) +8nr*w, (r,0) = 4(2n + 5)r*w (r,0), (2.31)

3BIJIKU
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a\/
2

TakuM 4YWHOM, 4YacTMHHI pO3B'SI3KM piBHAHHA (2.27), sKi BiANOBIIAIOTH

O V(r,0)=—2n+5)"r'w (r,0). (2.32)

+ 2+
TeMIepaTypHuUM noisim w, (r,80), r“w, (r,0) MaroTh BUJ

(1-2n)"
(2n+3)™"

(1-2n)"

U*(r,0) =VO:(r,0) = a"
, (7,0) . (7,0) { (2n43)"

}?[rzw;(r,e)] = av{ }ﬁ*(r,e), (2.33)

U-O(r,0) =V (r,0) = 0; Q2n+35)"'V[r'w (r,0)] =
- 0; Qn+5)" V- Or,0), V-O(r,0)=V[rw (r,0)]. (2.34)

3anumemo nepemimieHHs (2.33), (2.34) y BUIUIAAl PO3BUHEHHSA 3a KOOPAMHATHUM

0a3ucoM chepuIHOi CUCTEMU KOOPAUHAT

U*(r,0)=a" {(l -2n)” H”}Hl - n}Pn(cos 0)é_+ P'(cos e)ég}, (2.35)
r n

(2n+3)™ +2
U, (r,0)= 0; @n+57" 7" [(n+4)P(cos0)¢, + Pl(cosO)é, | (2.36)

2.3 HamnpyxeHHss Ha noBepxHi c¢epu, sAKi BiANOBiIalOTH BBEICHUM

nepeMilieHHAM

Ax Bimomo [2], mosie mpyxKHUX TepeMimieHb U(X) Ha riagkuil moBepxHi [T 3
OJIMHUYHUM BEKTOPOM HOpMaJi 7 , pO3TalloBaHiil B 00J1aCTi MMOJIs, CTBOPIOE HANIPYKEHHS

FU=2G| %

idive +2Y & l(ﬁ xrotl) |, (2.37)
1-2v on 2

ne G — MOIyJib 3CyBY. 3acToCcyeMo 110 hopmyiy g0 0a3ucHuX nepemimiens (2.4), (2.5)
Ha c(hepuuHii MOBEPXHI 7 = R 3 BEKTOPOM HOpMaJll 7 = €,. OOUnCINMO OKpeMi CKIIaJ0BI

B popmyi (2.37) nns 6a3ucHUX miepeMilieHb. [ nepinoro Habopy 6a3uCHUX PO3B'SI3KIB

piBHsiHHS Jlame 3 (2.4) BUIIIMBae

diviv, (r,0) = div[Vw. (,0)] = Aw, (r,0) =0, rotW’,(r,0) =rot[Vw. (r,0)] =0. (2.38)
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ToMy HanpyKEeHHSI MalOTh BUTJIA]L

FFW]; (r,0)=-2G ( ;:32) [~(n+1)P.(cosO)é. + P! (cosH)é,], (2.39)
r
EW,, (r,0)=2G(n—1)r"[nP,(cos 0)é, + P, (cos 0)é,]. (2.40)

s apyroro Habopy 0a3uCHUX po3B'A3KiB (2.5) 3 BUkopuctanusm dopmyi (2.6), (2.8),

(2.10), (2.11), (2.14), (2.15) orpumaemo

diviy, (r,0) = y divV; (r,0) - £ iV W (r.0)] = 1, { ) 4”}w:(r, 0)—
’ ’ +4n

.| =2-2n| . 9) =2 2n—-1n(-2v) o 5 41
o [T e smenr—n 0 (241)

roti;, (r,0) = yirotV' (r,0) - rot[r° W, (r,0)] == rot[ W, (r,0)] =

e +

X

= —{:rot[rzﬁwf (r,0)]=-¢; {2

o ow, (r,0) - ow, (r,0) 5 4 loy ow, (r,0) 2y ow, (r,0) A
Ox 0z g oy Ox

’ ow, (r,0) 2, ow, (r,0)
0z oy

= 2L (Fx VWi (r,0)) = 2L F(6. x rVw: (r,60)), (2.42)
%[ér xrotWy (r,0)] =—C e, x (&, x rVw, (r,0)] = —¢[€,(¢,,rVw, (r,0)) —

== (6. x (€, xrVw, (r,0)] = ={, [€.(6,,rV W, (r,0) = rVw, (r,0)(€,,¢,)] =
= VWi (r,0) —e.(6,,rVw:(r,0)] = CE(rVw! (r,0),6,)é,. (2.43)
[TincraBumo (2.31), (2.43) y (2.37)

_ oW (r,0
d é,,diVI/V;n(r,Q)+—2’”(r ), 1
1—2v ’ or 2

FWy,(r,0) = ZG{ (é. xrotiV;, (r,&))} =

= 2G{2v{ (2n=Dn }wi (r,0)e. +(2v - 2){’“11 (2n- I)}Pn1 (cosO)e, +
—-(2n+3)(n+1) r"(2n+3)

) {rnl }[ { n’(n+3—4v) }Pn (cosO)z. + { —n(n+4v —4) }P; (cos g)éf)ﬂ _
r’ (n+1)°(n+4v-2) (n+D)(n—-4v+5)
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o {F,HH { n(n’ 2+ 3n—2v) } P (cos0)5, +
r" (n+1)(n"—n-2v-2)

+{ (" +2v-2) }Rf(cos@)ég:l. (2.44)

(n* +2n+2v—1)

Tenep 3HaiiieMo HaNpy>KeHHs Ha cEePUUHIM TOBEPXHI 7 = R 3 BEKTOPOM HOpMaJi

n=e,, Kl BIAMOBIIAIOTh TEPMONPYKHUM TMepeMimeHHsM (2.33), (2.34). Jns mporo

ro

Tpeba BUKOpUCTaTH (opMyJTy, aHaJoT1uny (2.37), ajie, sika BpaxoBY€ TeMIIepaTypHE MoJIe

7T
FO" =26 ——iidivi” + Y 4 Liixrott) - 222 o | (2.45)
1-2v on 2 -2v
Kopucryrouncs popmynamu (2.6), (2.31), (2.33) — (2.36), oTprumaemo
. 1-2n)" . N
div*(r,0) = 4 1720 LAivEE(r,0) = 20" W (r,0), (2.46)
(2n+3)
. () a’ 1 qeo 77—(1) v 2. -
divU " (r,0)= 5 2n+35)"divV V' (r,0)=2a"r'w (r,0), (2.47)
n(n—1) n |
T+ —n-1
oY, (.0) _ o )7 =21 Lp(coso)e, +{ 2" 1L P(cost)e, |, (2.48)
or r' (n+1)(n+2) n+1
2n+3 2n+3 ]

0U,"(r,0) _a" n+3 ..
or 2 2n+5

[TincraBumo (2.46) — (2.49) y (2.37)

[ (n+4)P,(cos0)é, + P} (cos0)é, |. (2.49)

nn-1)

" 2
FU*(r,0)=2Ga" | 1=2n P (cosO)é +
r" (n+1)(n+2)_2

2n+3

127" plcosaye,
n+1

2n+3

(2.50)

-
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(n+3)(n+4)
2(2n+5)

(n+3)

22n+3) P (cosBO)e, |.(2.51)

FU Yr,0)=2Ga"r"™ K —~ Zan(COS 0)e, +

Temep 3HaiiieMo HampyXeHHSA Ha TOBEPXHI 7 =R 3 OJUHUYHUM BEKTOPOM

HOopMalll 7 =¢€,. OCKUIbKA JI€KapTOBUMH KOOpIMHATaMU Oa3UCHHUX OPTIB c(hepruHOi

CHUCTEMH KOOPJUHAT € TaKi:
e =(sinfcos@,sinfsinp,cosd), e, =(cosdcosp,cosdsinp,—sinb),

TO BUKOHYIOTHCSI HACTYTH1 (hopMyu 1udepeHITiFOBaHHS OPTIB

80 = (cosfcosp,cosOsing,—sind) =¢,, (2.52)
[ oJ _10

sin@cos @,—sin @sin @,—cos ) = — 2.53
o0~ v p.mcosO) == o =50 (23)

Jliist mopansioro € norpeda B hopmynax audepeHiitoBants GyHkiii Jlexanapa

dF,(cos6) _ (cosd) dP,(cosf) _ cosd
od ! ©de sin@

BpaxoBytoun ¢popmynu (2.12), (2.13), (2.37), (2.38), (2.52) — (2.54), moxHa 3anucaTu

P!(cos@)—n(n+1)P (cosd). (2.54)

FJVE (r,0)=2G {r:: }H_” - 1}(13; (cosO)E, + P, (cos0)&, ) +

r n

a’P1 (cos 9) _
do

_ 26{ _ }H ; +2)}Pl (cos )2, +[M+{_(HH)}P (COSH)JEQ} o
S A 4o no "

Tenep kopuctytouucs popmynamu (2.14), (2.15), (2.42), 3naiinemo

1 M {r’;l}H —n(n+3-4v) }(Pnl (cos@)é, + P.(cos 6’)59) +

— P/(cosO)e, }

r 00 (n+1)(n+4v-2)

+{(n+4v—4)}[dP1(cos6’) é,— P'(cos0)é, H
(n—4v+5) do

-+ (@ -+ 4-4
_r n2+( v—4)n+ 1% P'(cos0)é. +
r" n +@v-2)n+8v-7
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[ Jnrav=4) alP,j(coses»)+ —n(n+3—4v)
(n—4v+5)| do (n+1)(n+4v-2)

}Pn(cosH)Jég}, (2.56)

%ég <oty (r,0) = —C 76, x (F x Vw. (r,0))] = —£[6.(6,, VW, (,0)) —

—-n—1
r

n

—W:(r,exég,f)]=—;,ré,<é’9,r?w:<r,e»=—;;{ }311(0059)%- (2.57)

3 dopmyi (2.41), (2.56), (2.57) ocTaTOYHO BUILIUBAE

- —n—1 3,2 2_2
Fﬂm,n(rﬂe):2G{r n }|:{ " Y }B1l(cose)ér+

r n+2n+2v-—1

J{{(n + 4y — 4)} dP!(cos0) N { n[(4v —D)n-3+2v]

}Pn(cos Q)Jée} . (2.58)
(n—4v +5) do (n+D[(1-4v)n—-2v-2)

OTtpumaemo noAiOoH1 popMyIH JIJIsi TEPMOIIPYKHUX TiepeMminieHb. Kopuctyouuch

(2.35), (2.36) 3Haiinemo

lwzav{(l—hz)1}{rnl}{{l—n}(&1(cosg)gr +P(cos0)é, ) +

r 00 Qn+3)" | ¥ n+2
1 1_ 2 -1 —n—1 _
+M§g — Pl(cos)é, |=a" ( n)_l 4 " Pl(cosO)e, +
do (2n+3) r" n+1
dP'(cos@) [1-n .
(G e L

10U0,"(r,6) _
r 00

v 1
0; (2n+5)" " {(n +4)(P!(cos0)é, + P, (cos0)é, ) + %{;5‘9)@9 — P'(cos e)é,} =

o

v 1
@n+5)"r {(n +3)P'(cos0)é, + (M

+(n +4)Pn(cos9)jée}. (2.60)

Tenep 3 popmyn (2.45) — (2.47), (2.59), (2.60) ocTaTOuHO OTPUMAEMO
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i n
-n-1
U rn0)=2Ga* 1" || =2 P (cos0)e, =222 P (cos0), +1 2"~ L Pl (cos0)e. +
ol 1-2v 1-2v n+1
i 2n+3
1 n—1 | ([ n
[ | —-n—1
2n—1 M + 2n-1 P (cos®) |é, |=2Ga" g 2n-1 Pn1 (cosB)e, +
1 do n+2 r" n+l1
2n+3 2n+3 ] | (2n+3
1 n—1
| —
2n—1| dF, (cos0) LJ2n—=1 P (cosb) |é, |, (2.61)
1 do n+2
2n+3 2n+3
EU V(r,0)=2Ga"r"? MP; (cosO)e. +
2021 +5)
1
N 1 dP, (cos®) N n+4 2P (cost) |6, L. (2.62)
22n+5) do 2(2n+5)

2.4 TeopeMu n10o1aBaHHA 1 0a3UCHUX PO3B'A3KIB piBHsAHHSA Jlame

B TpuBMMipHOMY TIpocTOpi 3adikcyemo aBi pisHi Touku O, (j =1,2). 3 KOKHOIO 3
IIMX TOYOK CYMICTHMO OJIHAKOBO HAIPAMIICHI JICKAPTOBI CHCTEMU KOOPAUHAT (X, ,,Z;)
, SIKI po3TamoBani Tak, mo oci O,z matotk Hanpsm Bekropa 0,0, =(0,0,z,), z,>0.
PazoM 3 JekapTOBUMH pO3IVIIHEMO CepuyHi cucreMu KoopauHat (r;,60,9,) 3
OJJHAKOBUM HAIPSIMKOM OCEH 1 IOYaTKaMHu B 3alaHuX To4kax O,. YBe/eHI KOOpAHATH

noB's3aHi hopMyIamu:
X, =Xy V1=V, 2 =2, T 2, (2.63)

x; =r;sind,cosp,, y, =r;sind sing,, z. =r,cost,. (2.64)
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Posrnsnemo Ha®opu BiceCMMETPHUYHUX PO3B’s3KiB piBHAHHA Jlammaca (2.2) y

. . e :
chepuunnx koopauHatax (r;,6,9,). s BIANOBIIHUX PO3B'A3KIB OIrapMOHIYHOIO

PIBHSIHHSI BUKOHY€ETHCSI HACTYITHA TEOpeMa.

Teopema 2.2. [Ipy BUKOHAHHI YMOBH 7;_; < z,, IPABUIBHUMH € (HOPMYIIH:

—ih” 1 2nk-n—k 1, 2n-1

- w, (r,_.,0, ), (2.65
J — n,k n+k 1 (n+k)(2k 1) Z1r12+k+1 2k+3 k( 3-j2>73 J) ( )

. o '
ge n=0+owo; _]:1,2, hn(]k) :(_l)jk-i—(j—l)nm.
’ nlk!

JoBenennsi. CKOpUCTaEMOCH TEOpEMaMH JIOJaBaHHS JUIsl TApMOHIYHUX (DYHKIIIH

(2.2) [74]

0 (])
0)=2, ,,+k+1wk(3,, ), n=0+0; j=12. (2.66)

k=0 £

3 ¢popmynu (2.66) BUTUIMBAE, 110

(/)
0,)= Z n+k+1 _2( 1) 2,2, /+le)Wk( 0=

0
k=0 212

(J) o h(/)
=2 = ,Hkﬂ (r, + 2w, (15,0, ) — (1)’ Y =21 cos 6, B, (cosb;_). (2.67)

o0
k=0 Z k=0 <12

Kopucryrounch pekypeHTHUMH (popMyiamMHu jisi MHOrowieHiB JlexaHapa, OCTaHHIO

cyMmy B (2.67) MOXHa NEpEeTBOPUTH TaK

0 (/) k+1

—(-1y Y =L — 2k [(k+1)Pk+1(cos6? )+ kP,_(cosf,_) |

k012

1 TCJIS IESIKUX MEPETBOPEHD 3aMUCATH TAKUM YHHOM:

-y WY 2k - By 2ntk+)

) Y. ,9
— 1112+k1(2k 1)(l’l+k) k(3] 3-Jj i, 1112+k+1 2% +3 3] k(3/ 31)

[lincraBnstoun et pesynbrat y popmyiy (2.67), orpumaemo

(/) )
2k° 2 h’ 2n+2k+2
) Z n+k+1 12|: (2k 1)(n +k):| Z n+k+1 |: 2k 3 :|I/' Wk( 3- J’ )

o0
0 Z 0212

,3BiI[KI/I BUIJINBA€ OCTATOUYHUM pe3yJibTar.

3ayBaxkennsi. MoxxHa toBecty, o npu # =0 koedilieHTt
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2nk-n—k 1

n+k)2k-1)  2k-1

Tenep po3ristHeMo 0a3WcCHI PO3B'SI3KM  piBHAHHA JlamMme 1 BEKTOPHOTO

OirapMOHIYHOTO piBHsHHS (2.4), (2.5) B chepuyHux cuctemax koopausar (r,,0,,¢;),
3B’s3aHKMX 3 Toukamu O,. [l 1ux po3B’s3KiB OTPMMAHO HOBI TEOPEMHU JOJABaHHS,

HaBeIEH1 Jall.

Teopema 2.3. [Ipy BUKOHAHHI YMOBU 7;_; < Z,, IPaBUIBHUMH € (HOPMYITH:

" 0., (2.68)

k=0 12

® )

T+ hnk
W,,07.0) = X 2y WL (06, ) =S (500, ) |, (2.69)

k=0 <o

h(l)
70 0.0) = 3 [ 2 AW (1 0 ) - AV (0, ) ], (2.70)

k0212

aen=0+o0; j=1,2;

n2nk-n—-k—-4v+4 n2n—-1
o M ), oo _mantl) 2.71)
(n+k)(2k —1) 2k +3)(k +1)

2nk —n— 2n—1
o 2konok e 2ol 2.72)
(n+ k)(2k —1) 2k +3

3aysaxenus. [Ipu n=0 xoedinienr ') = n(2nk —n—k=4v, +4) YBaKAEThCH
’ (n+ )2k —1)

1
iBHUM HyMIO, a ) =————— mpH Bcix k.
p Y 0.k k-1 p

HMoBenennsi. @opmynu (2.68), (2.70) Ge3mocepenHe BUIUIMBAIOTH 3 TEOPEMH
JI0/1aBaHHs rapMOHIYHUX (2.66) 1 6irapMmoHiuHuX (2.65) dyHnkuiil. Josegemo popmyiry
(2.69).

Kopucryrouncs Teopemamu jgonaBanus (2.65), (2.66), apyruii HaOip Oa3uCcCHUX

PO3B's3KIB piBHAHHS Jlame MOXHA MTOAaTH Yy BUTIISAL

( )

Vﬁ;,—n( 0) (Z é’ )Z n+k+1 |:2122’;51/ZVVIk(’% ]’03 ]) ﬂ“(z)V (7‘3 ]’03 ]):|

k=0 12

J
k
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(])

=
+$IV@)D. MH w; (1,_,,0;_)). (2.73)

k=0 Z12

BukonaeMo mepeTBOpeHHsI 3 OCTaHHIM psAJioM B popmyidi (2.73). Ilicas HUX oTpuMaEMo

0 (J)
+V(l" )Z n+k+1 W (I"3 1’03 ])

SR 20k +1)—n(2k +1)
; +k+1(2" D@2v 2){ D2k 13) Vi (1.0, ) -

2k - .
_(n+k)(zk_l)zlzm,k(rg_j,@_,)+k+1 W(r, .0 _j)] (2.74)

[TincraBumo (2.74) y (2.73)

© (1) 2k(2n B 1)(2V B 2) N
0 (1) W 60 )—
) ; 12+k+1 |:(Z é/ (I’l N k)(Zk _ 1) 12"k (7'3_1 3_1)

(/)

i {(zn EHAD = @2n-1(2v -2)

k()Z

—j% 73~

2k +D-nk+D],
(k+1)(2k+3) | ©

I°e) (J)
+y = (2n-1)(2v - 2) W .0, ). (2.75)

k=0 Z12

O6uncIuMo KoedIlieHTH B psAgax Mpu 0a3uCHUX PYHKITIAX
2k2n-1)(2v-2)

(n+k)2k-1)

2nk—n—-k  2k(2Zn-1)(2v-2) n(2nk n—k—4v+4) (2.76)
(n+k)2k-1) (n+k)2k-1) (n+k)2k-1)
2k+1)—-n2k+1)
(k+D(2k+3)
20k +1)—n2k +1)

(k+D)(2k+3)

_n(2n-D[(4v =3)k +2v —1]
- (k +1)(2k +3) '

(s —<DHA -

=(n+4v—-4)

(2, —¢HAZ —@2n-1)(2v -2)

~D2v-2)

(2.77)

[TinctaBumo (2.76), (2.77) y (2.75)
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Z h(’) , n(2nk —n—k —4v +4)

= z Wo(r, .0, )+
ST (k2K -1) R

5 h) n@2n—D[(4v -3k +2v-1] ;

0. )+
e ! (k +1)(2k +3) Vi (:6,)
°e) (/)
+Z n+k+1 (27’1 1)(2V 2) 7'3 ]VVI k( 3- js ) (278)
k=0 Z12

Tenep cKOpHUCTAEMOCH TOTOXHICTIO

n2n DAy -k +2v -1 ;

(k +1)(2k +3) Vi (r; 1,193 D—2n=-DQ2v- 2) r3 jVVL‘k(,%_j’@_j):

"D 0, )
(k+1D)(2k+3) 2,k\3-j2 35/

B pesynbraTi po3BuHeHHs (2.78) HaOyBae BUTIISALY

h”) n2nk-n—-k—-4v+4
{2 ( 0, )~

W (r.,0. ,
2,n( ) Z | 412 (n+k)(2k—1) 1k(3]

k=0 |2

_ n(2n-1) e 1.
(k + D)2k + 3) Wiy 6

10 OCTATOYHO JIOBOAUTH TEOPEMY.
Hacnigkom Teopemu 2.3 € HACTYNHUN pe3ynbTar.

Teopema 2.4. IIpy BUKOHAaHHI YMOBU 7;_; < Z,, IPaBUIIBHOIO € (popMyJia

- h(/)
U” (rj,ej)zzerlm |: a lell’iif)VV]k( 3 J’ )+U (3 ]9 —j)i|7 (2'79)
pI(&
2nk—n—
@ 2nkonok (2.80)

(n+k)Q2k-1)(2n-1)

Teopema 6e3nocepenne BurmBae 3 popmyu (2.70).
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2.5 BucHOBOK po3aiay 2

Amnapar y3aranbHeHoro wmetony @Dyp'e OTpUMaB TOAAIBIINN  PO3BUTOK.
[ToOynoBaHo HOBI BicecUMETpHYHI Oa3UCHI PO3B'SI3KH PiBHAHHS Jlame 1151 BHYTPILTHOCTI
1 30BHIIIHOCTI KYJIi Ta JOBEAEHO iX Oa3ucHicTh. Ha BiaMiHy Bij 0a3MCHHUX PO3B'A3KIB
piBHsHHS Jlame s Kyji, BBeAeHUX y poOoTi [44] 1 BUKOpUCTaHUX Yy OaraTtbox
NOJaJbIIUX POOOTAaX TOTO X aBTOPA, PO3B’S3KM B JHUCEpTallli HE MICTATh Yy c00i
napamMeTpiB chepuaHoi moBepxHi. [ moOy10BaHUX PO3B'SI3KIB OTPUMAHO HOBI TEOPEMU
JI0JTaBaHHS B OJTHAKOBO HANPSIMIICHHX CPEPUUHUX CHCTEMax KOOPAWHAT, TTOYATKH SKHX
JIOBUIBHO 3CYHYTI B3IOBXK OC1 CUMETPIi.

Y napyromy pos3nili TakoXX IOOyJA0BaHO Oa3uCHI HAOOpPH BiCECHUMETPHUYHHX
TEPMOIPYKHUX PpO3B's3KIB piBHsSHHA [[roamenss — Heiimana 1 BHYTPINIHOCTI 1
30BHIIIHOCTI KyJi, SKI BIJMOBIJAIOTh Oa3UCHUM BICECUMETPUYHUM TapPMOHIYHUM 1
OIrapMOHIYHUM TEMIIEpaTypHUM NOJIAM. J{J1s X pO3B'A3KIB TaKOXK JOBEACHO TEOPEMU
JT0JTaBaHHS B CUCTEMaX KOOPAMHAT BKa3aHUX BHIIIC.

Jist Bcix moOyA0oBaHUX PO3B'sI3KIB 3HAMIEHI BIAMOBIAHI BEKTOPU HAIpPY>KEHb Ha
chepuyHiil MOBEPXHI HA IMJIOIIMHKAX, HOPMAJISIMH JI0 IKUX € OPTU CHEPUYHOI CUCTEMU

KOOpAUHAT.
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PO3JILT 3
JIOKAJIbHA MOJEJb CTAIIIOHAPHOT'O TEPMOITPYKHOT'O CTAHY B
MMOPUCTOMY MATEPIAJI B OBJIACTI MK IBOMA COEPUYHUMM
IMOPAMU

3.1 IlocTanoBKka 3axauvi

Po3zrasaeMo JIOKAJIbBHY MOZACJIb CTaHiOHapHOFO TCPMOIIPYKHOI'O CTaHy B

MIOPUCTOMY MaTepiani B o0nacti Mk JBoMa chepuanumu nopamu Q. (j =1,2), axuii

BHU3HAYA€TLCA CTAJIOO TCMIICPATYypPOIO Ta BiI[CYTHiCTIO HaIIPpY>KCHb Ha ITIOBCPXHAX IIOP.

LleHTpH 1Op 3HAXOAATHCS B TOUKax O, a iX pajlycH IOPIBHIOIOTE R, . YBaxaemo, 10
HOpH He nepeTuHaroTbes, T00to |00, > R, + R, .

YBeseMO OJHAKOBO HANpPAMIICHI JEKapToBi (X,,y;,z;) 1 chepudHi cucremMu
KOOpJIUHAT (rj, 49]., (p].) 3 MOYaTKaMU B TOYKaX 01. TaKUM YHHOM, 1100 CITIBBIHOIIICHHS
MIK KOOpJIMHATaMU 3aJlaBajiucs (popmyiaMu:

x; =r;sinf,cos@;, y, =r;sind;sing,, z, =r,cosd,, (3.1)
X, =Xy, W=Vy, 5 =5+ 2, 00,=(0,0,2), z,>0. (3.2)
Ob6macti Q; Ta iX rpanuii 0Q, (j=1,2) B JOKaNIbHUX CHCTEMAX KOOPAWHAT

OIIMCYIOTHCA TaK:

Q, = {r, <R,,0,€[0.7],9, €[0,27]}, 8Q, = {r; = R.0, €[0,7]. 0, €[0,27]} .

MareMaTtiyHa MOJIeTb HE3B SI3aHUX TEMIEPATYPHOTO TOJIS 1 MO MepeMillleHb

3aJ1a€ThCSl KpPAMOBUMH 3a1aYaMMU:

AT()=0, ¥€Q; T(X)gen, =Tj» j=1,2; (3.3)

AUX)+(1-2v)'V(divU (X)) =, 24 +2V) VT (%), XeQ; (3.4)
—zV

(O-r)\agj = (Tre)\agj =0, j=L2, (3.5

ne Q=R’\Q UQ,, T(¥) — temnepaTypHe mole, U(X¥) — moie mepeMilieHp, o, —
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KOE(ILIEHT JIHIHHOIO TEIUIOBOrO PO3LIMpEHHs, v — KoediuieHt Ilyaccona, o,,7, —

KOMIIOHEHTH TE€H30pa HaIlpy>XeHb, V = grad.

3.2 [IloO0ymoBa 3arajJbHOr0 PoO3B’SI3KY 3aaadui Ta 1 3BeJeHHS 10

PO3B’A3yBAJIbLHOI CHCTEMH

KpaiioBy 3anauy (3.3) — (3.5) 6ynemo po3B’s3yBaTu MOCIIOBHO, TOOTO CIEPIITY
po3B’shKeMo 3a1auy (3.3) as BU3HaUYEHHA TeMiiepaTypHoro nojs. lllykaemo po3B'sa30k y
BUTJIA1

2 o
T(x)=) > 1 R"w, (r,,0)) (3.6)

Jj=1 n=0
3 HEBIIOMUMH KOe(iIieHTaMU tf,-’ ),

Kopuctyrouncs hopmyioro (2.66) po3B’s30k (3.6) MokHa 3anucaTé B cepUyHiii

CHCTEMi KOOpJMHAT 3 moyaTkom y touti O, (j=1,2)

n+l k+1

» (R - ( R |
T@®=21"| ~1| Peosd)+d o P(cos@)Zh(” T (3)
n=0

)i n=0\_Z12 Zpp
Ilicns BUKOHAHHS TpaHMYHMX yMOB (3.3) s Bu3HaueHHs Koedimientin ¢

OTPUMAaHO PO3B’SI3yBaJIbHYy CUCTEMY

k+1

. R, .
tr(zj) +| =L Zh(J) 3-j t(3 7 _ T5
Z

n0 o
12

n=0+o0, j=1,2. (3.8)

Teopema 3.1. 3a ymoBu z,, > R, + R, oneparop cucremu (3.8) € ppearoabsMoBUM
orepaTopoM B pocTopi [, X/, .
JoBenennsi. [Ipy BUKOHAHHI yMOBH TEOpPEMHU 1 TBEP/KEHHS BWIUIMBAE 31

3015)KHOCTI psiLy

S 4

k,n=0

n k+1 n k+1

& Z (n+k)' R3

| =

3
1/
12 Zy im0 nlk! 212 Zyy

N



69

k+1 n k+1 k-1
=0\ Z12 o nlk! \ z, k=0\_ 212 Zyy

SIK TEOMETPUYHOT MPOTPECii 31 3HAMEHHUKOM

-1
R3_j Rj

1-—| <I1.
Zyy Zyy

Sk B1iIOMO, 3arajbHUI PO3B'SI30K HEOAHOPITHOTO PiBHAHHSA (3.4) MOXKHA 3aMucaTi

B TAKOMY BUIJISIJII:

UX)=U°X)+U" (%), (3.9)
ne UY(X) — saransHmil po3B’si30K BimmoBimHoro omHopigHoro pismsuus, U’ (X) —
YAaCTUHHUH PO3B’A30K HEOAHOPIAHOTO PIBHAHHS (/1aJ11 HA3UBAETHCA BEKTOPOM TEPMIYHHUX
MEePEMIIIICHB ).

3aranbHUN PO3B'SI30K  piBHSAHHA JlamMe OyayemMo 3a J0MOMOror Oa3HUCHHX

po3B'si3kiB (2.4), (2.5)

- 2 o )
UC(x)=D. > a’RI°W (r,,0)+ > > a)RIW, (r,,6,), (3.10)

j=1 n=0 j=1 n=0

) ()
Ac a1; >a2jn

— HEeB110M1 KOe(DII[IEHTH.
Bynemo BBaxkaTu, 1110 B o0acTi {2 3a/1aHO CTallioHapHe TeMIiepatypHe noJie (3.6).
Kopuctyrounchs NpuHIMIIOM CYNEPHO3UIlT BEKTOP TEPMIYHUX MEPEMIIICHb, KU
BIJINOBIJIa€ TeMIepaTypHoMy oo (3.6), MOXKHA TTOJATH Y BUTIISIL
2
ST =y (j) pr+ly
U'(X)=) D tVRMUN(r,.0,), (3.11)
j=1 n=0
ne U’ (r;,0,) yBeneno B popmyii (2.33).
Tenep 3aranbHuii po3B'a30K KpaioBoi 3ana4i (3.4), (3.5) npu x € QO mae BUrIAn

U(f):iiamk"” (7,0, )+ZZa(’)R”” Wy (7, ej)+iiz,5f>R;+IU;(rj,9j).

J=1 n=0 j=1 n=0 j=1 n=0
(3.12)
3 BUKOpHUCTAaHHSIM TeopeMm nomaBaHHs (2.68), (2.69), (2.79) Bexrop-¢dynkimito (3.12)

3aUIIEMO y chepryHi CUCTEMI KOOPAUHAT 3 oyatkoM y Touui O, (j =1,2)
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® (3 J)

U(r] 90 ) Za(J)Rn+3 r/ ’ 9 ) + Za](3 ])Rn+3z )1+k+l »_k(rl’ej) +

o (3 J)

< B
+Za§’,3R7“W 0)+Za(3 DR | 2 W (r,0) = W (1,,0) | +

k=0 <1y

© (3 i)

C i) pn+ly7 3- n 1
+> tVRMU(r,,0, )+Zt< SR

n=0 k 0 le

g 2 AOW, (r,.0) + U, (1,.0) |

[Ticst 3amMiHU OPSIAKY MIJCYMOBYBaHHS B MOJBIHHUX CyMaX OTPUMAEMO

0 0 (])
(J) pn+3177+ T nk k+3 (3 J)
(9) ZaJRn W j’ej)—l_ZOVVL 0); n+k+1R3] Lk +
n= 12
© 00 (])
SR 0,0) 0,003 R -

n=0 n=0 k=0 Z12

0 (/)

S 08 R SR )
n=0

k=0 12 n=0
0 0 (J) 0 (J)
v 7 nk 3) pk+1,(3—)) nk k+1,(3—))
—a Z(;Wl 9); L AR +ZU (r,6, ); LR (3.13)
n= 12 12

Iepeiinemo y mepemiuienti (3.13) 1o BekTopa HampyXeHb Ha MOBEPXHi 0€2;

3rijiHo 3 popmynamu (2.39), (2.40), (2.44), (2.50)

FU(R ©
z D(n+2)[(n+1)P, (cos®, )e ~-P (cos®, )ea 1+
0 h(])
+ZR” *(n=1[nP, (cos®, )é, + P (cosd, )éy ]Z nz:ﬂ R;”fal3 D 4
k=0 212

+Z ay’)[n(n* +3n—2v)P,(cos 0))e, — (n® +2v —2)P,(cos 0,)e, 1+
n=0 '
o) © (/)

+Y R (n=1)[nP,(c0s6))é, + P (cos6))z, Z i ViR as

n=0 k=0

=Y RI[(n+1)(n* —n—2v—2)P,(cos 0,)é, +(n’ +2n+2v—1)F,(cosb,)é, ]
n=0

0 h(])

n,k (2) k+1 (3 J)
Z n+k+1 R3 -Jj )k T
k=0
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+a Zt(’){ (n(n i)+2jP(cos6’)e +2 1P(c0s6?)eg}

n_
0 [e'e) (J)
—a" Y R (n—1)[nP,(cos 0,)é, + P, (cos6,)é, Z j AR +
n=0 k=0
A L (D +2) j . on+l .
+a R’ —2 |P(cos@)e. + P (cosB.)e, |-

HZ_(; JK 2n+3 (cos6))e, 2n+3 1 (c080,)e,
© h}g]) .
Z n+lf+1 k 1 (3 & - (314)

k=0

[licnss BuKOHaHHA TpaHUYHUX YMOB (3.5) MPUXOAUMO 10 HECKIHYEHHOI CHUCTEMHU

4D

JIHIHHKAX aareOpaivHuX PIBHAHD BiTHOCHO HEBIIOMUX 47, 4y,
0 (])
(n+2)(n+ l)a(’) +n(n” +3n— 2v)a(’) + R *(n— l)nz szn Rk+3 O 4

0 (J)

+z n+k+1|: 12Rn 2(’7 1)”7(1) R"(n+l)(n —n-2v-— 2)7/(2)]Rk+la§3k”

© ()
n(n—1) () v pn-2 hn,k (3) pk+1,(3—))
—av(—+2jtn-’ —a"R7(n=Nn) i AORE +

2n—1

© h(/)
+avR}1((I’l+1)(7’l+2)_2jZ n,k Rk+1t(31) 0,n=0+00,j=1,2; (3-15)

2n+3 e gkt 7
(0))
) @) n—=2 h"k k+3 (3-))
—(n+2)ay, —(n*+2v— 2)ay, + R (n— 1) R Ca " +
e 3- %1k

0 h(])
n-2 nk () pk+l _(3=j)
+R;(n - 1)2 ke —i Vil a0

12

) ‘h(])
—R!(n* +2n+2v 1)) j,fH yOIR al ) +
k=0
n ' o p)
+a’ ——t\ — a"R;” *(n— I)Z zlf - ﬂL@)Rk”t(3 s
2n—1 Z,
n+l < h(J}c) k41, (3-7)
14 n n, + - — _ . .
a'R’ Y RN =0, n=0+0, j=1,2. (3.16)
2n+313 z,

HepeTBOpI/IMO CUCTCMY 10 HOPMAJIbHOI'O BUIIIAAY, AJIA AKOr0 OIepaTop CUCTEMU
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CKJIaIa€ThCS 3 CYMU TOTOXKHOTO 1 IIIJIKOM HENEPEPBHOTO ONEPATOPIB

a9 4 (n— 1)(2””)2;1(]) ) I

a,, + e On=2 j+3N e

n

n—
Zh“’( @n+ 100, -+ D@n+3)y 20, Jal" =

y 2n— 1)_ () 4o (n— 1)(%” +D) < th%sn) O, 1 -
2n-1yd,

n

S el a0 =000, =12 G.17)

) _ (n- 1)”(2" D<o o (B-/) N By o) 4D
a h, a;”’ + ¥ a
I,n Z n -2,k+37"1,k (n+2)(2n+1)kz nk/ k,n nk+1 2.k

}’l

n—-Dnn-1)<&
( (zn)+(1)d‘ ) > hY [(2n +Dyal) . —(n+D)2n+3)y el ] 4l =
n k=0

=aV[ L 2(-Dn jt’ij) v (n—1)n(Zn - I)th/ﬂtm e

Qn+1) Qu+)d, d- e Ol
o’ 2 +(n—1)n(2n—1) Z Ko® (5D p=0sw, j=1,2.(3.18)
Qn+1)(2n+3)  (2n+Dd, )= Orerli ’ ’
IS
R n R k
d; =2[n* +(1£2v)n+1xv], @ ”—[—f} [#j :
21 21

Teopema 3.2. 3a ymoBu z, >R +R, oneparop cucremu (3.17), (3.18) €
(pearonLMOBMM OEPaTOpPOM y TIpocTopi /.

JloBeieHHS TEOPEMHU aHAJIOT1YHO JOBEACHHIO TeopeMu 3.1, TOMy TyT HE HAaBOJAUTHCS.
3.3 YUuceabHUil eKCIEPUMEHT
JI7is BU3HAUEHHS HANpY>KEHOTO CTaHy B 3a/Jaul HEOOX1IHO YUCENIbHO PO3B’sA3aTu

cuctemy (3.17), (3.18). Ockinbku oneparop cucteMu (peAroabMiB, ISl [IbOTO MOXHA

KOPEKTHO  3acTOCyBaTH  MeToi  penykiii. YucenbHud  po3B’S30K  CUCTEMU
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BUKOPHUCTOBYETHCS JIA BU3HAUCHHA ACAKUX XAPAKTCPHUX HAIIPYKCHb.

Al 0,/(2GaTy) 1.5 3.0

Vo

-1.0

-2.0

)

-3.0 / N T,/5-025

Pucynok 3.1 — I'padixu Hanpyxenb o,/ (2Ga"1]) Ha OBEpXHi MOPOKHUHU 7, = R,

npu R, /z,=02, R, /z,=0.6.

A %/QGATH) 1.5 3.0

¥y

-2.0 \ T

T/5=4.0

[11

5/5=1.0

-3.0 17 T/T-025

Pucynok 3.2 — I'padikn Hanpyxens o, / (2Ga"T}) Ha TOBEpXHI MOPOXXHUHU 7, = R,
npu R, /z,=03, R, /z,=05.

I'padixu Hanpyxens o, / (2Ga"T}) Ha MOBEpXHi MOPOKHUHM 7; = R, B 3aJ€KHOCTI
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BIJl BIJIHOIIEHHs TemmepaTyp noepxoHb nopoxHuH (7, /7, =0.25;1.0; 4.0 ) naBeneHo
npu: R /z,=02, R, /z,=0.6 (puc. 3.1), R /z,=03, R, /z,=0.5 (puc. 3.2),
R /z,=04,R,/z,=04 (puc. 3.3).

A 6o/QGa T}

\

o 3.0|6

-1.0

-3.0 \/

Pucynok 3.3 — I'padiku Hanpyxens o, / (2Ga"T}) Ha MOBEpXHI MOPOXKHUHU 7, = R,

/ L/1=0.25

npu R /z,=04, R, /z,=04.

Ha pucynkax 3.4 — 3.6 HaBeneHo rpadiku HanpyxeHb o, / (2Ga"T,) Ha OBepxHi
NOPOKHUHU 7, = R, B 3aJI€KHOCTI B1Jl BIAHOCHOT'O PO3Mipy MOPOKHUH IPU B1IHOIIECHHI

temneparyp: 7,/ T, =0.25 (puc.3.4), T,/ T, =1.0 (puc. 3.5), T, / T, =4.0 (puc. 3.6).



6,/2Ga¥Th)

N~

=

R1/21;=0.4, Rz f212=0.4

Zd

NN

N

\:}( R,/2,,~0.3, R,/%,=0.5

lezl:=0.2, Rz /Zu=0.6
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Pucynok 3.4 — I'padixu Hanpyxenb o,/ (2Ga"1)) Ha OBEpXHi NOPOKHUHU 7, = R,

npu BigHouieHHi Temneparyp 1,/ T, =0.25

-1.0

| 65/(2Ga 1)

1.5

3.0

Yo

A

lezl 2=0-3, Rz f212=0.5

- ‘Rl /212=0. 4, Rz /le=0.4

\

R]. f212=0.2, Rz /212=0.6

Pucynok 3.5 — I'padixkn Hanpyxens o, / (2Ga"T}) Ha MOBEpXHI MOPOXXHUHU F; = R,

npu BigHomieHHi remmneparyp 1, /T, =1.0

I'padiku mokazyroTh, M0 NPU BEIUKOMY BIAHOCHOMY PO3MIpi APYroi MOPOKHUHU
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HaANOTbIIIa KOHIIEHTPAIIisl CTUCKAIOYMX HAMPY>KEHb CIIOCTEPITa€ThCs B OKOJI BEPXHBOTO
MOJIIOCY TEpIIOi MOPOKHMHU B 00JjacTi HaOmmk4doi A0 npyroi mopokHuHu. [Ipm

3MEHIIIEHH] BIIHOCHOTO PO3MIpy ApPYroi HOpOXHMUHU 13HadeHH1 7, / T, = 0.25 HaiOubi

3a MOJIyJIEM HaIpPYXEHHsI 3CYBaIOThCS B €KBATOpiaibHy 00JaCcTh MEPIIOT MOPOKHUHH.

e A 6/ (2Ga¥T) 1.5 3.0
-1. T

Yo

. A
-2.0 N \\ ——
\ \\\ \lez]:|=0_2‘ Rz"'z]2=0-6
\ kK
\ N\aeas, a6
\ N, Rl-"g.]:l-loj! R:-’t|3=0.5
\\
\\
-3.0 pw

Rl le 2;0.4, Rz"le2='}.‘-l

Pucynok 3.6 — I'padixu HanpyxeHb o, / (2Ga"1)) Ha NOBEPXHI IOPOKHUHU F, = R,

npu BigHomeHHi Temnepatyp 1,/ T, =4.0

6/QGa"T;) 1.5 2.0

T,/T,=4.0

1,/Ty-1.0

-0.5

T, /T,=0.25

-1.0

Pucynok 3.7 — I'padixu Hanpyxenpb o, / (2Ga"T}) Ha 0ci MiX OPOKHUHAMH MTPH

R /z,=02,R,/z,=0.6
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Ha pucynky 3.7 300paxeno rpadiku Hampyxkenb o./(2Ga’T)) Ha oci Mix
HOPOKHUHAMU IIPU PI3HUX TEMIIEpAaTypax NoBepxoubi R,/ z,=0.2, R, / z,, =0.6. Bonun

MOKa3yloTh, M0 B HAMOMIKYMX TOYKaX MOBEPXOHb IMOPOKHUH (HA OCI CHUMETPii)
BUKOHYIOTHCSI TPAHUYHI YMOBHU KpaioBoi 3a/1adi.
3ayBaXuMO, 10 HaBeAeHI rpadiku Y3TOKYIOTBCS 3 TOYHUM aHATITHYHUM

PO3B’SI3KOM 3aj1a4l JJIsl OJTHIET TOPOKHUHHU, B SIK1M
o,/ 2QGa'T))=-2.
VY tabnaumi 3.1 mokazaHO MNpPaKTUYHY 30DKHICTH METOAY PEAyKIli Ha MPUKIIAIl
oOumCIeHHS 3HaueHb HanpyxeHes o,/(2Ga’l})) mpu R /z,=02, R, /z,=0.6 i
1, /T, =0.25 B 3anexxHOCTI B mapamerpa iHAykuii nmax. [Ipu napamerpi pemyxuii

nmax =20 (mopsaoK po3B’A3yBaJbHOI CHUCTEMHU CTAaHOBHUTH 84) TOUHICTH OOYHUCIIEHb

CKJIaJla€ 5 BIPHUX 3HAUYIIUX HUGDP.

Tabmuusa 3.1.11pakTruHa 301KHICTh METOY PEAYKIIIT 32 3HAUCHHSIMU

o,/ (2Ga,1}) Ha TOBepXHi MOPOXHUHU ¥, =R, pu R, /z,=0.2, R,/ z,=0.6,

1,/T,=0.25.
7
imax 0 /3 27 /3 T
10 327138 1.71151 2.62491 1.51581
20 3.26018 1.71283 2.62482 1.51578
30 3.26019 1.71283 2.62482 1.51578

3.4 BucHoBKH 10 po3aiay 3.

B nmamomy  po3mimi moOyJoBaHO — JIOKaJbHY  CTAl[lOHApHY  MOJIEJIb
TEPMOHAIPYKEHOI0 CTaH MOPUCTOro MaTepiady. Mojelb OCHOBaHa Ha HE3B S3aHUX
KpaloBUX 3a/1auax JiJIsl CTalllOHApHUX PIBHSAHbB TEIJIONPOBIIHOCTI 1 TEPMOIPY>KHOCTI JJIs1
IpOCTOpY 3 ABOMa CHEpPUYHUMHU TMOPONKHUHAMU. TemrepaTypHe IoJie BHU3HAYAETHCS

CTAJIOI0 TEMIIEPaTypol0 Ha TMOBEPXHSAX TMOPOKHUH, SKI BBAXKAIOTHCS BUIBHUMHU BiJ
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3ycuib. 3a7adi po3B’sI3yBaMCA y3araibHeHHM MeTtogoM Dyp’e. Dopmainizm YMD nar
MOKJIMBICTh 3BECTH KpahoBl 3amadi 0 ajreOpaidHux po3B’SI3YBAIBHUX CHCTEM 3
(bpearonsMoBMMHU  omepaTopamMM B TpocTopax [, i [} 3a yMOBHM HelepeTHHAHHs
cepuyHUX TMOBEPXOHb. llpM YmcensHOMY pPO3B’S3aHHI CHCTEM BUKOPHUCTAHO METO]
penykuii. OTpuMaHO rpadikud HanpyXeHb O, Ha IOBEPXHI OJHIEI 3 IOPOXKHHH 1
Halnpy>keHb O, Ha OCl CUMETpii 3aJayl MK MOPOKHUHAMM IpPU PI3HUX BIIIHOCHUX

po3Mipax TOPOXXKHUH Ta pI3HMX TemrepaTypax ix HarpiBy. OTpumaHi pe3yJabTaTH
y3TOJUKYIOTBCS 3 BITOMHUMH JIJIS OJTHI€T TOPOKHUHU 1 OMTOCEPEAKOBAHO IMIATBEPIKYIOThCS

rpadikamu 3 pucyHky 3.7. 301KHICTh METOIY PEAYKIIii MEPEBIPEHO YUCEIBHO.
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PO3JILI 4
OCHOBHA BICECUMETPUYHA KPAVMIOBA 3AJJAYA TEOPII IIPYKHOCTI
JUIS KYJII 31 COEPHYHOIO HEOTHOPLIICTIO

4.1 ITocTanoBka 3axauvi

Po3risHemo kymro 3 meHTpoM y Toumi O pagiyca R, sika Ma€ KOHLEHTPUYHE
cepruHe BKIOueHHd paaiyca R, (R, < R,) 3 iHmoro marepiaiay. Beegemo chepuuny
cucreMy KoopauHar (r,0,9), modatok skoi cymictumo 3 Toukoro O . I[lozHaummo
obmacti Q,={(r,0,9): R, <r<R,}, Q ={(,0,p):r<R,}. bynemo BBaxaru, ILIO
Marepiall YaCTHHU Kyii, sika 3aiiMae oOmacth (), Ma€ MeXaHi4Hi XapakTepHCTHKH
(G;,v;) (j=0=+1), ne G — monynb 3cyBy, v — Koedimient [lyaccona, Ha moBepxHi
BKJIFOUEHHS! BUKOHYIOTBCSI YMOBH 1/1€aJIbHOTO MEXaHIYHOTO KOHTAKTY.

PosrnsHeMo OCHOBHY BiCeCHMMETpUYHY KpailOBy 3ajady B HANPYKEHHSX IS
KYCKOBO oHopiauoi kymi Q, U (Tl, KA 33J1a€ThCS YMOBAaMU:

1

!

V? j+1_2vi(ﬁ(j,):o, XeQ,, j=0+1; 4.1)
J

(U, )R =(7, )|r=R1’ (FU, )|r=R] =(FU, )|r=R] : (4.2)

(FU, )V:RO :2G0i[ FOP (cosB)e. + £ O Pl (cosO)é,]. (4.3)
n=0

Tyt wepes U, (j=0+1) mosnadeno mone nepemimieHb B obdmacti Q,, FU,; — BeKTop

HanpykeHb Ha noBepxui I', ={(r,0,¢p):r=R,} 3 HOpMaIO 71, =¢€,, BIINOBIIHUI

BEKTOpY mepemimienb U,, V — omeparop HabOna, {€,,€,} — OpTH CHEPUIHOT CHCTEMH

KOOpPJIMHAT, X — TOYKA TPUBUMIPHOTO MPOCTOPY, AEKAPTOBI KOOPAUHATH SIKO1 3B’s13aHI 3

chepuaHIME KoopAuHaTamu (7,6, ).
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4.2 Po3B'si3aHHs IPY/KHOI 3a1a4i

Po3B’spkemo kpaitoBy 3amauy (4.1) — (4.3) 3Buuaitnum Merogom Dyp'e. 3aBnsxu

GasucHOCTI po3B'a3kiB (2.14), (2.5) B obnacTax Q* 3aransHuii po3s'sa30k U ;(X) pIBHSIHHS

(4.1) B obnacti QO (j=0+1) MoxkHa 3anuCaTH TaK:

U,(X)= Z[a(o) ”+2W (7, (9)+az(0)R0 L (r,0)]+
+Z[a<”R"+3W+ (r,0) +a’ R, (r,0)], X e, (4.4)

U, (%) :Z[b R"™W, (r,0) +b, R, (r,0)], XeQ,. (4.5)

Tyt {a)}75 o, j=0,1;{b, }"7 ., — HeBimomi KoediLienTn.
Cxopucraemocs popmynamu (2.12) — (2.15), (2.39), (2.40), (2.44) nns nogaHHs

BEKTOPiB U (¥) i FU ,(X) y BUIVIsII PO3BUHEHHS 32 CHEpHUHIM 0a3ncoM

n—l
U, (%) = Za(O)R [nP (cos@)é, + P! (cosO)é,] +

0

n+1

+Za§°,3 wl O P (cos0), + 4,V P (cos0)e,] +
+Z wf "1+ DR (cosO)E, + Pl(cos0)E, 1+
+Z“(l) [,31 ©P (cosB)é. + ;" P (cos0)é,], (4.6)

o0 n—1
U=, %[npn (cos)é. + P'(cos0)é,]+

n=0 1
_ 0 rn+l
U\(5)=2.b, 7

n=0 1

(B P,(cos0)é, + B, P, (cos 0)é,], 4.7)

FU,=2G Za“”; (n—1D)[nP,(cos0)é. + P'(cos0)é,]+

n=0 0
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+2G Za(o) [,o1 P (cosB)e, + p, "V Pl (cos B)é,] +

+2G, Za(” (n+2)[(n+1)P,(cosO)é. — P'(cos)é,]+

n+3

+2G02a(1) R’m (o], P (cosO)é, + o ©Pl(cosO)e,], (4.8)
=0
2
FU,=2G ;bl T ——(n—1)[nP,(cos0)é, + P, (cosO)e,] +
+2Gli;b2 >y ”P (cosOe, + p,, WP (cosB)e,], (4.9)
n= |
e
D ——n(n+3-4v)), By =n+4v, -4, (4.10)
D =(m+D)(n+4dv,=2), B, =n—4v, +5, (4.11)
P =n(n® +3n-2v)), p; =—(n* +2v,-2), (4.12)
p) =m+D)(n* —n-2v,=2), p,)) =n® +2n+2v, 1. (4.13)

[TincraBumo dopmynu (4.6) — (4.9) B ymoBu crpsbkeHHs (4.2) 1 TpaHUYHY YMOBY
(4.3). Ilicns npupiBHIOBaHHS KOe(ILIEHTIB NpH BiAMOBIAHMX (QyHKUISX Jlexxanapa

MIPUXOIUMO hi o) anrebpaivHoi CHUCTEMU BITHOCHO HEBIIOMHUX

{a(j) j%)ll’j:()’l;{ }n =0,i=1

n-2 n
n(%j al(?f +(n+1)(n+4v, - 2)(%} aéo,z (n+ l)a(” n(n+3- 4V0)a(1) =
0

0

= nb,, +(n+1)(n+4v, = 2)b, ,, (4.14)

n—2 n
& al? +(n—4v, + 5) al” + a(“ +(n+4v, — 4)a(” =
R R0

0

=b,, +(n—4v,+5b,,, (4.15)

(n+1)(n+ 2)a(1) +n(n*+3n— 2v0)a(1)



n—2 n
+n(n—1) £ a” +(n+1)(n* —n-2v,—2) £ al’) =
Ln 0 2,n
RO RO ,

= %[n(n —Db, +(n+ D(n* —n— 2vi=2)b, 1,

0
—(n+ 2)a(1) (n* +2v, 2)a(1)

n-2 n
+(n—1) & a® +(n* +2n+2v,-1) & a'l” =
1,n 0 2.n
R, R,

= %[(7’1 - 1)b1,n + (7’12 +2n+ 2V1 - l)bZ,n] ’

0

n+3
n(n— l)a(o) +(n+1)(n* —n-2v, 2)a(0) +(n+1)(n+ 2)(%)
0
R n+l
+n(n’ +3n— 2v0)(—1j ay) = f",
RO

1,n

n+3
(n— l)a(o) + (n +2n+2v, - 1)a(°) (n+2) [%} aV —
0

n+l
—(n2+2v0—2)£%J al) = £
0

3 mepIuMx JABOX PIBHAHb OTPUMAHOT CUCTEMHU 3HAX0AUMO b, ,, b, ,

1,n>

n-2
Cn+1) oy | o woy n2n=1) 4| R
b, = |:1 A P A, T Poy — A 2n %o T Rl

A R !
2—(0) n 2—(1) 1 Cléo)
— M
n , n(]) n RO N

p, ~2n+D w  nCn-1) g)+A(°)£RIJ ©
2.n - N7 —(1 n 1 ,n2
A(l) A() A() RO

n n

e
A =2[(B-4v ) n+1-2v,].
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(4.16)

4.17)

(4.18)

(4.19)

(4.20)

4.21)

(4.22)
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PiBusiauast (4.16), (4.17) mepeTBOPUMO TaKMM YWHOM: CHEpIIY APYTe PIBHSIHHS
MMOMHOKHUMO Ha 7 + 1 1 101a€EMO 10 epIoro, MOTIM APYTe PIBHSIHHS MOMHOXKHUMO Ha —7

1 0JTa€EMO JI0 TIEPIIIOTO

[n +(1-2v)n+1-v ]aéli

n—2 n
+(n-1)2n+1) £ 01(?1) +(n+1)(n-1)2n+3) £ a’ =
R, R, ’

= %(n ~D[2n+1)b,, +(n+1)(2n+3)b, 1, (4.23)

0

Rn+1)(n+ 2)a(1) +n(n+2)2n— l)a“) 2An* +(1+2v)n+1+ VO](%j ago}z
0

= —2%[1@2 +(1+2v)n+1+v,1b, . (4.24)

0

JliniiiHy KoMOiHawiro KoeditienTis b, ,, b, 3 NpaBoi yaCTHHU PIBHOCTI (4.23) MOKHA

oAaTH y BUTJISI

Q)
@n+1)b,, +(n+1)(2n+3)b,, =(2n+ 1){1 (n+D)@n+3)-@n+ 1A, } a? +

M
Aﬂ

Q)]
—I{(Zn FDBD +n2n—1) (n+1)(2n+3)—2n+1)5;} } "

n-2
(0)
An(l) a,,+(2n+ 1)(1{0) a, +

-(0)

{(zn +DALY+ i Fl(n+D)@n+3)-@n+1)p; (“]}(? J 2

n

. .. . 1 1 0
[Ticna oOuncneHHs KoeQiieHTIB IPU al( ), aéz, a;,f OTPUMAEMO

(2n+ l)bl’n +(n+1)2n+ 3)b2’n =

“2[(3—4v)n+2-2v,]a 1)+(2n+l)[R] (0)+(n+1)(2n+3)(R j ay,. (4.25)

Kopucryrounces popmynamu (4.21), (4.25) Bukimouumo Hepigomi b, ,, b,, 3 piBHIHb

1L,n>

(4.23), (4.24). B pe3ynbTati MaeMo
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{2[;12 +(1-2v)n+1-v ]+ 2%(11 -D[B-4v)n+2 - 21/0]}61;1’)1 +

0

_ﬂ _ R " (0) n 0) —
+(1 Goj(n 1)(2n+1)(R0j 1;1"‘( Goj(n 1)(n+1)(2n+3)£R0J a,, =0,

(4.26)

G, [n*+(1+2v)n+1+v]
G, ALY

{n +2+2— }[(21@ + l)a(l) +n(2n— l)a(l) ]

Gl 142 1 A" 2An* +(1+2 1 il ” ©'=0.(4.27
+ Go[n +(1+2v)n+ +V]A(”_ [n"+(1+2v)n+1+v,] RTO a,,=0.(4.27)

PiBusinHA (4.18), (4.19) nepeTBOpuMO $IK 1 BHILE, TOOTO CHEPILY APYre PiBHSHHA
INOMHOXHMO Ha 7 +1 1 104a€MO 10 EPIIOro, NOTIM APYTe PIBHIHHS MOMHOXUMO Ha —#
1 J0JTa€EMO JI0 MIEPIIIOTO

(n—1)2n+1)a® + (n—1)(n+1)2n+3)a’’) +

n+l
+2[n° +(1-2v)n+1- vo](%] aéli 9%+ £, (4.28)
0

n+3
“2An* +(1+2v)n+1+ vy las al” +(n+2)(2n+ 1)[%} al(’ln) +
0

+n(n+z)(2n—1)(%j al) = £O _pf @, (4.29)

3anuiieMo BU3HAYHUK PO3B’A3YBANBbHOI JIHINHOI anreOpaiuHoi cucrtemu (4.26) —

. . 1 0 0 .
(4.29) B1IHOCHO HEBIJOMHX al( b al ,)1, a?, aglf (OpSAIOK PSI/IKIB BU3HAYHUKA 33a€THCS 3

OCTaHHBOT'O PIBHSIHHS JI0 TIEPIIIOTO)

(n+2)2n+D)p"™ n(n+2)2n-1)p"" 0 —d "
0 d—(O) n+l
A, = 3 " “r P @30
(2n+1)AY n(2n—-1)A% 0 ADp"
0 AEIZ) (I- Glo)anpn_z (1-G,)B,p"
d* =2n +(1£2v )n+12v], p—R szi, (4.31)

RO GO
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AP =d"® +2G (n-D[B-4v)n+2-2v,], (4.32)

AY 424G, b a0 AT o 4.33)
An(l) An(l) n

a,=m-1)2n+1), B,=n-1)(n+D)(2n+3). (4.34)

Po3kpuemo BusHauHuk (4.30) 1 3anuiemo Horo no creneHsx 3MiHHol G,
A, =1"+1VG, +17G, (4.35)
P (]
19 =—a n(n+2)72n-)Q_n+1)B,p"" —a,(n+2)2n+1)d, Vd*” p*"* +
+a, fn(n+2)°2n-D2n+ )™ +a, (n+2)2n+1)d Od© +
+a,(n+2)2n+1)dOd " p"? + a n(2n-1)(n+2)’Cn+ D) B,p7""" -
—an(n+2)Q2n-1)Q2n+)B,p" " —a,(n+2)2n+1)d"d; " p*"", (4.36)

()
1) =a,n(n+2)’2n-0Q2n+1)B,p™"" —a,n(n+2)2n-12n+1)p, 2, AP P

}’l

(0)
+a,(n+2)2n+1)d,” i d'Vp" —a (n+2)2n+D)(n-1)(A," +2)dp*" —

n

+()
—a, Bn(n+2)2n-D2n+D)p*" +a, B n(n+2)2n-1)2n+1)—L— d, AT o4

+(1)
ra,Qn+Ddd; “Z ba, (4 2)2n+ Dd O (n— 1A 12)

n

—(0)
—a,(n+2)2n+1)d " Od P p"? —a (n+2)(2n + 1) ad,d, " pt —

n

+(1)
—ann-1)n+2)’Qn+1)B,p"" +a,nn-1)(n+2)2n+1)p, %pz“l —

n

+(1)

+an(n+2)°2n-DR2n+1)B,p>"" —an(n+2)2n-1)2n+1)8, , WP o

}’l

+(1)
)d 2n-1
A~ )] ?

n

+a,(n+2)2n+1)d Vd Vo —a 2n+1)dOd (4.37)
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+()

1<2> =qnn+2)2n-1)2n+1)p, it <1> P

(0
+a,(n—1)(n+2)2n+1)(A, + 2) d! O™ —
0 4",
AT P+ a, (n—=1)2n+1)d (A + e a,

Vl

-a, B n(n+2)2n-1)2n+1)—- d,

—(0) +(1)

+a,(n+2)2n + 1) 5d,d, O "t —an(2n-1)(n+2)2n+1)p, TP P+

n n

+a,n(n+2)2n-1)2n+1)p, .

+(1)
(1) P +a 2n+1)d Od % 0> (4.38)

n

Teopema 4.1. bararonapamerpuunuii BusHauHuK A (4.30) nmns BCiX 3HaueHb
napametpiB G, >0,v, €(0;0,5)(i=1,2), p<(0,1) 1 10BUIBHOTO HATypaJIbHOIO n =2 €

JoAaTHUM. BiJIbIll TOrO, BUKOHYETHCS HEPIBHICTD
A >—4G2( ~1)’(n+1’Q2n+1)>Gn+ 43
» > Y n—1)"(n+1)’2n+1)"3n+2). (4.39)

JI1s1 fOBEeAICHHS TEOPEMU MOMEPETHBO JOBEAEMO HOBY KJIACUYHY HEPIBHICTD.

Jlema 4.1. Ilpu p €[0,1] i 1OBUILHOMY HaTypaJlbHOMY # BHUKOHYETHCS KJIaCUYHA
HEPIBHICTh
41— p*" ' = ™ 4 p" ) 2 2n-D2n+3)(p™" " =20 + p").  (4.40)
JoBenennsi. Po3knaneMo Ha MHOKHHUKH BUPA3
41-p " = p 4 p" ) = (2n =120+ 3)(p" = 2p™" + pT) =

41-p" (1= p™ ) =2n-1)(2n+3)p™ (1= p*)’ =

i=0 k=0

=(1-p)’ {42 P Z Pt =2n-12n+3)p>" " (1+ p)z} :

JloBenemo, 10 BUpa3 y KBAJPAaTHUX JyXKax € HeBix eMHUM. OCKUIbKH

(1+ p)* <2(1+ p*), To HaKTUIHO JOCTATHHO JIOBECTH HEPIiBHICTh

2n=2 2k+2

2> p' ) P =@2n-D2n+3)p™ "1+ p*)=0. (4.41)

i=0 k=0
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[Insxom 3aMiHUM 1HAEKCIB MiJICYMOBYBAHHS B TOOYTKY PSAIB HOr0 MOXHA 300pa3utu y

BUTJISIL
2n-2 .2k+2 2n-2 2n+2 4n
P P =D (m+D)p" +2n=1) Y p"+ D (4n+l-m)p". (4.42)
i=0 k=0 m=0 m=2n-1 m=2n+3

BukoHaemMo TOTOKHE TEPETBOPEHHSI BUPA3Y, IKUH BXOJIUTH Y JIIBY YACTUHY

HepiBHOCTI (4.41)
2n-2 .2k+2
2> p' D pt—@2n-D@2n+3)p™ 1+ p*) =
i=0 k=0
2n-2

=Y m(m+1)(p"" = p")+2n2n-1)(p*" 7 = p*" )= 2n-1)(p*"" - p*") +

2n-2

+(2n _ 1)(p2n _ p2n+1) _ 2”(2” _ 1)((p2n+1 _ p2n+2) _ Z m(m + 1)(p4n—m _ p4n—m+1) —

m=1

2n—2

= > m(m+D| p" (1= p)= p" " (1= p) |+ 2020 =D p* (1= p) = p*" (1= p) | -
m=1
~@n=D[ p"(1-p)-p"(1-p) . (4.43)
VYci Bupasu y kBagpatHux ayxkax y (4.43) € uesin’emuumu nipu p €[0,1]. Kpim
TOTO,
[P 2= p)=p™ (A= p) |2 P (1= p)- p™ (1= p) .

OTxe, BUKOHYEThCSI HEPIBHICTh
2n-2 '2k+2
2> p' ) P =@2n-D2n+3)p™ 1+ p*) =0, (4.44)
i=0 k=0
a 3 Helo 1Jiema.
Jlosenennsi Teopemu. JJoenemo, mo Bei koeditientu 1 (i=0+2) y dopmyi

(4.35) € tomaTHUMY TIPY TOBUTBHUX 3HAYCHHSIX MTAPAMETPIB YKA3aHUX B yMOBaX TEOPEMHU.

ITeperBopumo [/ 50) JI0 TAKOT'O BUTJISILY

7O — a, (n+ 2)(211 +1)|:dn+(0)d;(0) (1 _panl _p2n+3 n p4n+2) .

n

—n(n+2)2n-1)p,(p>"" =2p""" + p2n+3):| ‘

Kopucryrouncs pe3yabTaToM JieMH, MOKHA OIIHUTH
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I9>a (n+2)2n-D)(2n+1)2n+ 3)[ d'd " —n(n+2)(n-1)(n+ 1)} P 1=p7) .
Bupa3 y kBaapaTHux Iy’KKax MOYKHA ITOJATH TaK:
id;”)dn(‘” —n(n+2)n-1)(n+1)=[n*+1+2v)n+1+v][n* +(1-2v)n+1-v,]—

—(n* +2n)(n” —1).
HaiimeHnie 3HaueHHs nonepenHii BUpas, ik QyHKIisg apamerpa v,, puiiMae npu

3HaueHHl v, =1/2 1 BOHO JJOPiBHIOE
3
3n* +3n+=.
4
TakuM 4uHOM,

IV >a (n+2)2n-1)(2n+1)2n+ 3)(3112 +3n+ %)pznl (1-p%)°. (4.45)

Kpim Toro goBeneHo HEpiBHICTh

':d;(O)d;(O) (1 _p2n71 _p2n+3 n p4n+2) —n(n n 2)(2n —1),5,1(,02'171 _2p2n+1 " p2n+3):| >
>(2n-1)2n+ 3)(3742 +3n+ %) PP (1= p*)>. (4.46)

. . (1)
Tenep neperBopuMo koedirieHr 7,

+(1)

](1) —a (2n " 1) d [d;(o)dn_(o) (1 . p2n—1 . p2n—3 + p4n+2) _

A~D

}’l

+(1)
_n(n+2)(2n_1)ﬂn(p2n—l _2p2n+1 +p2n+3)]+a (2”"‘1)1 d+(0)d (0)(p2n -3 p4n+2)+

+a,(2n + 1){(11 D +2)d (A +2)(1 = p* )+ (n+2)d Od O (p* = p*) +

—(0)
+n(n+2) (27’l l)ﬂn(p2n 1 2p2n+1 +p2n+3)+(n+2) d+(1)d (0)(p2n+3 p4n+2)}‘

n
3aBasiku Hep1BHOCTI (4.46) BCl T0AaHKU NONepeIHbO1T (POPMYJIIH € TOAATHUMH.
Temnep ocTaToOuHMit pe3yIbTAT TEOPEMH BUILTMBAE 3 BUpasy koedimienta 1>,

SAKOMY BCl1 IOJAHKU € JOJAATHUMU, TPUIOMY
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+(1)
IP>a 2n+D)(n-1)d A + 2)]% >

> g(n ~1)’(n+1’2n+1)>(3n+2). (4.47)

Teopema 4.1 nae MOXJIHMBICTH OOTPYHTOBAHO OOYAyBaTH TOYHUHN PO3B'A30K 3a/1a4l
(4.1)—(4.3).

Teopema 4.2. k1o 30iraeTbes psija
DAL 14n £, (4.48)
n=0

a 30BHIIIHE HABAHTAKCHHS

7(0)=2G, S L1 P.(cosO)z. + [P (cos0)z,].

n=0

1o mie Ha moBepxuio Iy xymi Q, U Q) , 3piBHOBaXeHO

{p(f(0).¢.)ds =0, (4.49)

TO ICHY€ €MHUI 3 TOUHICTIO /10 BEKTOPA >KOPCTKOTO 3MIIIEHHS pO3B's130K 3aaaui (4.1) —

(4.3), AKWif Ma€ BUTIIS

U,(r,0), R <r<R,,

0 (4.50)
U, (r,0), 0<r<R

U(r,0) ={

i manexuts mpocropy C2(Q,UQ)NC'(Q,UQ)NCEQ,UQ,). Bekrop-bynkuii

UO,Ul 3agaHo Gopmynamu (4.4), (4.5).
JoBenenns. [IpoeneMo aHami3 po3B’si3yBajbHOI CUCTEMHU PIBHSHb OKPEMO IPH
n=0,n=11n>2.
Ipu 7 =0 HeMac PiBHAHB ITICJIA IPUPiBHIOBAHHS KoedimienTis nmpu P =0, oTxe,
Ma€MO TUIbKU TPH PIBHSIHHS
—aflo) + (4v, 2)a(°) (4v,=2)b,,, (4.51)
Zaflg 2+ 2v0)a(°) -G, (2+2v)b,,, (4.52)

—(2+2vy)ayy +2p%al, = 1. (4.53)
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3 nmepuioro piBHSHHSA 3HaiineMo b, ,

1 24y
b. — a® 0 4
R

1 miACTaBUMO HOTr0 B JABA 1HIII

l1+v, 2—
(1 Glo2 4V1]a1(10) (1+V0—G10(1+V1)2

4y
0 0) _
aé,o =0 >
—4v,

(r)

3 a 0
P al(g (1+Vo)a( ) =

3 OCTaHHBOTO PIBHSHHS

(1) —

(r)
ﬂ+%ﬂ“@?+p‘g

1 mACTaBUMO B TIEpILIE

1+v,

fo(r)
2

Pl+v@ﬂ—4f)+ Gmn+»b+(2—4mgpﬂ}a$} (1+ca)1+vlj

2 -4y,

1
IHo3raunmo

— (v, - p)+21+V1

ol v, +(2 —41/0),03].

1

OuesnnHo, A, >0 i cucTema Mae €MHUI PO3B'I30K

(r) (r) (r)
al) = (L+G liXLJ Jo_ ,@3——a+vQ(L+GmliﬁLj4;4fﬁ+li—p*,

Y24y, J2A, 2—4v, |24, 2
1 L+v, | £y "
b,, = 1+v)| 1+ G CA A
20 2—4m{ ( 0[ 2 —ay jonp 2 P
24y v T (4.54)
2—4v, Y24y, )24,

Ockinexn po3s's3ku W, ((r,0)=0, W (r,0)=0, To xoedinienTn ag%, al(%) 1D,

MOXHa BUOpATH JOBUILHO.

Po3B’s3yBanbpHa cucrema npu n =1 Mae BUIIISIA

yo, 1a1(?) +2(4v, -1) pa(o) 2a1(,11) —(4- 4V0)agl) =b,,+2(4v, - 1b,,, (4.55)
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plal) +(6—4v,)pal) +al) +(4v, =3)al) =b,, +(6—4v)b,,, (4.56)
6a\) +(4-2v,)a)] —4(l+v,) pay) =—-4G,,(1+v)b,,, (4.57)
=3al) +(1-2vy)al) +2(1+v,) paly =2G,,(1+v))b,,, (4.58)
6(1-vy)p’as) = 17 +2 £, (4.59)

“2(1+vy)as) +3pal) + pal) = (£, = £7) /3. (4.60)

3azHauumo, 10 ymoBa cTaTuku (4.49) 1 30BHINIHBROTO HaBaHTAXKCHHS
MIPUBOUTH JIO TAKOTO CITiBBITHOIIICHHS:

fO+2£9=0.

Tomi 3 piBHsSHHA (4.59) BUIUIMBAE, 110 agl) =0. JIBa piBusHHs (4.57), (4.58) €
MPOTOPIIIHHUMU, TOMY OJIHE 3 HUX TpeOa Mpuopatu. 3alHIIA€ThCA CUCTEMA 3 YOTUPHOX
piBHsHB (4.55), (4.56), (4.58), (4.60) BiTHOCHO HEBIAOMHX af,ll), al(fl)), ag)l), b,, . 3MinHa
b, € BUIbHOIO 1 MOX€ NpuiMaTH OyAb-iKi 3HaYeHHA. UJEH 3 HEI B 3arajJbHOMY
PO3B’SI3KY BIJIOBIJIA€ BEKTOPY JKOPCTKOTO 3MIIICHHS. 3adikCyeMO IEHTp KyJl 1 Toi

. . 1 .
b, =0. Ilicna mifcraHoBku B momepenHio cuctemy ai) =0, b,=0 i crpouieHHs

OTPUMAEMO
b, :% pa® + pal?, @.61)
al(’ll) + [1 — %(6 - 41/1)} p“al(,?) +4(v, — vo)pag?l) =0, (4.62)
—3a) - % Go(2+2v)p'a) +[2+2v, — G,y (2+2v))]pas) =0, (4.63)
3p%a? —2(1+v,)a® = %( 1O - 1@y, (4.64)

Cucrema (4.62) — (4.64) Mmae BU3HaYHUK
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3 i
1 |:1_E(6_4V1)j|p 1 4(V1—V0),O
- 3 .
A =|-3 —EG10(2+2V1),01 [2+42v,—G,,(2+2v)]p|=
3p* 0 =2(1+v,)
_6(1+V0)8 12vl (p - )+%G10(1+V0)(1+V1)p_1 +6G, 2712 (141 0t (4.65)

®opmyna (4.65) nokasye, o BU3HAUHUK A, € nomatHuM. OTke, cuctema (4.62) —

(4.64) mae enuHUI PO3B'I30K

1(11) = ﬁ(f(r) fl(g))[_(g —12v)(1+v)) + G, (8 —12v )(1 + V1)] > (4.66)

2
) = —ﬁm‘ "= I+ 6v, = 5v, — G (1+Vv)]p, (4.67)
1

r l_V r
éol) :_SA (f( ) f(e))[4 6v, +G10(1+V1)]p bz,l == A 0 (fl( )_ﬁ(e))- (4.68)
1

Tenep po3riisiHEMO PO3B’SI3yBaJbHY CUCTEMY IpHU 7 = 2. OCKUIbKM 332 TEOPEMOIO
4.1 BH3HAYHUK CHUCTEMM € JIOJIATHUM, OTXKE€, CUCTEMA Ma€ €IUHUIN PO3B'SI30K, SKUU

BUIIIA A€ TakK:

n n

(r _ @)
al) =L AN (1= Gyl nn =D AAY (7 = o)

n

(r) (6)
~a,d, 0 p N+ O (1 G e, p(2n DAV O +

n

+a, n(n+2)2n-)AY ", (4.69)

(r) o)
) ==L (1= G e, 2+ DAL (07 - ) -

n

(r) ()
L O D (12 G e, 2n+ DAL p

n

+a,(n+2)2n+ DAY ", (4.70)
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a(O) _ fn(r) — nfn(e) [(2 +1 A(Z)A(3) -(1-G 2 1 A(3)d—(0) 2n+1
1,n - A n )ﬂn n n ( 10)( n+ )ﬂn n n p ]+

n

(r) (9)
fLt (Z DL s DAPAD + (1+2)2n+ DAPAL o 4

n

+(1- G n(n+2)2n-D2n+ DAY (p"" - p) |, 4.71)

n

(0) f;1(r) _”fnw} 2 AB) (3),7—(0) 2n-1
a,, =—A—[an(2n+1)An A7 —(1-Gya,2n+D)A7d 7 p" ] -

n

A (Z DL (1 G yan(n-+ 22 - D20+ DAD (57 = ). (472)

3 dopmyn (4.69) — (4.72) 1 teopemu 4.1 BUIUIMBAIOTH OIIHKK KOEQIIIEHTIB

noOyoBaHUX po3B's3kiB (4.4), (4.5) npu n > 2

1% -2 - % -
) <AL 140l 17 Dp" Las, < Cn (L £ [+0] £7 Dp"

0 _ 0 0 ) 0
1@, < Con” (| £ |40 ] £, |as) < Cn2 (| £ [+n | £19)),

1
1B, [<Csn(| L7 1+ ] 1,7 D", 16y, <G (LS |40 ] £,7 D",

ne (C, )2:1 — JoJaTHI KOHCTAaHTH, sIKi He 3ajexaTh BiA 7. L1 oliHKK 3a0e3neuyroTh

aOCOJIIOTHY 1 pIBHOMIPHY 301KHICTb PSAAIB y popmynax (4.4), (4.5) B Kyl ax 10 ii Mexl,

a Takox BuKoHamHs ymosu UeC*(Q,UQ)NC'(Q,U Q)N C(M) . Ormke,

TEOpeMy JIOBEJCHO.
4.3 KoM’ 10TepHUii eKCTIEPUMEHT

UucensHo 3agauva (4.1) — (4.3) po3B’si3yBajiacs MPU TaKWX YMOBax: MaTepiajiom

Kynl Oyino BHOpaHO cTanb 3 MpyXKHUMU KoHcTanTamu G, =82ITla, v,=0.28,
MaTepiajiaMH BKJIFOUeHHs Bubupamnucs natyus (G, =35.2'Tla, v, =0.35) abo antominii
(G,=26TITla, v, =0.34).

Ilepmmii TMN HaBaHTaKeHHsl. 30BHIIIHE HABAaHTAKCHHS Ha TIOBEPXHIO KYIIi

3a71a€Thecsl BEeKTOp-pyHKLieo f(0)=—osinfe, (BoHO aBTOMaTUYHO 3piBHOBa)keHO). Ha
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pUCYHKY 4.1 HaBelIeHO PO3MOALT HOPMAJbHUX HANpy>KEHb Ha MOBEPXHI BKIIOYCHHS 3

JaTyHl B 3aJIEXKHOCTI B1Jl BITHOCHOTO PO3MIpY BKIItOUEHHA p =R, / R,. IIlpuponHo, 1m0

MaKCUMaJIbHI 32 MOJyJIEM CTHCKAaO4W HaNpy>KEHHS Ha MOBEPXHI BKIIOYECHHS TIOTh B
Joro ekBaropiainbpHiii 00JacTi, MPUYOMY BOHU TUM Oujibllle, YUM OiJIbILIE BiTHOCHUN
po3mip BKIOYeHHA. Ha momiocax BKIIIOYEHHS, HaBNaKW, HaAHOinbIIe 3a MOAYyJIeM

HaANpPY>KEHHS CIIOCTEPIraeThCs MPU HAWMEHIIIOMY BITHOCHOMY pO3MIpi BKIIOUCHHS.

G,/
1.5 3.0 0
0.0 =8

p=0.8 p=0.2
-0.22

0.44 N\

T N

-0.88

Pucynok 4.1 — I'padiku HanpyxeHb 0, / 0 Ha NOBEPXHI BKIIOUYEHHS 3 JIATYHI

Ha pucysnky 4.2 mnoka3zaHo po3NOJiJ HOPMajbHUX HANpyXeHb Ha MOBEPXHI
BKJIFOUEHHS 3 QJIFOMiHII0. 30BHIIIHE HABAHTAKEHHS TaKe K caMe, SIK y MONEPEeIHbOMY
BUMAAKy. XapakTep HaNpyXeHb 3alMIIMBCA 0Oe3 3MIHHM, a aOCOJIOTHI 3HA4YCHHS
HaIlpy>KeHb 3MIHWJIUCS Ha HEBEIWKY BEIWMYMHY. [IpUHIIMIIOBO 1HIIA CHUTYyarlis
CIIOCTEPITAETHCS, KOJIM MaTepiaiv BKIFOYSHHS 1 30BHINITHBOI KYJIi 3aMiHUTH MicisiMu. Ha
puCyHKY 4.3 HaBeneHO Trpadiku HOpMAILHUX HAMPY KEHb Ha TOBEPXHI BKIIFOUCHHS, KOJIU
MarepiajiaM KyJii 1 BKJIIOUCHHS € aJlFOMiHIM 1 CTalb BiANMOBIAHO. Ternep MakcUMaabHE 3a
MOJYJIEM CTHCKAIOue HAMpPYKEHHS CIIOCTEPITacThCsl MPU HAWMEHIIIOMY BiJIHOIICHHI

p =R, /R, paailyciB BKIIOUYEHHS 1 KyJIi.
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1.5 3.0 0

-0.16 :

-0.32

NN N

-0.48

-0.64

N

Pucynok 4.2 — I'padiku HanpykeHb ¢, / ¢ Ha MOBEPXHI BKIIOUEHHS 3 aJTIOMIHIIO

-0.80L

6,/6
0.0

NN

-1.0

Pucynok 4.3 — I'padiku HanpykeHb . / ¢ Ha TIOBEPXHI BKJIFOUEHHS 31 cTaii

JApyruii Tun HaBaHTaxkeHHsi. Ha pucynkax 4.4, 4.5 HaBeneHO po3NOALT

JOTHUYHUX 1 HOPMAJIbHUX HAMNpYy>KeHb HAa MOBEPXHI BKIIOYEHHs (MaTepian BKIIOYEHHS
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JaTyHb) MPU 30BHIIIHBOMY HaBAaHTa)KEHHI Ha MOBEPXHI Ky, SIKE OMUCY€ETHCS BEKTOP-
byHKITI€FO 7(0) = o[3sinHcos @é. +sin’0é,]. Ha BiaMiHy Big IepIIOro THUILY
HAaBaHTAXEHHS, KOXXHAa KOMIIOHEHTA f(@) HE € 3PIBHOBAXXEHOIO, aj€ BECh BEKTOP

3aJJ0BOJIbHSIE yMOBY cTatuku (4.49). JIoTH4HI HaAmpy>XeHHS 1 MOAYJl HOPMaTbHUX
HaNpyKeHb 3pOCTAIOTh IMPH 3POCTaHHI BIIHOCHOTO PO3Mipy BKIIOYEHHS. XapakTep
HOpMaJIbHUX HAMpY>KEeHb BIAPI3HSAETHCS BiJl MOMEPEAHBOTO BUMAAKY 1 BHU3HAYAETHCA
OCOOJIMBICTIO 30BHINIHBOTO HaBaHTWKEHHSA. [IpM BEIMKOMY BITHOCHOMY PO3MIpi
BKJIFOUEHHSI CHOCTEPIraeTbcsi 00JacTh Ha WOro MOBEPXHI B OKOJI IMOJIOCIB JI€ 3HAK

HOPMAaJIbLHOTO HAMPYXEHHS BIAPI3HIETHCS BiJ] 3HaKy HaBaHTa)KCHHS.

6,/6

0.66

0.44 / /\\( i

- 7d
N

Pucynok 4.4 — I'padiku HanpykeHb o, / ¢ Ha OBEpXHI BKIOUeHHs. pyruit Tumn

HaBaHTAaXCHHA

IBUAKICT, MPAKTUYHOI 301KHOCTI METOJy IMoKa3aHo B Tabmuusx 4.1, 4.2 Ha
MPUKIIAAl 00YMCIIEHHS HOPMAaJIbHUX 1 JOTUYHUX HANPYKEHb HA MOBEPXHI BKIIOYCHHS

npu p=0.8 (apyruil TMn HaBaHTaxeHHs). TyT n__ (mapaMeTp 301)KHOCTI) — BEPXHs
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MeXa TMIJCYMOBYBaHHS TNpH 3aMiHI HECKIHYEHHUX CyM CKiHUeHHuMHU. HaliHmxda

TOYHICTh CHOCTepiraeTbcst npu obuucienHi o,(0)/ o npu n_=30. BoHa nopiBHIOE

0.05 %.

Trgi{UA

p=0.8 p=0.6 p=0.4 p=0.2

0.22 TN

T\

0.0 1.5 3.0 9o

Pucynok 4.5 — I'pa¢iku HanpyeHb 7,,/ C Ha MOBEPXHI BKIIOYEHHS. J[pyruii Tun

HAaBaHTAaXXCHHA

Tabmuus 4.1. I[Ipaktuyna 301%HICTE MeTOAY Npu obuucienHi o,.(0)/ o, p=0.8

n,. \0 0 /6 /3
30 -0.10743 0.69313 0.87618
40 —0.10752 0.69314 0.87618
50 —0.10753 0.69314 0.87618

Tabnuus4.2. [IpakTruna 301KHICTH MeTOLY IIpu o0uMcienHi 7,,(0)/ o, p=0.8

n,. \0 /6 /3 /2
30 0.50210 0.45777 0.40011
40 0.50210 0.45777 0.40011
50 0.50210 0.45777 0.40011
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4.4 BucHoBKH /10 po3ainy 4

Bnepuie 3BuuaitHum MetonoMm Dyp'e OoTpUMaHO TOYHHUM PO3B'SA30K JPYyroi
OCHOBHO{ BICECUMETPUYHOI KpaioBO1 3a/1a4i Teopii MPYy>KHOCTI B 3arajbHiil MOCTaHOBII
JUIS KyJl 3 KOHIIEHTPUYHUM c(epudyHuM BKiIoueHHsM. [Ipobrema posB'sizaHHs Takoi
3a/1a4i MOB’s13aHa 31 CKJIQIHICTIO TTOOYI0BH OOTPYHTOBAHOTO PO3B's3KY i MeTo10M Dyp'e
B MEBHOMY KJjaci ¢yHKIiH. B cBOlo depry, BoHa 3aJ€KUTh BiJl OIIHKUA 3HU3Y MOJYJIS
OararonapaMeTpUYHOTrO BHU3HAYHHMKA PO3B’S3YBAIBHOI CHCTEMH, SIKy BIepuie OyJo
BUKOHAHO B AucCepTalliiiHiil po6oTi. HaBegeHo pe3yabTaT YUCEIbHUX PO3PaXyHKIB JJIsI
TPHOX THUIIIB MAaTeplajiB BKJIOYEHb 1 1 JBOX THINB 30BHIIIHIX HABAaHTaXEHb.

EdexTuBHICTE METOTy TOKA3aHO HA IPUKJIA/I1 JOCTIIXKEHHS HOTO MPaKTUYHOT 301KHOCTI.
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PO3JILT 5
3AJJAYA TEPMOIPYKHOCTI J1JISI TIPOCTOPY
3 IBOMA BKJIIOYEHHSMH I TEILUIOBUILTEHHSIM

5.1 ITocTanoBka 3axauvi

PosrnsneMo 3amady 3HaXOMKEHHSI HAIPYKEHO-Ie(OPMOBAHOTO CTaHY KYCKOBO-
OJIHOP1THOTO MPYKHOTO MPOCTOPY 3 IBOMA BKIFOUEHHAMU. BBaskaeMo, 1110 B mpocTopi

po3ramoBaHi chepuuHi BKIItOYeHH Q, 1 (), IEHTPHU AKUX 3HAXOAThcs B Toukax O, 1

O, (10,0, |= z,,). Pagiycu BKIItOYEHb NOPIBHIOOTH R, 1 R, BianoBigHo (R, + R, <z,), a

ix mMexi mosnaummo [, i T',. Tpudasma cucrema (Q.)7, (Q,=Q\Q,UQ,) mae
TepMOMeXaHiuHi xapakrepuctuku (G,,v,,a;,k;) ( j=0+2), ne G —moyb 3cyBy, vV
— xoegimient [lyaccona, @ — KoepiI€HT JIHIHOTO TEMIEPATyPHOTO PO3LIUPEHHS, kK —
KOE(ILIEHT TEIUIONPOBIIHOCTI. BBaskaemo, mo BKIOYeHHA L), 1 2, BUIUIAIOTH TEILIO 3

TyCTUHaMU Jpkepen p, =k, f, 1 p,=k,f,, a Ha NOBEPXHIX BKIIOUYEHb BUKOHYIOTHCS

YMOBH 1JI€aIbHOTO TEIJIOBOTO KOHTaKTy. TemmeparypHe moJjie 1 HanpyXeHUW CTaH Ha
HECKIHYEHHOCTI 3aJJ0BOJIBHSIOTH YMOBH PETYJISIPHOCTI.

I1oTpiOHO BU3HAYUTH TEMIIEPATYPHE IOJIE i TEPMONPYKHUI CTaH B o0nacTsax €2

(7 =0+2), sK1 3aJ0BOJIbHSIOTh TaKl YMOBHU:

V04— (VT 2PV o1 ien (5.1)
-+ = , xe€ld .
712y, ! T1-2v, !

VT, =0, eQ,, VT =f, XeQ, i=12; (5.2)

or, or ) .
]Z)|ri :T;\l‘i’ [ Oé_noj _[kla_l’ll] ,1=1,2; (53)
i/, Ly
(U, )Fi -(7, )m , (FU, )m =(FU, )m ,i=1,2. (5.4)

Tyt uepes T,,U; (j=0+2) mo3Ha4eHo TeMIepaTypHe MoJie i 0JIe MepeMilleHb

B obnactsix ., FU, — BEKTOp HANpyKeHb Ha MOBEPXHSX BKIIOYECHb, BIINOBIIHUI
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BekTopy nepemiuiens U, f; (i=1,2) — sapani ¢ynkuii, V — oneparop Habna, 7, —
OJMHUYHUM BEKTOp 30BHIIIHBOI HOpMai 70 oBepxHi I',, | T, | — rutoma nosepxHi I',.

VYBeneMo 1BI OJHAKOBO HampsMieHi chepudHi CUCTEMU KOOPIMHAT (rj,Hj,goj)

(J=1;2), moyatku sikux cymictumo 3 Toukamu O,, a Bicb Oz Mae HampsIMOK BEKTOpa

0,0, . Ix xoopauHaTH 3B’s13aH1 popMyIaMu
rsin@, =r,sin6,; r,cosl, =r,cosb, +z,,.
Y BBeICHHX KOOpIMHATAX MOBEpXHs ', mMae piBHSHHSA 7, = R, . Byaemo BBaxarw,
mo ¢yHkuii f; (i =1,2) MaroTh 0OCEBY CUMETPIIO 1 € FTApMOHIYHUMHU (PYHKLISMU, IPUYOMY
300paxXy€eThCsl a0COJOTHO 1 PiBHOMIPHO B obmacTsax €, (j=1,2) 30DKHUMH psiaaMu

BUY
£0:8)=Y £, P (cos). (5.5)
n=0 i

Tyt 1 pam P"(x) — @ynkuii Jlexxanapa nepuioro pouy.
5.2 Po3p’s13aHHs TeMIIlepaTypHOI 3a1aui

Po3B’sbxkemo 3amaay (5.2), (5.3) s piBHSHHS TEIUIONPOBiIHOCTI. Po3B'sa30K 1iei
3aja4l B obsacti €2, OyaeMo IIyKaTu y BUTJISII
2 o 0 |
= 1+ = .
T(X)=D D 1tV RMw, (r,,0,), xeQy; (5.6)
Jj=1 n=0

0,2

o 18w, Tyt BicecumerpuuHi GasucHi

3 HeBimoMumu koedimientamm {r\)}

po3B'si3kM  piBHAHHA Jlammaca  anms 30BHIIIHOCTI  Ta  BHYTPIIIHOCTI  Kyui

QF ={(r,0,p): 7>} mosHaueno (2.2), ne P.(x) — mHorowienn Jlexanapa, 3HaK + (—)

BIJINIOB1/1a€ 30BHIITHHOMY (BHYTPIIIHBOMY) PO3B'A3KY.
Bukopucraemo teopemu nogaaBanHs 2.2 GyHKINA 1 oTpumaemMo (2.66) 11 3anucy

po3B’s3Ky (5.6) y cucremi koopauHar 3 mouarkom y touui O, (j=1,2)
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T(X)=D 1R i (r,,0,)+ D R, (r,,0, )ZM“ n(5.)
n=0 n=0

k

- (R.Y(R,_,

(J) ) (1) ) — J 3—j
hnk n,k+1° a)n,k ( .

Zyp Zyy

[oOyyemo po3s'sasku piBHsHb [Tyaccona (5.2) B obmactsx Q. ( j=1,2 ). Bynemo

Jac

X IIyKaTH Y BUTIISAII
T,(X)= ZR g r +c w, (r,,0,), XeQ;, j=12. (5.8)
IToxiemo oneparopom Jlamiaca Ha dyukuii 7, (X)
AT (X)= ZR "2(2n+3)g " 'w, (r;,0,), X€Q;, j=12.
[TopiBHIOOUM 1€ pe3ynbTaT 3 (4.2), (4.5), oTpumaemo

) f(j)
g, =t (5.9)
2(2n+3)

3a70BOJIbHSIOUM YMOBHU crpspkeHHs1 (5.3) TermoBux mnodiB (5.7) 1 (5.8) Ha
MOBEPXHAX BKJIIOYEHB, TPUXOAUMO 10 HECKIHYEHHOI CHCTEMH JIHIMHUX alreOpaidHux
PIBHSIHD, SKY IICJI MPOCTUX aIre0paiyHuX MEePEeTBOPEHb MOXHA 3alUCATH TaK:

© 2 ()
/D) 4 (ko —k;)n > Ul = ky R 1.
" kptk () kn+k (n+1) 2n+3)’

j=1,2, n=0+0; (5.10)

)
(1) () (D=0 4 f] =1,2, 0+ 5.11
=t, +Zu t 2(2n+3)’J n=0+o0, (5.11)

3 yMOB, sKI HakmajaloThes Ha ¢yHkuii  f, (j=1,2), BumimBae, 1o
{fnh=2 2 €L, x1,. Toni Teopema 3.1 pasom 3 exBiBasIeHTHICTIO 3a1aui (5.2), (5.3), (5.5)

po3B’s3yBanbHii cuctemi (5.10), (5.11) (i1 MoxxHa 1OBecTH) OOIPYHTOBYE 1CHYBaHHS

KOpPEKTHOTO po3B'si3ky cucremu (5.10) y mpoctopi /[, x[, i BHUKOHAHHS yMOB
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Qn+3) el, 2n+3)c el. Temep Qopmyma (5.6), (5.8) BiIHOBIIOIOTH

TeMIepaTypHe noje y tpudassomy T (Q,)7, .
5.3 Po3B'ss3aHHSI TePMONPYKHOI 3a4a4i.

Tenep posrmstHEMO TepMmonpyxHY 3amady (5.1), (5.4), ska Biamosimae
MoOy/IOBaHOMY BHIIE TEMIIEPATYpPHOMY Momo B obmactsax (Q,)>,. Husa 1poro

CKOpHUCTA€EMOCH OTOBCACHUMU B pOBI[iJ'Ii 2 pe3ylibTaTaMU. Posriasaemo B oOiacTsax Qi

cUcTeMy 0a3MCHHX BICECUMETPUUYHHUX PO3B'SI3KiB PiBHAHHS Jlame (0/HOpiIHE PIBHAHHS

(5.1)).

Hst Bexrop-dyukuii (2.4), (2.5) B cucremax KoopauHat 3 modarkamu O,

JOBEJICHO Takl TeopeMu ponaaBaHHa (2.68), (2.69), (2.70) 1 3BepraemMo yBary Ha

3ayBa)KEHHsI JI0 TeOpeM (7, ; <z,, j=1,2).
Sl BiZIOMO, 3araibHU PO3B'SI30K HEOAHOPIAHOTO piBHAHHSA (5.1) B obmacti Q, (

j =0+2) MOXHa 3anmucaTi B TAKOMY BUTJISII:
U (¥)=0Y9@) +0% %),
J J J
=Gy — o N . . . . T —
ne U;/(X) — 3aranpHuii po3B’s30K BIINOBIIHOTO OJHOPITHOTO piBHsHHS, a U, (X) —

YAaCTUHHUH PO3B’A30K HEOAHOPIAHOTO PIBHAHHS (/1aJ11 HA3UBAETHCA BEKTOPOM TEPMIYHHUX
nepemimens). 3apagku GasucHOCTi pos3s'sskiB (2.4) (2.5) B obmactax Q° 3aranbHuii

PO3B'SI30K OJIHOPIIHOTO PiBHSHHS B 001macTsix (€))7, MOXKHA 3aIlMCaTH TaK:

2 o

Uy (%)= ZZamR"”W (r,0)+ Y. > al )R, (r,60,), 3 eQy; (5.12)

Jj=1 n=0 Jj=1 n=0

U°@) =Y bR (r 9)+Zb“)R‘"W (r,0),5€Q,.  (513)

n=0

Tyt {a/)}70, 1, b)Y, - — HeBigoMi KoedinieHTn.

By1eMo IyKaTH YaCTHHHUI PO3B'A30K U ;(¥) B obnacti Q, y BuUrmszi
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U () =V ,(3).

Toni jst pyHKuii @ ;(¥) oTpuMaemo piBHsHHs [lyaccona

- .o v 1+,
A@J.(x):zajij(x),erj,a/=71 :
R
PO3B'SI30K SIKOTO MOKHA 3aIKCaTH TakK:
2 o n+1t(J)
) — J + s .
CDO(x)——ag"ZZ 1 riw, (r;,0,), ¥ €Qy;
j=ln=0 <N —
o gm 4 c(;) 2
=\ V. —n n / - .
CI)j(x)—aj’ZRj + w,(r,0,), xeQ,;, j=12.

oy 2(2n+5) 2n+3
TakuM YMHOM, BEKTOp TEPMiUHMX MepeMilens B obmactsax (€))7, 3amaeTbes
dopmynamu (j =1,2)

- 2 R
U()T()_c'):—ag(’zz"n—” (r,0,), ¥eQy; (5.14)

. o D=0y g DG~ (7.0
U ty=an S R | 8l Up0) &V 0:0) )
' ST 220+ 5) 2n+3

eQ,. (5.15)

dopmynu (2.68) — (2.70) naloTh 3MOTy 3amucaTH BeKTOp-(QyHKIi0 U, (X) B

chepryHiii CUCTEMI KOOPMHAT 3 MOYAaTKOM y T4l O,

—

Uy(r,,0,)= Za<J>R"+3W+ 9)+ZR—"+2W H)Zu Dal )+

J?

+Za(”R”“W+ (r,,0)+ > R"“W (r,,0)> u)al ) -
n=0 k=0

n=0
0 0 0 n+l(f)

D RW(r,,0) > ulal " — gy V] (1,,0,) -
n=0 k=0 o 2n—1

—ap’ ZR W, Q)Zu“ L7 f>+aV°ZR;" H)ZM“ M, (5.16)
n=0

JAc

@©H _ ) ) (2J) (J),, () (J) (31) (J),,(2) (/)
un,k h a)n 2,k+3° nk hnk?/kn n—2,k+1° nk h ykn nk+12
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2nk—n—k
(n+k)2k-1)2n-1)

(4 7 _ 1,(J) () (5.7) _ (J) (/)
nk h ﬂ’nka)n 2,k+1 2 unk h

n k+1° n,k =
3rigHo 3 popmynamu (5.13), (5.15)
= Zb‘”R "W(r,.0, )+Zb§f;R "W, (r,,0,)+

)]

- = o
v Z 2(2 5) V000 V,(r,0) |, j=12. (5.17)

n=0
[lepexonsuu B nepemimeHHsx (5.16), (5.17) no BekTopa Hampy eHb Ha TTOBEPXHIi

[', 1 BUKOHYIOYHM YMOBH CIpPSUKEHHs (5.4), NPUXOMMMO [0 HECKIHYCHHOI CHCTEMH

TMiHIHHEX anreOpaiyHNX PiBHAHB BITHOCHO HEBiTOMEX {a/)}™ ., (b))}

b + B mbm ]v 2(;+45)R g j- . +23 ) _
5 . + +

(n+1)a(1)+ +(O)a§]rz+nzu(lkl)al(3k 1)+Z[nu(2 »J) 181(0) (31)]a(3 N4

n

_,_ago n—1 t,gj) _agoilinuf];j) _ n+2 r(lskj)}tﬁ 7. (5.18)
2n—1 o 2n+3
b(])+ﬂ (J)b(/)+ j Jg,(/) +0[Vj Cr(%j) (J)+ +(0) (J)+Z 1)) (3 J) +
L T P2 @ 2(2n+5) P a3 e T P G ™ Ltk
+Z[u(2/> By OuC1al) — e 6 _a"oi LD u, (40 2 (5.19)
Zn o “oan-1 &Y 2n+3

(L) (J) (12) (J) @€y @3 j) (121) (3 J) Vo 4, (1,/) (J)
Vo G Z7nk a Z +a,' 7,0t

o0 ) ) G
056/027/(1])t(3 D — J (n_l)nbl(jl) c pl n/)b(])

tnk"k
0 0

G, e
Gi g Ly 04D 1pa i g [_2 L (4D +2)
0

A : . (5.20
G, ’ 2(2n+5) sen 2n+3 } (5-20)

DG 4 220 CL7) 4= Q2.2.)(3-))
y*al a2n+2yn +Z;/n al” +
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2 G
(2,)) (J) v (2.0, _ ] (j) (/) (J)
Oj/t t Oozytnkt (n l)b G b2n

Gj a’ M (1) G L n__'_l (J) (5 21)
, )
G, 7 22n+5) G, ’ 2n+3
e
(1 n _ (1,2) +(0) (1 L)) L) i) _ ”(” 1)
(I’l+2)(71+1) Vo =P s _I’l(l’l l)unk > Vin
2n—1
12.)) _ (20) _ 5=(0),6) () _ (n+1)(n+2) u® 4.5 .
7/nk n(}’l l)l/t pln nk 2 ytnk |: + 2n+3 n(n l)unk s
(2 D _ (2.2) +0) . (2L)) _ wpy e _ "
(n+2) }/ _p2n > 7/nk] (n_l)unk]’ j/tnj -5 4
2n—1
(221) (2.)) (00,3 (2) n+1 (5 7 (4.))
(n l)u pZ n n k ]/t,n,k — A A (n l)u .
2n+ 3
ITicns BUKIIFOUEHHS HEBIIOMHUX {b/)}" 0. 1TEpexoy 10 Gpi3uIHO Oe3pO3MIPHUX
napamerpis ch°t,§j) _ t_n(j)’ ’Rzg,i’) _ g:lj) ’ (J) C(j) a;fRffn”) _ fnu) RAMTHIIEMO

cucrtemy (5.19) — (5.21) Tak:

@@L () i,2,7) ,(J) @@Ly ,(3=)) :2,)) ,3=)) —
d, a,, +d, a2n+zmnk a i +Zm a

tnk "k c,n T n

m[(’i;lj)i(j) _ Zm(l ])l G-/ + g(l Ny (1) (l',j)E(j)’ n=0 + o0, ] — 1,2 : (522)

) —— (2n+1) - |, +(J) ,(J) (L.7) o 3=7)
bl,n - + A—(j) 2.n aln +pn aZn +ZM ,k +
n
> Ly
2.0 _ (/) (31) (-7 _ 2n 7D Ny (5/) (41) 70G-) _
+Q [u,; u,; layy ~ + lg, 1%
- Ly
2n—-1 A,
1 =)
1-422 g — g2 n=0+0, j=1,2; (5.23)

2021 +5) A

+(0) ~(0) w
2n+l o AT ) A, ERNES ) B

o N4 ) . U, ;ay, ! _(-7)_L_1 ()
n A A G T

A" T onrsa S
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2 1 G.NFC=/) _ 2 1 =)

o3 a0 & Ty g G =0 =l (5.29)
ac
1 o))
() _ 2,n ) — pr0) _ ) +( N _ pE() ().
qnj 2}’l+3 1_2A j) p ’ 2.n A (]) IBan b n] - l,nj L 2,11] 5

, o G, _
(i,s.)) (i) (i.8,)) (ISJ) (i,5.7) _ (lSJ) LL) — 1 €L
dn =Vn gn ’ _ynk é: n(n_l)un,k ’
0

(1 V) ()] (i,)) (l 7 — 7)) (¥)) L) _ —J 1)) .
7/tn 5 }/tnk gt,n,k H gn,k - G (”l _l)un,k b

tin 2 tnk
0

, G .
S = =n s Cna )|, 62 = [(n D" = A ) s

0

-G, . .
G =L n=1+@nen) ], &7 = [(n DAY =AU ]

0

.G, . .
G ==l - — [n(n DALY = A u)

0

}5,21527.1') G} (n— l)u(z 0 [(n 1),6’2(0) A(O) /u(]):| }(13k1');

0
é:(l,n:_& ”(”_1) (;) 9z(zn G| n-1 + ol
G, 2n-1 G, 2n-1 T ’
. G, G, — 2u'? .
A A LU e LS W
G, G,| 2n+3  (2n+3)
| G| n- 247 _
O =Syt 4 2| 2L 2 e,
G, G, | 2n+3 (2n+3)
L) 2 2 [ ﬂ(/)] 5(1 J) — [ 1):'
&G, 2n+5 b G 2n+3 b
G, 2 G, 2
(2,)) _ 1+ ) , 2.0 — _J 1+ @))
=G wsUra ] g G, e gL

1 -
i) =y =080 = i) i) = [0 = i
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N =BED —nfB B = —n(n+3-4v)), B =+ D(n+4v, -2);

n 1,n n

+() _ () _ +() _ 2 .
B, =n+dv -4, B " =n+5-4v, p " =n(n"+3n-2v,);

2,n

pl’)i-” =(n+D(n> —n- 2v,-2), p“nj) = —(n2 +2v, -2), p;("” =n" +2n+ 2v, = I.

2,

Teopema 5.1. SIkmio ymoBu R, + R, <z,, v, €(0,0.5), G, >0 3a10BOJBHAIOTHCS,

oneparop cuctemu (5.22) y mpoctopi ;' € GpearonsMoBEM OMEPATOPOM.

JloBeleHHST TEOpEMHU TPYHTYETHCS Ha OI[IHKAX MATPUYHHX EJIEMCHTIB CHUCTEMH
(5.22), ki TOBHICTIO aHAJOTIYHI OIIHII, OTPUMaHIK y Teopemi 1, 1 HA HAaCTYITHOMY

HOBOMY PE3YJIbTATI.
5.4. UncesbHI pe3y/bTAaTH TA IX aHAJI3

UucenbHUil po3B'sa30K 3amadi po3i0’emo Ha nBa eranu. Ha mepmiomy erami

po3B’si3yeThes cucteMa (5.10), (5.11) s BU3HAYEHHS TEMITEpaTyPHOTO MOJIsl B 00J1aCTsIX

(Q,);,. Pesynbrar mepumoro eramy BUKOPHCTaHO JUIsl PO3B's3aHHs cucteMu (5.22) —

(5.24). 3rinHo 3 Teopemamu 3.1, 5.1, 03HaUEHI CCTEMHU MalOTh (PPEATOIBLMOBI ONIEPATOPH
1 OJHO3HAYHO pO3B’si3HI. BigoMo, 10 Taki CUCTEMU MOXHA KOPEKTHO YHCEIbHO

po3B's13aTi MeToI0M peaykuli. [Tpu nbomy BuOupanucs Taki Mmarepiainy: aas MaTpuui €
— CTajmb, AN BKIIOYEHHA (), — JaTyHb, JUIsl BKJIIOYEHHA €2, — amoMiHIA 3
TEPMOMEXaHIYHUMU XapakTepuctukamu v, =0.28, v, =0.35,v,=0.34, G,/ G,=0.43,
G,/G,=032, 0" /) =168, ;> | oy’ =1.95, k, / k,=1.88, k,/ k,=4.61.

Y  nopganbimioMy — OyneMO — KOPUCTYBaTUCA  TakKMMU  TO3HAYCHHSIMHU:
o =ko” 1 2Ga R:p,), 0,” =k,05" 1 2G,a R} p,), ne 0.”, 05 — kommonenTH
TEH30pa HANPYKEHb, 3aMMCaH] B CHCTEMI KOOPJMHAT 3 104aTKOM y Touli O, . Pesynbrar

KOMIT FOTEPHOTO E€KCIIEPUMEHTY HaBeJeHO Ha pucyHkax 5.1 — 5.4 1 B Tabmumi S5.1.

['eoMeTpiss B3a€MHOTO pO3TAllyBaHHS BKJIIOYEHb Ha BCIX PUCYHKAaX BH3HAYAETHCS
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ymoBamu: R, /z,=0.2, R,/z,=0.6,arycTuHu JKepei TeIula BBAKAOTHCS CTATUMH 3
BITHOIIECHHAM p, / p, =k, 1k, .

Ha pucynky 5.1 mokazano rpadiku po3noAiry 3BeAeHuX ((hi3UIHO OE3pO3MIPHUX )

HaIpy>KeHb o

r

Ha cepruuHux MIOBEPXHSAX rn=a, ne
a=15R, 1.25R,, R, 0.75R,, 0.5 R, 0.25 R, B3anexHocTi Big kyTa 6. [IpupoaHo, 1o

BC1 HaIpy KEeHHSI € CTUCKAJIbHUMU, IPHYOMY MaKCUMAJIbHOTO 32 MO/IYJIEM 3HAUCHHS BOHH
JIOCATAIOTh Ha OC1 OUIA APYTOoro BKIIOYEHHA. XapaKTepHO, 110 MPAKTUYHO MPH BCix 6O
Hanpy>KeHHs 32 MOJyJIeM 3pOCTalOTh NMpU 3MEHIIEHHI mapamerpa a. Ha pucynky 5.2

(2)

aHasoriuni rpadiky HaBeJeHO I HANPYKEHHS &> Ha cQepUIHHUX HOBEPXHSAX 7y =,

ne a=125R,, 1.1R,, R,, 0.75R,, 0.5R,, 0.25R,. Yepe3 3HauHO OUIBIIMHA pajiyc
JIPYroro BKJIIOYEHHSI PO3MOiJ HANpPy»XEHb HAa HHOMY € OJIM3bKUM JIO PIBHOMIPHOIO

BCIO/IM, KpiM 00siacTi OuIg Oci B OKOJI MEPIIOro BKIIOUEHHSI, JI€ CIOCTEPIraEThCs

3pOCTaHHS X MOJYJIIB.

-1 ¢

12t

-1.3

-1.4

A R1=0.5 %
--"-—-—._
f /R ,=0.25 -

Ha MOBEPXHsX 7, = const ans R,/ z,=0.2,

asl

1.6

)

Pucynok 5.1 — Hanpy»xenns 0':

R,/z,=0.6
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5312) m/2 z

-1.20

5/R,=1.25 \
-1.25

5/R,=1.1 \
-1.30

5 /R,=1.0 \ \
135 5/R,=0.75
-1.40 E —--\ \\

5 —_—
i 7 'Ry=0.5
-1.45

C 7 /R, =0.25

(2)

Pucynok 5.2 — HanpysxenHst o> Ha HOBepXHsIX 7, =const jid R,/ z, =0.2,

R,/z,=0.6

['padixu HanpyxeHb O g(j ) Ha MOBEPXHAX 7; = d 300paXkeHO Ha pUCYHKax 5.3, 5.4.

JLyist HUX XapaKTEpHUM € CTPUOOK Ha MOBEPXHAX BKIIOYEHD 1) = R ;- TyT BepXxHst KpuBa

BIJINIOBIJIa€ HATIPY>KEHHIO B MATPHIIl, a HUKHS — Y BKIIFOUCHHI.

g

_0.3_

-1.0\

12]

-1.4 _\\_______________,

(1
Pucynok 5.3 — Hanpysxenns O, 9() Ha NOBEPXHAX 7, =const 11 R,/ z, =0.2,

R,/z,=0.6



o-;fz) -

* rz-fRz =1.15

1.0t

Fy /m

/

-1k

/ -rz -XRZ =0.75

12

/

F3/Ry =05

rz -/RQ =0.25

-1.3

———

7\\\_/’__

1.4 f

—_— ———————

110

*(2
Pucynok 5.4 — HanpyxeHHs O 9( " Ha IIOBEPXHAX 7, =const WA R,/ z,=0.2,

R,/z,=0.6

3ayBa)XMMO, IO XapaKTep PO3MOJALLY HANpyXKeHb (aje He 1X YMCIIOBI 3HAYEHHS)

MaJjio 3ajieXkaTh B/l BITHOCHUX PO3MIpIB BKJIIOYEHB MPHU CTaJii BIAHOCHIM BiJICTaH1 M1k

HuUMU. [Ipo 11e CBITYUTH pUCYHOK 5.5 Nl AJid NPpUKIIaay HaBelIeHO rpadiku HANpyKeHb

*(1)

Oy Ul IPOTWIJIEKHOI T€OMETpil BKIOYEHb R, / z, =0.6, R, /z, =0.2. IlomiTHO, 1110 B

ObOMY BHUIIAAKY KYTH, IIPH AKHX HAIIPYIKCHHA AOCATalOTb MAKCHMAJIbHHUX 34 MOAYJICM

3HAYE€Hb, 3CYBAIOTHCA B 00JACTh MEHIIMX 3HAYEHb B MOPIBHSAHHI 3 HAIMpPY>KEHHSIMH 3

PUCYHKY 5.3.

05|

\

-0.6

-0.7

09|

L /
: % é /:__:’ : #/R;=0.25

-1.0

oy

\ e

S

\ e
N A

————

(1
Pucynox 5.5 — Hanpyxenns O, 0() Ha [OBEPXHAX 7, =const 111 R,/ z,, =0.6,

R,/z,=02
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5.5 BucHoBKH po3aiiay 5.

B poGoTi Ha ipuKIIa i po3B'sI3aHHS CTAllIOHAPHOT BICECUMETPUYHOT TEPMOITPYKHOT
3a1avl ISl TIPOCTOPY 3 JBOMa CHEpUYHUMHU BKIIOUEHHSIMH, SKI BUIUISIIOTH TEILIO,
pO3pO0JICHO  BHUCOKOC(EKTUBHUM METOA  JOCIDKCHHS IMOMIOHMX 3agad IS
0araTOKOMIMOHEHTHUX MEXAHIYHUX CHUCTEM 3 TEIUIOBUIJICHHSAM. 3amporoOHOBaHUMN
MiIX11 3aCHOBAHO HAa TMOJAJIBIIOMY PO3BUTKY y3aralibHeHOro metony Dyp'e [74] Ha
po3risHyTUH Kiac 3agad. [ligkpecauMo, 1m0 Ha BiAMIHY Big poOit [96, 97], ne aBTOpH
KOPHUCTYIOTHCSl 1THIIMM METOJIOM, SIKUM J03BOJIE€ PO3B'A3aTH MOAIOHI 337a4l B OKPEMHUX
BUIIAJIKaX MaTepiajiB BKIOYEHB (TEPMIUHI BKIFOUEHHS) 1 PU CTaJii TYCTHUHI TETUIOBUX
JUKEpeNl, METOJl JaHoi poOoTH He Mae MoAIOHMX oOMexeHb. MeToa CTporo
OOIpYHTOBaHMN. SIK TOAATKOBUM BaXUIMBUHI (PaKT, HEOOXIIHHUWA i OOIpYyHTYBaHHS,
BIIEpIIIE OTPUMAHO OLIHKY 3HH3Y MOJYJisi OararonapaMeTpuyHOrO BHU3HAYHUKA 3ajadl
CHpsLKEHHS 1BO(Aa3HOI CHCTEMHU POCTIP — BKIIFOUEHHSI, TOOTO (PaKTUYHO BHEPIIE CTPOTO
OOIPYHTOBAHO ICHYBaHHSl pO3B'SI3Ky Takoi 3agadl 3BHYalHUM MeToaoM @yp'e.
EdexTuBHICTS METOMY TOJIATAE B TOMY, 110 BUXIJAHY 3a/1ady 3BEJCHO 0 HECKIHYEHHOI
CUCTeMM JIHIMHUX anreOpaidyHUX piBHAHL 3 (QPEArOJILMOBHM  ONEPATOPOM Yy
riIbOEPTOBOMY MPOCTOPI HECKIHYEHHHMX IOCTIJIOBHOCTEH, CYMOBHHX 3 KBaJpaTOM.
Bigomo, mo Taki CHCTEMH YHCEIIBHO KOPEKTHO PO3B’S3YIOTHCS METOJOM PEIYKIIi.
UucenpHul eKCIEPUMEHT TI0Ka3aB, IO HaBITh ISl BIJHOCHOI BIJCTaHI MIX

BKItoueHHsAMU 0.2 npu mapamertpi penykuii n_ =10 (po3mip pelyKOBaHOI CUCTEMH

88 x 88) TounicTe 06uMCIEHHs HapyXeHb cKIagac 3-6 BipHUX 3HAYYIMX HU(p Mics
TOYKHU. 3aMpONOHOBAHUN METOJ] JOMyCKAa€ PO3BUTOK HAa OAraTOKOMITOHEHTHI Tijla 1HIO1

reoMeTpii.
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PO3/ILI 6
METOJNKA BU3HAYEHHSI ONTUMAJILHOTO KEPYBAHHS
TEPMOIIPYKHAUM CTAHOM KYCKOBO-OJHOPIJHOTO TLIA 3A
JOTIOMOT OIO CTAIIIOHAPHOT'O TEMITEPATYPHOT'O MOJISI

6.1 ITocTanoBka 3amaui
PosrnsHemo 3amauy ONTHUMalIbHOTO KEPyBaHHS HaMpyX)eHO-Ae(hOPMOBAHUM

CTaHOM KYCKOBO-OJHOPIHOTO MPYKHOTO MPOCTOPY 32 JOMOMOTOI0 TEMIEPATYPHOTO

nojs. BBakaemo, 110 B IpocTopi Q po3TalloBaHi CepuuHe BKIOUYEHHS , 1 chepruHa

MOpOXHHUHA Q,, HEHTPH SIKUX 3HAXOIAThest B Toukax O, i O, (|00, |= z,,). Paniycu

BKJIIOUEHHS 1 MIOPOKHUHU JOPIBHIOIOTh R, 1 R, BIINOBIOHO (R, + R, < z,,), a IX MEXI

nosmaunmo I', i T,. JlpodasHa cucrema (Q,,Q) (2,=Q\Q UQ,) mae

TEPMOMEXaHIYHI XapaKTEPUCTUKH (GJ-, Vi, &, k j) ( j=0;1), ne G — Momyms 3cyBy, V —
xoedinienT ITyaccoHa, o — KoedillieHT JiHiffHOrO TEMIIepaTypHOTO PO3IIMPEHHS, k —
KOe(DILIEHT TETUTONPOBITHOCTI.

[ToTpiGHO BU3HAYMTH TeMIepaTypHe mone B obmacTsax <) i (j=0;1) (parTruno

po3IoaLn TeMneparypu 7, Ha HOoBepxHI I, ), IKe 3aJOBOJIbHAE TaKl yMOBH:

Vi, +1_12Vj V(VU,)=a, ?;2:], VT, $eQ); (6.1)
VT, =0, ¥eQ; (6.2)
TO\r1 = Turl |k %) = (kl %] ; (6.3)
) on, r
(00), =(02), . (F0L), ~(FU), 4

(
(FU0 )rz = fr., (6.5)
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ﬁ j | FU, [ ds — min, (6.6)
1l
1 2 2
—[rds=T". (6.7)
1T, 17,

Tyt uepes T,,U; (j=0;1) mosHa4yeHo TeMrepaTypHe moJie i [ojie nepeMilieHb B

obmactsx €2 j» F'U, — BeKTOp Hanpy>KeHb Ha MOBEPXHAX BKIIOYEHHS a00 MOPOKHHUHY,

—

BIJIMOBITHUN BEKTOPY IEPEMIIICHb U f — 3amana Bextop-dyHKIs, V — omeparop

]’ b
HaOna, 7, — ONMHUYHUI BEKTOP HOpMaJl 10 IOBEPXHI T, \FJ. | — mmoma nosepxai I’ i T

— 3aJJaHa KOHCTaHTa.

YBeneMo JBI OJHAKOBO HamNpsIMIICHI CQPEpPUYHI CHUCTEMH KOOpIWHAT

(13,(9 % j) (j =1;2), noyatku Akux cymictumo 3 Toukamu O '+, @ BICh Oz mae HanpsMoK

-

sekropa 0,0, . Ix xoopaunarty 3B s13aHi popMyIaMu
rsin@, =r,sinb,; r,cosb, =r,cosb, +z,,.

Y BBeJIEHUX KOOPAMHATAX MOBepXHs 1’ ; Mae pIBHSHHSA 7; = R ;- bynemo BBaxarw,

1110 BEKTOPHA QYHKILs f Mae 0CeBy CUMETPIIO i 300paXyeThest abCOTIOTHO i pIBHOMIPHO

301)KHUM PSZIOM BUIY
£(0,)=2G, ) [ "P(c0s6,)é, + [P Pl (cos6,)é, ],
n=0

ne B(x) — dynxuii Jlexannpa nepmoro poxy, {€,,€,} — Gasucui optu chepuumoi

CUCTCMHU KOOpAUHAT 3 IIOYAaTKOM Oj .

Yepes oceBy cUMETpItO 3aAa4l TemnepaTypy I, Ha MOBepXHI [, OyAeMO LIyKaTH y

BUTJISLIL

Ty, = 8, P, (cosb,). (6.8)
n=0
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OTxe, po3B's3KkoM 3aiadi (6.1) — (6.6) € Habip koedimieHTIB {g ,(12)}::() . YMoBa (6.7)
nokasye, mo ¢yHkuis 7,(6,) NoBUHHA Hayexatu knacy L,(T,).

Crnepiry BBaxaTUMEMO, 110 TemmepaTypy (6.8) 3agaHo, a HEOOXIJHO 3HAWUTH

TEMIIepaTypHE I0JIE 1 TEPMOIIPYXKHI IepeMillieHHs B obnacTax (Q,,€2,) B 3axaui (6.1) —

(6.5).
6.2 Po3B’si3anHs 3aaad4i (6.2), (6.3), (6.8)

Po3B’sbxemo 3agauy (6.2), (6.3), (6.8) aist piBHSHHS TEIIONPOBIAHOCTI. Po3B's130K

1€l 3a/1a41 Oy1eMo IIyKaTu y BUTIIAI

2
T(X) =)D 1R Wi (r,,0,), X €Qy; (6.9)
j=1n=0
L(¥)=) g 'R"w,(1,0), ¥ (6.10)
n=0
3 HEBIJOMHMH Koe(illi€eHTaMH {t,gj )}fj)yjzl, {gfll)}:,ozo.

Bukopucraemo teopemu nonaBanHs (yHkIin (2.2), a came (2.66), ayis 3anucy

po3B’s3Ky (6.9) B cuCTEMi KOOPJMHAT 3 TIOYATKOM y TOYITI 0]- (j=12)

© [ R,
-3
n=0

J

n+l n
J P (cosb))+ Z(;—’J P (cos 9}.)2@{2@({}/) , (6.11)
n=0 k=0

J

pI(&
k

. o  (RY(R..

)N AV PNG)) () _ J 3-j
un,k - hn,ka)n,k-H’ a)n,k _[ .

3aJ0BOJIbHSAIOYN YMOBH CHPSKEHHS TEIIOBUX NOMiB 7, (X) 1 7,(X), a TAKOXK

rpaHu4YHy YMOBY (6.8), oTpruMaeMo

00+ =gy, n=0+0o; (6.12)
k=0
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k,
—~(n+1)" + nZu(l)t(z) p —L g, (6.13)
0
n=0+00 ;
(2 +Zu<2>t<” g? n=0+w, (6.14)

[Ticnst BuIydeHHS HEBIIOMMX {g,,)}n o 3 cucremu (6.12), (6.13) BiaHOCHO

(J)y*,2 s
{tn }n:O,jzl BUIIJIIUBAE pO3B 5[3YBaHI)Ha CUCTEMA

1 -7, Zt‘”Zufﬁiu;ﬁ? =7, 218 (6.15)
s=0 k=0 k 0

n=0+ow ;

- Zt“’ZnufzuSi =g, (6.17)
s=0 k=0
n=0+o,
ey = (k, = ky)n
" kn+k(n+1)

Teopema 6.1. 3a ymoBH z,, > R, + R, OIEpaTopu CUCTEMH € (PPEAroIbMOBUMHU
ornepaTropamu y npocropi /, .
JoBenenns. /{15 1oBeIeHHS TEOPEMU JOCTATHLO TTOKA3aTH 301KHICTh MOABIMHUX
pPAIIB
o0 o0 2
m,,(2) @), (1)
Z (ynzunkuksj 2 Z (z}/k nkuksj :
n,s=0 n,s=0 \_k=0
Ockunbki |y, |< 1, TO, 3aCTOCOBYIOUN HEPIBHICTB [ enbaepa, 0OTpuMaeMo
10,,(2) @ 2 (2)
S (r S| <SSt S
n,s=0 n=0 k=0 s=0 k=0
[Ipu BUKOHAHHI YMOBH TEOpEeMH 301KHICTH PSJIB y MpaBiii YaCTHUHI HEPIBHOCTI
BUIUIMBAE 3 ICHYBAaHHS TOYHOT CyMU DSy

k
ZW(]) i("”‘)! Ry, ﬁ _ Zp
nlk! R —R

n,k=0 k,n=0 12 P )
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AHaNIOTIYHO TOBOAUTHCS 301KHICTH APYTOTO MOABIHHOTO PSIY.
(2)y 0 !
3 ymoBu {g, '}, _, €L, Tak caMo BUILIUBAE, IO

1 ,(2)
[7nzun,kgkj €l,,
k=0

n=0
1 TOMl TIOMEpemHsS TeopeMa pa3oM 3 EKBIBAICHTHICTIO 3amadi (6.2), (6.3), (6.8)
PO3B’sI3yBaIbHUM cucTeMaM (6.15), (6.16) (if MoxkHa JT0BECTH) OOTPYHTOBYE 1CHYBaHHS

KOPEKTHOT'0 po3B'sa3Ky cucreM (6.15), (6.16) y npocropi /,. Toxi popmyinu (6.9), (6.10),

(6.12) BigHOBIIOIOTH TeMnepaTypHe noie (7;,(x), 7;(x)) y nBodasznomy timi (€2,,€2,).

6.3 Po3B'si3anns npsimoi 3aaaui (6.1), (6.4), (6.5)

Tenep posrisiHEMO TepMONpYyXHY 3amady (6.1), (6.4), (6.5), sAxa BiamOBiAA€E

NoOyZ0BaHOMY BHILE TEMIIEPaTypHOMY IOMI0 B obmacti (€2,,€2,). Jasg wnporo

CKOPHCTAEMOCH JIOBENEHUMH B PO3Mimi 2 pesynbratamu. Posriasaemo B obmactax ()

cUCTEeMY 0a3MCHHX BICECUMETPUUYHUX PO3B'SI3KiB piBHAHHS Jlame (0HOpiIHE PIBHIHHS
(6.1)) {Vf/l+ (r,0)}", W; (r,0)}",,, ne (2.4) (2.5) 6a3ucHI po3B’I3KH.

JIist 1iux BEeKTOp-(QYHKIINA B CUCTEMax KOOPJMHAT 3 MOYaTKaMU 0]- B pO31iJi 2
JIOBE/ICHO Teopemu joaaBauns 2.3 (7, <z,, j=12).

SIK BimoMO, 3aranbHUI PO3B'T30K HEOXHOPiMHOTO piBHsAHHS (6.1) B o6macTi {2 i (
Jj =0;1) MoxHa 3amUcaTH B TAKOMY BUTJISIL:

U,(X)=U'(X)+U (%), (6.17)

ze Uf(?c) — 3arajJbHUNA PO3B’SA30K BIJIMOBIIHOTO OXHOPIAHOTO PIBHSHHS, a UI_T(?C) —

YAaCTUHHUH PO3B’ 30K HEOHOPITHOTO PIBHSHHS (J1aJ1l HA3UBAETHCS BEKTOPOM TEPMITHHUX

. . . + (v
nepeMimiensp). 3aBasku GasucHOCTI po3B'sskiB (2.4, 2.5) B obmactax () saranbHuil

03B'I30K OJHOPIAHOTO PIBHSIHHA B 00JacTax (Q,,Q,) MoOHa 3amnucatd, sk (5.12) ta
0 1 ’

(5.13).
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B poszaini 5 mokaszaHo, 110 TEMIIEpAaTypHOMY OO TO()?) BIJIMOBIA€ BEKTOP
TepMiuHUX mepemimnienb(5.14). Tak caMo MOXHA TOBECTH, IO TEMIEPATYPHOMY IOJIIO

Tl(x ) BIJINTOBI1/Ia€ TAKWA BEKTOP TEPMIUHUX MTEPEMIIICHb:

M) -
U’ (%) =a Z g" ;"V,;(rl,a),;egl, (6.18)

o 1+

ae 0(1 —v
1

®opmynu (2.68) — (2.70) nmaroTh 3MOTy 3amucaTH BEKTOP-(YHKIIIIO UO()_C') B

cepuaniii cuctemi koopauHat 3 mogatkoM y Touri O,

0 (])

U,(r,,0,) = Zaf”R””W rs0)+ D W (r 002 nZ:HR?f T

n=0

0 o0 (/)
(j) prtlygr+ 7 nk (1) K+l (3-j)
+Ea R; W rj,ﬁj)+EWL 6’)2 n+k1 SRar
n=0

© (]) 0 (])

PALIEN) ,:1211 iR~ Yo R (,0) -
o (]) /1(1) © 17_(7'. 9') © (])
—a; .0, MRS way Y S S RO (619
0 Z )Z }’l+k 1 2 oy 2n+3 kzz(;zn+k+1 ( )

[Tepexonsun B mepemimnieHHsx (6.13), (6.18), (6.19) mo BekTopa HampyXeHb Ha

nosepxni I’ ; 1 BAKOHYIOYH YMOBH CHIPsKEHHS (6.4) 1 TpaHiYHy YMOBY (6.5), IPUXOAUMO

JI0 HECKIHYCHHOI CHCTEMH JIHIMHMX ainreOpaiyHuX piBHSAHb BIJIHOCHO HEBIIOMMX

() (1)
{azi}n =0,i,j=12 { tn}n =0,i=1

M M (1) _ D +(0) M Ly ,(2) (2D -(0),,3.D)17,(2)
nb, + P, b, =—(n+Da,, + B a2n+nZunkalk +Z[nun’k =B, u,y lay +

w =1 g, n+2 U n+2 5D @ | @
to,) ——t, —a) —— —nu, |G, 6.20

M 0] (1) _ (1) +(0) () (LD (2)
b "',Bz b =4 + 2n a2n+zuka1k

L,n



M

- t
20 _ p-0), 317,02 v
+Z[ U,k b U lay, — oy ——+
pay 2n—1
© (5.1 (1)
u
o 3| S i - S
| 2n+3 2n+3
1 +(0) (1) (1D (2)
(n+2)(n+Dal) + p/%a) +n(n- I)Zunkalk

2,1 0), (3,1 2
Z[n<n Dl = pr 0 al) - o

k=0

wee )| (n+)(n+2)
T Z{[ 2n+3

k=0

G, .
=—Lnmn-Db" +
G (n=Dh,

0 0

-z 1)
1,n b2
G,

0

1 0 1
~(n+2)al) + p;Val + (n-1)

(2,1 0). (3,)7..(2
Z[(n Du = p OuMal’) +

k=0
x| n+l

+a,’
pary 2n+3

G —(1>b(1> G
G

0

G FAG Db +

0

(n+2)(n+Day,) + p, ay,, +n(n-

2,2) 0). (3,2)7..(1
Z[n(n Du? - p Oual) -

k=0

ra i {[ (n+1)(n+2)

2n+3

[0,
2n-1

—2} (3.) —n(n— l)u(“)}t(z)

2n+3

G V{(n+1)(n+2) }
—Lo|————-2|g

(LD (2)
Z“n Ay T

n

w_ o
aOOﬁt +

(5 1) (I’l l)u(4 1) } 1(2)

2n+3g" ’

(1,2) (1)
l)zunk Qe+

V1

—a {2 + n(n—1) 1)}22) +
2n—1

- 2:| (5.2) n(n l)u(4 2) }f(l) fn(l) :

2 0 2 1,2 1
0+ 21+ 1]+ )Yl +
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(6.21)

(6.22)

(6.23)

(6.24)
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22 0). 3.2)7.(1 n 2
Z[(n 1)”( ) :0251) f(1k )]aél)c + 05(‘)/0 tfl '+
k=0 2n

| n+l y 42) |4 _ £
+a,° n—1 u, ) 6.25
0 ki . 3 —(n-1) =/, (6.25)

e

B =-n(n+3-4v), B =(n+)(n+4v, -2),

B =n+dv -4 BV =n+5-4v

2,n

+(/)

=n(n" +3n- 2v;), p1 —(n+1)(n2—n—2vj—2),

+(J)

P, = —(n’ +2v, -2), ,02 —n2+2n+2vj—1,

(1 /) _ h(]) (/) u(2 J) h(”}/(l) ()

n2k+3’ k,n n2k+1’
(3 D 13,0, 2) (J) 4.0 _ 3,() ()
nk hnk}/kn nk+19u h ﬂ’ a)n 2,k+1 >
1 G = D D) _ 2nk—n—k
nk n.k nk+19 ik

(n+ k) 2k —1)(2n—1)
ITicis BUKJIIOYEHHS HEBiIOMMX {bi(’ln)}f:’%,i:l 3 piBHsaHb (6.20) — (6.23) oTpuMaeMo

)
cucteMy BinHOCHO {a,))}" il

d(] 1)a(1) + d(] 2)a(l) + Zm(Jl;U)al(i) + Zm(J 2, 1)a§2]2
— WA a(Y) (:2)7(2) Nz
__mt,n ZLn _thnkt +§g n8n s (626)

(OA)) (2) (J2) (2) (j,1.2) (M) (,2,2) (1) ) _ 12) (2) AP
7n aln a2n Zj/nk a1k+zy a2k f t Z tnkt 5 (627)

1 (1, 1) (1) (1,2) (1) , 1) (2) @ _(2)
bl, ]9 + 19 a + Z n,k 1 k + er//n,kaZ,k +
k=0

t,n'n t,nk

+O_(1)t(1)+zw(1) A (11,&51)’ (6.28)

ln k7 2,k t,n°n

b;l) gog 9(22)a(1> +ZV/(2)a<2)+0'(2)t(1)+ZV/(2) £ + (zr)lgfll), (6.29)
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j=12; n=0+o0,

Jac

(k) _ , (k) (i,k) @50 (l J 1) (i,j:1)
dn =Ve — gn ’ mn,k - g >

(l k) (i.k) _ (k) (J 2) _ ,,0J:2) (J:2)

_ytn tn tnk 7/tnk t,nk o
P = D)+, 75 =nln =D,

(L,2) +(0) (1,2,/) — (2,)) (0) (3,))
7/ _pln ’ ynk n(n 1)1/! IOln nk o

(o) {2 N n(n - 1)} ) = {(” +D)(n+2) 2} D) n(n -t

s .k k
a 2n—1 o 2n+3 mee
(2 ) _ (2,2) +(0) L, (2,1,)) _ 1)

(n+2) ?/ _102;1 97/nk (n_l)un,k ’

(2,2,)) _ (2,)) (0) (3,)) 2, n 2,j n+1 5 4,j
Yok =(n- 1)” Py Ui s 7/t(n])_—’7t(,nj{):— o —(n— 1)”;(11(])9
2n—1 2n+3

=2 G lnn=1)+ @n+ Dy, ], 807 = o Ca[(-DB + 2n-, ]

0 0

o= Glnt+@ninp, ], £02 = [(n DAY +n@2n-Du, |,

0

£ = Lm0 = 2 nn -1l -
GO GO{

[”(n 1)ﬂ2;0)+ﬂ1 A (0):| (31)},

Ly _ | n(n—1)
-~ 4
o 0[2;1—1 ”1’”}’

1
(1,2) (4 n_ 5.1
= n(n-—1 T/l nn-1 2u u
gt,n,k G { ( ) 2 |: ( ) ln:' }’

0

G
1 _ (211) 1 (LD
u, — n—lu
e G2 +3[ b ] 0( Jini

5 = G{( ~0ul = [ =DBY + a1, A L}

0



121

G| n-1 G ||ln—-1=-2

en_ Y 2.2) | Hyp | 5 (4.
=——1 + , — ) T 1

o G [Zn -1 ﬂz’"} G { 2n+3 } ~ = Do }

0

TG, e fend M =T ol
0 n
pl r(zl) I’l(l’l _1)182_( —(1) 1) -()
Ln — —) = s 8 _al g, An =2[(3—4Vj)n+1—2vj)],
An
g _1— (2n+ 1)182 ) g1 _ g+ _ n(2n- 1)132 (1)

) > Y —M2n —(1) ’
A, A

W _ @0 _| g oA e
-0 -1 n ,
l//n k u 2.n - 2.n A_(1) un,k >

- -
O_(l) — 2n 1 G(l) — _1 1+ 2ﬁ2,n
A 2n—1 7" 2n43] A [

2 (1) M(S’l)
v = == e —ul,
AV [(2n+3)

—(0)
]9(2,1) — 2l’l +1 9(2,2) — l’l(zn - 1) (2) —_ An (3’1)
n A0 > A0 Yk T T e
1 2 zu(i])
(2) _ () _ o2 — (2) 2 nk
Gt,n - Ogn= gn 0 gn V/t(n)k =

AOTTE T (2 43)A 0 C2n+3)A0

6.4 AnaJi3 cucremu (6.37), (6.38)

VY riap0epToBOMy MPOCTOPl /, PO3IIISTHEMO JIIHINMHI ONEPaTOpH, SIK1 3aJal0ThCs

HECKIHUYCHHUMH MaTpUIsIMHU

DY =diag(d"")* ,, DY = diag(y\"")" i,k =1,2;,

n=0° n=0%"%?

M(l) (m(wl))nk 0 (2) (7(”2))” o s,r=1,2;

M.} = diag(m{}");y, M5 = diag(y},”);

n=0 > n=0>°

1,2) _ (5, (D 20D _ (,,0):2) -
M[aj o (m )n,k=0’ Mt,j (71‘ n,k )n,k:O’ J= 152 s

t,n,k
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=) = diag(£)7,.

4 y .
Hosnaunmo [, =1, x, x[, x[,— nexaproBuii 106yTOK HYOTHPHOX EK3EMILIAPIB

. 4 . T
nipoctopy /,. [IpocTip [, € rinb6epToBUM NPOCTOPOM 3 eleMeHTaMu X = (X;,X,,X;,X,)
x,€l, (tyr cumBon T o03Ha4dae TPaHCIOHYBaHHs, TOOTO BEKTOP X € CHUMBOJIYHHM

CTOBMIIEM, CKJIQJICHUM 3 YOTHPHOX HECKIHYEHHUX IIOCTIOBHOCTEH) 1 CKaJSIPHUM

JT00YTKOM
(x,y) = ESCnuo>vw ) y=0)4
Hexan
4= (ala),ag)’al(z) éZ))T
f :(f;(l,l)’ft(z,l)’f;(l,Z)’j;(Z,Z))T
ne

()_ ()
J (a])no,z]—12
f(ll) (ll)f(l) M(lz)l‘(z)-i-"‘( g , ]—1 2
(J:2) — () 2,71 2272 . _ .
S0 =T =Mt =M, =12,

t_(j) (t(j))n " f(/) (f(/))n " —(J) (g(/))n "

PosrnsHemMo CUMBOJIIYHY MaTPUITIO

O=D+M,
ne
D =diag(D,,D,), M:[ X M‘j,
M, 0
~ Dl(lj) Dl(zj) ~ Ml(lj) Ml(zj)
oy o)y
Tenep cucremy (6.26), (6.27) B momnepeHiX MO3HAYEHHSX MOXKHA 3alUCcaTd Y
BUTJISA1

Da=f. (6.30)
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Teopema 6.2. IIpy BUKOHAHH] yMOB R +R, < z,, V; €(0,0.5), G, >0 oneparop @

.74
cuctemu (6.30) B mpocTopi [, € ppearos-MoBUM OHEPATOPOM.

BaxxnuBum 1 npuHUIMNOBUM (DaKTOM [UIsl AOBEJICHHS TEOpEMHU 2 € HACTyNHUU
HOBHM pe3yJIbTAT.

Teopema 6.3. BusHauHuk

d(l’l) d(1,2)
Ac=|Tn T 10
n dr(,2,1) d’§2,2)

npu OyJIb-SIKUX 1 = 0+, v ;€ (0,0.5), G IR 0. Binb Toro, BUKOHYETHCS OIlIHKA
|A > (n+2)(2n° +1). (6.31)
JloBenennsi reopemu 6.2. [Tokaxxemo, 110 ornepaTop 2 € HENEPEPBHO 0OOPOTHUM

.4
y ipocTopi [, . DopmanbHEM 06epHEHHM ONIEPAaTOPOM I OHepaTopa > € OHepaTop

D' =diag(D;",D;"),
e

Gy
G| B T

11
i ORE
V21 VZZ

V(]) (D(J) Dl(é)l|:D?E]l)3 1:| D3(]31)9Z:1’29
) — _ () ) 17U i=
I/i,f'v—i Dii D13II/3131’ 1’2

Yepes aiaronansuicts marpuups D) marpuui V) mosxna sanucaru o

M R d,”"
V =dia B ,V =—dia ‘ ’i:172>
g An i,3—i g Af,
(3—i,3-0) (i,3—1)
2) _ g5 Y — —7 7/” | =
Vi© = dlag[ 0 | = —diag ATO ) =12,
7/(1 1) 7(1 2)
AT = | =20 Dn’ +(1=2v)n+1-v,]. (6.32)

Y Y
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0
3a3HauuMoO, IO BU3HAYHUK A:( " £0 npu OyIab-aKux H= 0+o0 , v,€(0,0.5),
MIPUYOMY JIJIsI HhOTO BUKOHYEThCSI omiHKa (6.31).
OTXe, 3aBISKH MONEPETHROMY PE3yJbTaTy i Teopemi 6.3 oOepHeHa MaTpullsd 10
MmaTpulli D icHye. [Tokaxkemo, 110 BoHa 3a7a€ 00MEXEHHI onepaTop, 110 /i€ B MPOCTOPi
4
lz .

D () (2 N _ 4 :
Jli Oy 1b-sIKOTO BEKTOpa X = (xl( ) x§ ),xl( ), é )) €[, npaBuNBHOIO € OIiHKA

|D x” ZH V(])X(J) +V,(3’)lx(” ||

i,j=1
2
() (J) () (1)
<2 (I P+ VL0 P,
i,j=1
IIpuIomMy KO)KHI/II;'I A0JaHOK CYMH MOJKHA OHiHI/ITI/I 3BCPXY O,ZIHiCIO 3 CYyM
2 2
(i,k) 0 (l k)
d (1)

Z e Y +(O)x;2,3 k=12

n=0 n=0 n
ik k
Tyr x\/) = (x(’))n o- OCKIJIBKM IMOCIiIOBHOCTI (d( N o, (}/(’ )/A+(O))n "

oOMesxeHnMH, To icHye noaaTHa crana C, Taka, mo
2
ID'x|| <CZ(||x“>|| +Ix) F)=ClxIP.
i,j=1
OcranHs HEPIBHICTh IOBOJUTH HETIEPEPBHY OOOPOTHICTH omeparopa D .

JliniitHU# oniepatop, AKUM 3a/1a€ThCsl CAUMBOJIIYHOIO MAaTPUIICIO M , € KOMIIAKTHUM

. 4 — : :
OTIEpPaTOPOM y TIPOCTOPi [, , 1110 BUIIMBAE 3i 301)KHOCTI PSIIiB

Zn%r\u“” <o, i=1+5, /=12,
n,k=0
ne s,r» — (pikcoBani 1l uncna. Llei pe3ynbTaT 1OBOIUTHCS TaK camo, K y Teopemi 6.1.
OcraTouHuii pe3ynbTaT TeopemMu 6.2 Temep BUIUIMBAE 3 BIIOMOI TeopeMu

C. M. HikonbCBhKOTO.

N —(2 .
333H21‘—II/IMO, o 3a YMOBU f(]),g( ) € 12 HCBAXKKO IIOKAa3aTH HAJICKHICTH BCKTOpaA

4 . .
npaBux uyacTuH cucteMu (6.30) mpoctopy [, . Tozmi KOpeKTHA PO3B’S3HICTH CHCTEMH
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(6.30) € macmigkom Teopemu 6.2 1 ekBiBaieHTHOCTI cuctemu (6.30) 1 BuxigHOi 3amadi
(6.1), (6.4), (6.5).

3ayBa:keHHsi. Pesynbrar Teopemu 6.3 € OUIbII 3HAYYIIUM, HIK IPOCTO
IHCTpYMEHT IJs1 JOBEJIeHHS TeopeMu 6.2. DaKkTUYHO BHEpIIE CTPOTO AOBEICHO, IO
BICECUMETpHUYHA 3ajlauya CHpPSDKEHHS U1 JBO(A3HOI CUCTEMHU: MPYXKHHUI MpocTip 31
c(pepUYHUM BKJIFOUEHHSIM 3 IHIIOIO Marepiaily, Ma€ KOPEKTHUM pO3B'S30K 3BUYAHUM

MetogoM Dyp’e.
6.5 3BeeHHs 3a1a4i ONITUMAJIBLHOI0 KEPYBAHHSA /10 €KBiBAJEHTHOI 3a1a4i
[lepeiinemo 10 po3B's3aHHA 3a/Jayl ONTHUMaJbHOTO KepyBaHHA (6.1) — (6.8).

Crnepiiry nepetBopuMo pyHKIioHa (6.6). J{J1g bOro 3anuiineMo BEeKTOp HaNpyKEHHS Ha

HOBEpXHI T,

n=0

+( (4Dt 2)) _m}  (c0s)é. +

FU, = ZGIZ{ZJSH’ (n—Dn+bp "+

2n+3
e n+l _
2G| B0 -1) + b p; 0+ +———g," | P (c0s6))é, .
~ 2n+ 3

st Takoro BekTopa ¢yHKIIOHAN (6.6) sBIsSie cOO00I0 KBaapaTudHy GopMy Ha

. . . . o 1 =@ .
HECKIHYEHHOBHMIPHOMY IIPOCTOPI YHCIOBUX IOCIIIJOBHOCTEM {bl(n) ,b(n, g ki

CHaJar0Th EKCIOHEHI1AJIBHO

2
e = |I|FU|d 2G222{Zn“%}”+r“>g<”}, (6.33)

j=1 n=0

ac
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an_ nn=1) an__ P - D _ (1) 2n(n+1)

T \/n+1/2’77 “Jn+l/2 > 1T 2n+1

_m [2n(n+1)
(2,2) — 1)
& P \/ 2n+1

0= (n+1)(n+2)_2 1 L0 _ n+l [2n(n+1) _(2) (_(2))
" 2n+3 Jn+1/2°" 2043\ 2n+1 -

OOMexeHHs Ha KepyBaHHS (6.7) MOXKHA 3alUCaTy TaK:

—Z(gm) (n+1/2)" = (")’ T*. (6.34)

TakumM 4YMHOM, BHXIAHY 3aJady OINTUMAJbHOIO KEpyBaHHS 3BEIECHO JO
€KBIBaJICHTHOI 3ajJlayl, B SIKIi CTaH 00 €KTYy BU3HAYAETHCS HECKIHYEHHOI CHCTEMOIO

JTHIAHUX anreOpaiyHux piBHSAHB (6.12), (6.15), (6.16), (6.26) — (6.29), a onTumaibHe

KepyBaHHS (gn ))n _o 3a/ae KoedilieHTH TeMieparypHoro nois (6.8) Ha nmoBepxHi I,

nae MiHIMyM GyHKI1oHaIy sKocTi (6.33) 1 3a710BoJIbHSIE 0OMEXEeHHIO (6.34).

6.6 MeToxa po3B'sfi3aHHA €KBIBaJEHTHOI 3a/1a4i

) ) ) ) = C el
Maroum Ha yBa3i, MO MOCIIJOBHOCTI {bl( n) , b( ), g,(z )},,:0 3aJ0BOJILHAIOTH JIIHIMHUM

I’l

ciiBBigHOMmEHHsM (6.12), (6.15), (6.16), (6.26) — (6.29), MOXXHa CTBEPIKYBaTH iX

JHIAHY 3aJI€KHICTh BlJ HapaMeTpiB {gn )}n 0s 1/n (])} Jj=1,n=0

(5 KIS U NS WO S

k=0

(lj)}

npugomy Hesinomi koedirientu {¢\) 1, o, {8V Y o, 4G, 4} r o TIOTEpEHiX po3BHHEHE

MO’KHA 3HAUTH 3 TAKUX CITIBBIIHOIIEHb:

oh."

(1) M
(i) i (i,j) _ ab 8g
cn,k -

=G Sk = Gy Dk = A -
a k a»f}f a k

(6.36)

[TincraBumo hopmymu (6.35) y dynkiionan (6.33)
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ME1=26Y Y S aE | 637

Jj=1 n=0 L k

Jac

BY) = Zn(m 04 (6.38)

zn(/ t)zzs(z ) (r) . (6.39)

r=1 k=0

[Ticnst 3BeneHHs hyHKIIOHAIA A0 (PI3MYHO OE3BUMIPHOTO BUTIISITY MA€EMO:

2 © © 2
ZZ[Z BUE" + F,f”} — min (6.40)

Jj=1 n=0

l\)l»—*

Z(g@)) (n+1/2)" =(a))’T?. (6.41)
3anauy (6.40), (6.41) Ha yMOBHHIA eKCTpeMyM Oy/1eMO PO3B’s3yBATH METOJOM
Jlarpan»a, 3BOJs14H ii 10 337124l Ha 0€3yMOBHHI MiHIMYM (yHKIIOHAIa

L[g"1= Zi{i&i’;g;” +F, m} £ (@) (n+1/2)" (6.42)

j=1 n=0 L_ k=0 n=0

Tyt ¢ — mHOoxHuK Jlarpanxa. [cCHyBaHHS Ta €IUHICTh PO3B'sI3Ky 3anauil (6.42),
(6.41) 6yne noeaeHo gaii B Teopemi 6.5. HeoOxigHa ymoBa MiHIMyMy (DyHKIIIOHAJa
(6.42) mpuUBOAUTH IO TAKOT CUCTEMHU:

(cD+B)g? =-F, (6.43)
ne

—[iZBiﬁlBif;] : (6.44)
n,k=0

j=1 n=0

D= diag(ij ZZB(”F . (6.45)
2n+1),_, o0

j=1 n=0
MuoxHnuk Jlarpanxka ¢ 3HaXOJIUTHCS 3 TOAATKOBOI yMOBH (6.34).
[Tepm HiXX mochiauTu omeparop cucremu (6.43) HaBeIEMO MPAKTHYHUN CIOCIO
OOYHMCIICHHs €JIEeMEHTIB MaTpuilb B 1 F. Buxonsuu 3 dopmyn (6.12), (6.15), (6.16),
(6.28) — (6.30), (6.36), maemo
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at (2)
(I-U, )ag =1, (6.46)
Gg“) a]w 5;(2)
@~ v g 520 (6.47)
og Q) °0g
or" or”
75~ Ve (6.48)
da o da O
o0 PG T (6.49)
og og of of
j=L2; m=0+o
8b(1) (1 (1) (2)
in (i,1) 1,n i,2) 2/7 (1) l,k
ag(z) - ag(Z) l ag(Z) +5 Z a—(Z)
o aa<2) 6t (1) o ag—(l)
(i) 2,k ( ) (i) (l) n
+;l//n.k agn(]z) tn a_(z) +§ t.n,k a_(z) gn 6?;2) 9 (6‘50)
51)_(1) » aa(l) . oa (1 (2) (2)
IR AL D VAL p VA N CEL)

i=1,2;, n=0+00,
Ie

_ ) _ 4Dy
U12 - (ynun,k )n,k - ((1 n n k )n,k:()

(Zh (2) (l)jOc ,

k,s=0

at_(Z) at_(Z) ag(l)
I=(,,).,, 8, — nenpra-cumBos Kponekepa, , ,
mIn=05 Oy 022 0z og®

— MaTpUIll TEepIInX

da oa & o
65(2) ? af(j) ? ag(z) f(])

MOX1/THUX, — OJIOUHI MaTpULIl MEPIINX MOXITHUX.

or Oa Oa
ag(z)’ agiz)’ af,,fj)

m

3ayBa:keHHsl. [[71s1 3HAXOIKEHHS MOXIJIHUX HEOOX1IHO

po3B’sA3yBaTH Ti X cami cucteMu (6.15), (6.16), (6.30), ane *x 3 IHIIUMH MPaBUMHU
yactuHamu. lle o3Hauae, mo po3B’s3HICTH cUCTEM (6.46), (6.49) OOIpYHTOBYETHCS B

Teopemax 6.1, 6.2.
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J1J1s1 Io1aabIIOT0 BBEAEMO ITO3HAYCHHS
@ ’ =(2) ©
tk— = (zk(z) )OO 7@ _ 8 — (§(2) )°° _ g
k+1/2 o k=0 e m y m ) o ,
2 ® o | .
b(SSiin| B -sair, P33R

Jj=1 n=0 =0 Jj=1 n=0 m=0
VY HOBUX MO3HAYCHHSIX cucTeMy (6.43) MOXKHA 3aITUCaTH Y BUTIISIII
(¢l +B)g? =—F. (6.52)
3 0OMEXXEHHSIM

Z(éﬁ”) =2(a)’T". (6.53)

n=0

Teopema 6.4. [Ipu BUKOHAHHI YMOB TEOPEMU 2 MATPHILIS B cucremu (6.52) 3amae

CUMETPUYHUM, TOAATHUI, KOMIIAKTHUN ONIEpaTop y MpocTopi Z, .

JoBenennsi. CUMETpUYHICTh MaTpHIlli B € oueBUAHOW0. Kpim TOro, BoHa €

JOJATHOK OCKIIBKY ISt OyIb-SIKOTO x = (X, ) € /, KBaApaTHU4Ha popma

o ” ® o 2
B3 03305 —zz(zé;{,gxkj >0,
k=0 j=1 n=0 j=1 n=0 \ k=0

JloBemeMo, 1m0 Matpuisl B 3ama€ KOMIAKTHHM OmepaTtop y Tiab0epTOBOMY

npoctopi /,. Coepury OygeMo HOBOAUTH KOMIIAKTHICTH OIlEpaTOpa, SIKUM 3a7a€ThCs
2

MAaTpULEIO 3 €JIEMEHTAMHU B,(ljn),. OCKUIbKM CTPOrO OLIHUTH MAaTPUYHI KOE(MIIEHTH L€l

MaTpHIl HEMOKJIMBO, 3aCTOCYEMO TaKUM IITY4YHU NMPUHOM. {1 TPOCTOTH MOKaXKEMO

Horo Ha TIpUKIAAl OJHIET 31 CKIAQMOBUX €JIEMEHTIB IIi€l MaTpuIll, a came
o0

50
(Tij) 2?(12) Jm+1/ zj . 3 popmyi(6.46), (6.47) BUIIHBAE, 10

m n,m=0

0

el ~ . ~
(Tr(tj) 2;(12) vm+1/ 2j N U;j)(l - Uzz)_l > (6.54)

m n,m=0

JAc
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UUL_«I %)fﬁ(b/k+1/ ) ,

n,k=0

~ OO R/ 2, D
U = \Ns+1/2
K= O\/n+1/2 “ndc'k.s

n,s=0
Marpuui U, U i (I-Uy)™" 06 i
arpuni U, U,, 3a1a10Th KOMIIAKTHI OMIEPATOpH, 2 ) — OOMEXeHU
onepaTop B mpoctopi /,. OcTaHHE € HACIIAKOM 301KHOCTI Oy 1b-SIKUX PAIIB BUILY

Znsk’\u(“)koo

n,k=0
ne s, — (IKCOBaHI HEBIJ €MHI Il yrcia. Tol, 3T1IHO 3 BIACTUBOCTSIMU KOMIIAKTHUX

orepaTopiB, MaTpuls (6.54) Takox 3a7a€ KOMIIAKTHUHN OIlepaTop.

Tax camo TeopeMa 10BOAUTHCSA AJIS IHIIUX CKIIAJOBUX KOMIIOHEHTIB MAaTPHILIb B,Sj,;
. OcTaTouHMi1 pe3ynbTaT BUILTUBAE 3 TOTO, III0 MaTpHlst B € CyMO10 10OYTKIB MaTpHIIb,
SIK1 33JJal0Th KOMIIAKTHI ONIEPaTOPH B 1/, .

3ayBaKeHHsI.
1. KOpHCTYIOUHCh THMHM K€ 1€IMH, MOXKHA JOBECTH, IIO IpH | Ve [, crosnenp

Fel,.

~

2. Kpim BmactuBOCTEeW MaTpuii B, mepenideHHX B Teopemi 6.4, MOXHA TaKOXK
JIOBECTH, 1110 BOHA € HEBUPO[KEHOIO0 MaTpHIieto, To0To (Bx,x)=0 TUIbKH, AKII0 X = 0.
[Tomanpmmii po3B'sizok 3amaui 0asyerbcs Ha Metoni B. K. [BanoBa moOymoBu

KBa3ipO3B’ 13Ky HEKOPEKTHOI 3a/1a4i. 3 BIACTHBOCTEH omepaTopa B BHILTUBAE, M0 HOTO
CIIEKTP CKJIAJAETHCS 13 371YEHOT MOCTIJOBHOCTI J10/IaTHUX BJIACHUX 3HAYEHb

A2 =2 ] >,

. o 0
sKa 36iraeTees g0 Hynms. Hexait {¢,} _, — MoBHAa OpPTOHOpPMOBAaHA CHCTEMA BIIACHUX

~

BEKTOpiB omepaTopa B y mpocTtopi /,, SIKi BiANOBifarOTh BIacHAM 3HaueHHAM {4} .

osnaunmo gepes f, = (F,p,) xoedinientu dyp’e po3BUHEHHS BeKTOpa F 32 CHCTEMOIO

{78 oy
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Teopema 6.5. Hexaii BUKOHYIOTbCSI YMOBH Teopemu 6.2. SKio
if—"z <2(e)’T? 6.55
S U@ )T (6.55)
n=l %

TO iICHY€ PO3B'sI30K piBHAHHS (6.52) ipu ¢ =0

g0 =-3Lp el (6.56)
n=1 /In
a oOMexxeHHs (6. 53) He BpaxoBYyeThCs. SKIIO
if"2>2( )T 6.57
7 @, ’ ( . )
n=l %

To ipu ¢ > 0 icHye exmHMI po3B'sA30K 3a7a4i (6.52), (6.53) y mpoctopi 1, .

JoBenennsi. Ilepiie TBepIKEHHS TEOPEMHU IMEPEBIPAETbCS OE3MOCEPETHBO.
JloBeaemo apyre TBEpXKEHHS. Y HOBUX MMO3HAYEHHAX, YBEICHUX BUIIE B [IbOMY ITyHKTI,

3amauy (6.42), (6.41) MoXxHa 3anucaTy Tak:

~ 2 g .
LUE¥1=(S.2%.8) + 2F.gD)+ X FO|F - min, (6.58)

j=1
189 1F=2(ey")'T", (6.59)
ne S.=¢l +B. Omneparop Sg € 3aJlaHuM Ha INpoCTOpl /, CUMETPUYHUM JOJATHO
BHU3HAYCHUM OOMEKEHHM omeparopoM. OCTaHHE TBEPHKCHHS BHILTUBAE 3 OUYEBHIHOI
HepiBHOCTI U1 Gyab-sikoro & €1,
sl1g? IP<(5.87.8") <+ )Ig? I

OcTaHHS HEPIBHICTB JO3BOJISIE B /, YBECTH 1€ OJHY HOPMY
52 = 5(2) 5(2)
187 [ls=4/(S.87.87),
sIKa €KBIBaJICHTHA OCHOBHIN Ta 1HIYKOBaHa CKAJISIPHUM 100y TKOM

(f.8)s=(S.1.8) f.g€l,.

. ~(2 . . :
Tenep icHyBaHHS €IUHOTO & = [, , sxuit 3amae MiniMmyM ¢ynxiionana (6.58) npu

KOKHOMY (piKCOBaHOMY 3Ha4yeHHI mapamerpa ¢ >0, BHUmIMBa€e 3 TOro, 10 CKaIsSpHUIA
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o~ . . .
JT00YTOK (F, g( )) € oOMekeHUM (YHKIIOHAJIOM TakoX 1 B HOpMI ||-|;, a ToMy, 3a

TeopeMoro Picca, 1opiBHIOE

(F,g")=(F,,g"?),

IJIs. IEAKOT0 €IMHOTO eneMeHTa F, e l,. Toni

2
L[g(2>]:(g(2)’g~(2))s +2(Fo’ ~(2))S +Z||F(j) ||2 —

2
~(2 2 2 1 2
= g®+F 5 - Fy 5 +D I FV U1

j=1
3Bigcu MiHIMYM (yHKIIoHama (6.58) gocaraeThcsi Ha eleMeHTI g ) = =-F,.
Heobxinna ymoBa (6.52) miniMmyMy ¢yHKIIoHaNa (6.58) 1a€ MOXKIIUBICTh SIBHO

~(2
HO6YIIYB21TI/I OIITUMAJIbHC KCPYBAHH:A g( ), KOPHUCTYIOUYHUCH CIICKTPAJIbHUM PO3KJIaIO0M

oreparopa S,

g% = 6.60
Zg+l ( )

3anumuinoch 3aJ0BOJIBLHUTH YMOBY (5.59). [ns 1mporo mapamerp ¢ HEOOX1AHO

BUOpATH SIK JJOJIATHUNA KOPIHb PIBHSHHS
o0 2
Zf—_z(agO) T, (6.61)

JliBa yactuna piBHsHHA (6.61) Ha miBoci ¢ € (0,0) € HEMepepBHOIO, MOHOTOHHO

°5%)

(mpaBa Mexa IHTEepBaLy MOXeE JJOPIBHIOBATHU 0, IKIIO psAJ po30iraerbes). Toal, BUXOAIYN

CragHoI0 (PYHKIIIEIO 3 001aCTIO 3HAUCHD

3 ymoBu (6.57), icHye emuHe 3HaueHHS mapamerpa ¢ >0, s SIKOTO BHKOHYETHCS

piBHICTH (6.59). Takum unHOM, 3371a4a (6.58), (6.59) Mae equHUN PO3B'I30K g¥e L, .

3ayBaxenHnsi. [Ipu BukoHanHi ymoBH (6.55) onTumanbHe KepyBaHHA (6.56) €

PO3B's13KOM BHXIIHOI 3a1a4i (6.1) — (6.6) 6e3 oOMmexeHHs (6.7).
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6.7. KoM’ roTepHHMii eKCIIepUMEeHT

YucenpHUH pO3B'I30K €KBIBAJICHTHOI 3a/1a4i po3i6’emMo Ha 1Ba eTamu. Ha meprmomy
eTami OyemMo popMyBaTH MaTPUIIO B 1 CTOBITENb IPpaBUX YacTHH I cuctemH (6.63). s

0" oby b,

e o

3a Gpopmynamu (6.48), (6.50), (6.51). Sk Oyno goBeneHo y myHKTax 6.2, 6.4, 03HauYCHI

IIbOI'0 HEOOX1HO po3B'sa3aTH cucteMu (6.46), (6.49) 1 3HANTH TTOX1AHI

CHUCTEMHU MAaIOTh (PPEArOIHLMOBI OMEpPaTOPH 1 OJHO3HAYHO PO3B’s3HI. Bimomo, mo Taki
CUCTEMH MOXHa KOPEKTHO po3B'sa3aTu MeTroAoM peaykuii. Ha apyromy erami
po3B’s13yeThes cucteMa (6.52), omepaTop SIKOi TakoX € (QpeAarosbMoBUM. TyT 3HOBY
BUKOPUCTOBYEThCS MeETOJ penykuii. Jlo penykoBanoi marpuui cuctemu (6.52)
3aCTOCOBAHO CIEKTPaAJIbHUI PO3KJIaJ, B Pe3yJIbTaTi YOro BIAIHOCHO apaMeTpa ¢ 3 YMOBU

(6.53) orpuMaHo paiioHanbHe piBHSHHSA (6.61).

OOuncieHHs NPOBOAWINCH AJIs MaTepiaiB 00IacTel: (), — cTanb, Q, — aTIOMIHIN,
s akux G,/ G, =0317, o /a,=1.71, k/k,=4.61, v,=0.28, v, =0.34.

VBaxasioch, L0 Ha MOBEPXHIO [, Jl€ TIAPOCTaTUYHUNA THUCK 3 HaNpPyKCHHIMHU

o./(2G,)= -107, t,/(2G,)=0. Pe3ynpratd KOMII'FOTEPHOTO EKCIEPUMEHTY
HaBeJICHO Ha pUCYHKax 6.1 — 6.5 1 B Tabmuiii 6.1.

Ha pucynky 6.1 306pakeno rpadikn temneparypn LL(0)-107 npu sananiit
BIAHOCHIN BiAcTaHi d,=1-R /z,—R,/z,=03 1 pI3HUX BIAHOIICHHAX paJAlyCIB
NOBEPXOHb R, =R :R,=5:2, 9:5,4:3. 3 rpadikiB BUIUIMBAE, L0 ONTUMAJIbHUI
po3noaia Temneparypu npu R, €[1.33;2.5] Maio 3anexuTh BiJ BIJHOIIEHHS PajiyciB
IIOBEPXOHb TPAKTHYHO Ha BChoMy Bimpisky 6 €[0;7], kpim obiacrteit B OKOJi #HOTO
kiHmiB. [logiOHa moBeiHKa KPUBUX ONTHUMAIBHOTO KEPYBaHHS CIOCTEPITAETHCS MPHU
R, €[0.56;1.0] (pucyHKy 6.2) 3 TI€I0 PI3HMIEIO, 110 PO3MOALT TEMIEPATYPU B OKOJI
MOJIIOCIB CPepUUHUX TOBEPXOHB Ma€ MPOTHIIe)KHUM 3HaK. Ha pucynkax 6.3 — 6.5 rpadiku
MOKa3YIOTh 3aJIEKHICTh ONTUMAJILHOTO PO3MOJILTY TEMIIEpATypPH BiJ BITHOCHOI BiJICTaH1

d,, MIX MIOBEpXHAMHU IIpU (P1KCOBAaHOMY BIJHOLIECHHI iX pailyciB: R, =2 (pUCYHKY 6.3),
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R,=0.5 (puc. 6.4), R, =1 (pucyHky 6.5). Ik moxxna Oyyno O nepeabauuty, Ipu

HaOJIMKEHHI TIOBEPXOHB OJIHA IO OJJHOI HAMOLIbINI TeMIepaTypHi epeKTH BUHUKAIOTD B
00J1acTsIX, PO3TAIIOBAHUX B OKOJI oci 3amadi. [Ipu npomy Ha npomixky 6 €[z / 4;37 / 4]

XapakTep pO3MOAULYy ONTHUMAlIbHOI TeMmmepaTypu Ha TOBEpXHI I, € MpaKTUYHO

2

OJIHAaKOBHM TIPU PI3HUX T€OMETPUUYHHX MapaMeTpax 3ajiaui.

Pucynox 6.1. Tpadixu posnoxiny temneparypu I,(6)-10” Ha nosepxui T, mpu

BIJIHOCHIN BiJCTaHI d, =0.3 MIX IIOBEPXHAMM 1 BIAHOIIEHHIO iX pajlycCiB R,

7,104

R ,=0.56 R ,=0.75 R,=1.0

1.0+

-1.01

-2.0-

Pucynok 6.2. Tpadiku posnoginy temmeparypu 1 (0) 107 na nosepxmi I, npu

BIJTHOCHIH BijcTaHl d,, = 0.3 Mi’K OBEPXHSAMH 1 BITHOLIEHHIO iX pajlyciB R,
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Pucynok 6.3. I'padiku posnoziny temmneparypu 1,(6)- 107 na nosepxHi I', npu

BIJJHOCHIH BIJICTaHI d,, MIX NOBEPXHAMH 1 BIIHOILIEHHIO iX pajlyciB R, =2

7,104

1.04

PucyHok 6.4. T'padixu posnoxiny remneparypu 1y(6)10™ na nosepxni T', mpn

BIJHOCHIH BIJICTaHI d,, M)XK IOBEPXHAMH 1 BIIHOIIEHHIO iX pazalyciB R, =0.5
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7,107

1.04

-1.0;

Pucynoxk 6.5. I'padixu posnoxiny remneparypu 1y(6)10™ na nosepxni T', mpn

BIJJHOCHIH BIJICTaHI d,, M) NOBEPXHAMH 1 BIAHOIIEHHIO iX paflyciB R, =1

OcCKUTBKM TIPY pO3B'A3aHHI €KBIBAJEHTHOI 3a7a4l Oarato pa3iB BUKOPUCTOBYBABCS
METOJ1 peAyKIli, KpiM HOTO TeOpEeTUYHOI 301’KHOCTI, TOBEACHOI B Teopemax 6.1, 6.2, 6.4,
HEOOX1JTHO 3’sICYyBaTH KO0 MPAKTUYHY 301KHICTh. Take AocipKeHHs OyI10 TPOBEIEHO B
poGori. Horo pesynsratn HaBeneno B Tabmumi 6.1. Y miit Tabnumi BenuuuHa & 3a1a€ Y
BIJICOTKaX BITHOCHY MOXHOKY OOYMCIIEHHS 3HAY€Hb ONTUMAJILHOTO KEPYyBaHHS B TOUKAX

6, = %k, k=0+6 Biapizka [0;7]. [Toxubka 0OUKCITIOETHCS 3a HOPMYIIOIO

& =| T2,40(‘9) - Tz,so(e) /] T2,40(‘9) |-100,
ne 7, ,(6) — HaOIDKEHUH PO3B'SA30K EKBIBAIICHTHOI 3a/1a4i, SKMH BIANOBIJA€ ApamMeTpy

penykuii 7. ITapamerp pemykuii n 3amae n+1 nesimomy koxuoro tmmy, ska

yTPUMYEThCA B cucTeMax (6.43), (6.46), (6.49) pu iX peayKilii 10 CKIHUEHHUX CHUCTEM.
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Ta6nuns 6.1 Bignocna noxubka & -10° (%) o6uucienns temneparypu 7, (&) 1is

PI3HUX MapameTpiB peayKIii

O\ R, 5/2 9/5 4/3 1 3/4 5/9 2/5

0 97 7,2 4.4 0.5 0.8 33 36
wl6 16 2.3 0.8 0.1 0.4 6.3 53
/3 0.1 0.2 0.07 0.02 0.2 1.2 7.3
/2 1.8 0.2 0.08 0.01 0.1 0.8 4.5
2r /3 2.4 0.3 0.01 0.01 0.1 0.2 0.6
Sn/6 1.4 0.2 0.08 0.03 0.2 1.2 6.2

/4 21 2.5 16 0.5 2.3 12 64

Bigomo, mo mpu 361MKEeHHI TOBEPXOHB IIBUIKICTH 301KHOCTI METOAY PEIyKIIii
3MEHIY€eThCsA. B Tabmuii moxuoky & - 10° y BIJCOTKax OOYHMCICHO IS BIJHOCHOI
BixcTaHi d,, =0.3. [IpupoaHo, 1m0 i1 BeIMUMHA € Pi3HOO B Pi3HUX TOYKax Biapizky [0,7]
, IPUYOMY HaAUTIpII pe3yJIbTaTH CIIOCTEPIralOThC HA MOro KIHIAX. AJie KOMIT FOTEepHUN
CKCTIICPUMEHT TII0Ka3aB, IO HaBiTh MpHU HAOMKEHHI IIOBEPXOHb JIO BiACTaHI

d,=02+0.25 y HaliOubIl NPOOJEMHHUX TOYKAX 3AJIMIIAETHCS TOYHICTh, sKa

BHU3HAYAETHCS JABOMA BIPHMMH 3HAUYYIIMMU LUPpaMu MICIAS TOYKM B ACCATUPIUHOMY

3aMuci pe3ybTary.

6.8 BucHoBku po3ainy 6.

Y po3nuii  3anporoHOBAHO HOBHH BHUCOKOS(MEKTUBHUN METOJI BU3HAYCHHS
ONTUMAJIBHOTO KEPYBAHHS  HAMpPyXeHO-ACPOPMOBAHHM CTAaHOM IPOCTOPOBOTO
0araTo3B’SI3HOTO CKJIAJICHOTO T1JIa 32 IOTIOMOTO0 CTaIlIOHAPHOTO TEMIIEPATYPHOTO TTOJISI.
MeTon po3riasiHyTO Ha MPUKJIAA1l CTAlllOHAPHOI BICECUMETPUYHOT TEPMOMPYKHOI 3a1a4l
JUISL TIPOCTOPY 31 CPEpUUYHUMH BKJIIOYEHHSM 1 MOpPOKHHHOW. BiH 0a3yerbcs Ha
y3arajibHeHoMy MeToll Dyp’e 1 [Hae MOXKIMBICTP 3BECTH BHXIAHY 3a1ady o

€KBIBaJICHTHOI 3aj[a4l ONTUMAJIbHOTO KEPYBaHHS, B SIKiil cTaH 00’€KTYy BHU3HAYAETHCS
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HECKIHYEHHOI0 CHCTEMOIO JIIHIMHUX aireOpaiyHuX piBHSIHb, MpaBa YHUCTUHA SKHUX
napaMeTpUYHO 3aJIeKHUTh BiJ KepyBaHHs. [Ipu 1ipomy QyHKIIOHANT BapTOCTI BHX1THOT
3a7laui MEPETBOPIOEThCS HA KBAApPaTWUYHMNA (DyHKI[IOHAN, SKUHA 3aleKUTh BiJl CTaHy
CKBIBJICHTHOI CHCTEMH 1 MapaMEeTPUYHO BiJl KEPYBaHHs, a OOMEXKEHHS Ha PO3MOALI

TEMIIEpaTypH 3aMIHIOETHCS 3HAUEHHSIM HOPMU KE€pyBaHHs B IpocTopl /,. MeTo Takox

BUpIIIIy€ OCHOBHY MPOOJIEMy €KBIBAJICHTHOI 3a7a4l — HEMOXJIMBICTh OTPUMAHHS SBHOL
3aJIKHOCTI CTaHy CHCTEMH BIJ KepyBaHHA. B poOOTI 3ampomnoHOBAaHO MOJAHHS
PO3B'SI3KIB HECKIHUEHHUX CUCTEM Yy MapaMeTpuuHi Gopmi uepe3 KOMIIOHEHTH MOX1THUX
CTaHy 00’ €KTy, 3aBJIIKM YOMY €KBIBaJICHTHY 3aauy OyJI0 3BE€JE€HO /10 33]1a4l Ha YMOBHUMN
eKCTPEMyM KBaJpaTHYHOTO (PYHKITIOHAJA, SKUH BXKE SIBHO 3aJIKUTH BiJ] KEPYBaHHI.
3a3HaueHe BHILE IOJAHHA 3aCHOBAHO HA pO3B’S3KaX HU3KM HECKIHUEHHUX CHCTEM
JHIAHUX anreOpaiuyHuX pPIiBHAHb, SKI BIAPI3HSIOTHCS TUIBKK TPAaBUMH YacCTHHAMHU.
[lomanpmmii  po3B'sI30K  3a7ayl HAa YMOBHHMI €KCTpeMyM (yHKIIOHajga BapTOCTI
3HaXOOUThCS MeTofoM Jlarpanka 1 3BOOUTH IO 3a7ady /10 HECKIHYEHHOI CHUCTEMHU
JIHIAHUX anreOpaiyHuX PIBHSHB 3 MapaMeTpoM 1 OOMEKEHHSM y BUTJIA1 JOJATKOBOTO
KBaJIpaTHYHOTO piBHAHHA. OCTaHHS 3a/1a4a TOCHIKY€ETHCS CIIEKTPaIbHIM METOIOM.
Po3pob6aenuii y poboTi MeToa cTporo oorpyHToBaHMM. IS BCiX HECKIHUCHHHMX
CHCTEM JOBEICHO (PEAroIbMOBICTh iX OMEpaTopiB, ISl CHUCTEMH 3 TapaMeTpoM
BCTAHOBJICHO BJIACTHBOCTI OIle€paTopa CUCTEMHM, SIKI JO3BOJISIOTH KOPUCTYBATUCS HOTO
CHEKTPATbHUM PO3KIAJAOM. SIK BaXKJIMBHI pe3yibTaT, 0€3 SKOTr0 HEMOXKIUBO OyJsio O
OOIPYHTYBaHHS 3alPOTIOHOBAHOTO METOJy, BIIEPIIE OTPUMAHO OIIHKY 3HU3Y MOIYJIS
OaraTornapaMeTpMYHOIO BU3HAYHUKA PO3B’A3yBaJIbHOI CHCTEMHU KpailoBoi 3ajaui
CHPSKEHHS — IPOCTIP 31 CPEPUYHUM BKJIOUEHHSIM — IPU PO3B'si3aHHI ii MeTogoM Dyp’e.
OCHOBHHMM pe3yJIbTaTOM POOOTH CTajla TeOpeMa siIka BCTAHOBIIOE YMOBHU iCHYBaHHS Ta

€IMHOCTI B TIPOCTOpl /, PO3B'SI3Ky EKBIBAIEHTHOI 3aj1adl abo 3aJadl ONTHUMAJIBHOI'O

KepyBaHHs 0€3 00OMEKECHHSI.
YucenbHUI aNrOpUTM 3aCHOBAHO HA METOJI PEIyKIIii PO3B'sA3aHHS HECKIHUEHHUX
CUCTEM JIHIWHUX anreOpaiuHux piBHAHB. BiloMoO, 110 BiH € KOPEKTHUM JJISI CUCTEM 3

bpearobMOBUMHU OTNiepaTOpaMu, TOOTO HAOIMKEHHUM PO3B'SA30K 301ra€ThCs 10 TOUHOTO
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npu 3pocTaHHl mapameTrpa peaykuii. [IpoBeaeHo AOCHIIKEHHS MPAKTHYHOI TOYHOCTI
YHCENIbHOTO aJTOPUTMY MUIIXOM MOPIBHSHHS ONTHMAJIBHOTO KepyBaHHS, OTPUMAHOTO
P PI3HHX MMapaMeTpax peaykinii. Po3paxyHKu mokaszajiu CTIHKICTh METOTY 1 JOCTaTHBO
BHCOKY TOYHICTh HaBITh MPU HAOIMKEHHI TPAHUYHUX TOBEPXOHb Ha BIJHOCHY B1JCTaHb
0.2. B po6oti HaBeaeHO TIpadikKu ONTHUMAIBHOTO PO3IMOILIY TEMIIEpAaTypH MPU PI3HUX
reOMETPUYHUX MapaMeTpax 3aj1adi Ta ix aHais.

Meton mnpuryckae po3MOBCIOJUKEHHS Ha 1HINI KpaloBi 3adadli 3 pI3HOIO

rCOMETPIEIO.
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BUCHOBKHA

VY nucepTartiifHiit poOOTI JOCIIKEHO KJIac BICECHMETPUYHUX 3a/1a4 CTaIllOHAPHOT
TEPMOTIPYKHOCTI JUIsI TPOCTOPY 31 CHEPUIHUMHU HEOTHOPIMHOCTSIMU TPH HASBHOCTI
TEMIIEPaTypHOTO IMOJIsl, OOYMOBJICHOTO SK 30BHIIIHIMHM TEIJIOBUMH YMOBAaMH, TaK 1
BHYTPIIIHIMH PO3MOJAUICHUMHU JKEpedaMu Teruia. AKTyalbHICTh TEMH JHUCEpTarlii He
BUKIIMKA€ CYMHIBIB, OCKUIBKM BOHa TIOB’si3aHa 3 TMpoOieMaMu MOJCIIOBAHHS
TEPMOIIPY>KHUX TIOJIIB TP CTBOPEHHI HOBITHIX MaTepiajiiB, 3 po3paxyHKaMH MIIIHOCTI
IpU KOHCTPYIOBaHHI PI3HUX TEXHIYHHX CHUCTEM, 3 KEPYyBaHHSM HANpPyXEHHM CTaHOM
TEXHIYHUX 00’ €KTIB, sIKI 3HAXOASATHCS 1] BIUTMBOM TeMIIEPATyPHUX IOJIB.

HayxoBa HOBH3HA pe3ybTaTiB AUCEPTAIIITHOI pOOOTH BKIIIOUAE HACTYIIHE:

1. HaOyB mojanpmioro po3BUTKY amapar y3arajibHeHoro Mmerony Dyp'e, mio
MOJIATAa€ Y HACTYIMHOMY: MOOY/I0BaHI HOBI BICECUMETPUYHI BEKTOPH1 0Aa3UCH1 PO3B'SI3KU
piBHsaHb Jlame 1 [roamens — Heiimana B cepuyHMX KOOpAMHATAX, HA OCHOBI HaOOpiB
TrapMOHIYHUX, OITAPMOHIYHHUX 1 OJIFAPMOHIYHUX (QYHKIIA TPETHOro Nopsaaky. s uux
PO3B'A3KIB BIEpLIE OTPUMAHO TEOPEMH JOJaBaHHSI B CHUCTEMaxX KOOPJIMHAT, MOYATKU
SKUX IOBLIBHO 3CYHYTI OJIMH BIJHOCHO OJTHOTO B3/IOBXK OC1 CUMETPIi.

2. Vmoepiie OTpUMaHO OOIPYHTOBAaHUW aHANITUYHUN PO3B'S30K APYroi
BICECUMETPUYHOT KpaloBOi 3ajadi Teopli MPYKHOCTI ISl KyJi 3 KOHIEHTPUYHHUM
cepuYHUM BKJIIOYEHHSM B 3arajibHiii MOCTaHOBII 3BHYaWHUM MeToaoM Dyp'e.
BcTranoBneHo kmac po3B’si3HOCTI 3amadi. ISl bOro BIEpIE OTPUMAHO OIIHKY 3HHU3Y
MOIyNs OaraTonapaMeTpUYHOTO BH3HAYHHMKA PO3B’SI3yBAIBHOT CHUCTEMH B 3ajadi
COpsbKeHHS 1eopMaliiHUX TOJIB.

3. Ymepiie oTpuMaHO JIOKaIbHY aHAIITUKO-YUCIIOBY MOJIENIb TEPMOHAIIPYKEHOTO
CTaHy y HOPUCTOMY Martepiaji B 00JacTi MiXk IBOMa CPEpUUHUMHU MTOPAMH.

4. Vmepuie TMOCTaBIEHO 1 pO3B’SA3aHO 3a/Jayy ONTHMAJIbHOIO KEpyBaHHS
PO3MO/IIIEHOI0 CUCTEMOIO B 0arato3B’si3Hiit 00J1acTi, a came, KepyBaHHS TeMIIEpaTypHUM
MOJIEM HAMNpyXEHOro CTaHy KyCKOBO-OJHOPIAHOTO TPOCTOpY 31 CchepuyHUMU
BKJIFOUEHHSIM 1 TIOPOKHUHOW0. /[ boro Bmepie po3B’s3aHO 3aJady ONTHMAajIbHOIO

KEpyBaHHSI CHCTEMOIO, CTaH SKOI BHU3HAYAETHCS HECKIHYCHHOI CHUCTEMOKO JIIHIMHHMX
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anreOpaiYHUX PiBHSIHb.

5. Po3po6iieHo HOBHIT METOT MapaMETPUYHOTO PO3B'I3aHHS HECKIHYCHHUX CHCTEM
JIHIMHUX ajareOpaiuHuX piBHSHB, ITPaBl YaCTUHU SKHUX JIHIHHO 3aeXaTh BiJ] MapaMeTpiB.

6. Ymepiie po3B’si3aHO 3aJady MNP0 PO3MOAUT TeMIepaTypHUX HAmpyKeHb Y
KYCKOBO-OJIHOPITHOMY TIPOCTOpPI 31 C(hepUYHUMH BKJIIOUEHHSIMH MPU HASBHOCTI B HUX
PO3MOIIIIEHUX JHKEpENl TeIUla Y BUMAAKY, KOJIM BKJIIOYEHHS 1 MPOCTIP MAalOTh Pi3HI
TEPMOMEXaHIUH1 XapaKTePUCTUKH.

OTpumaHni B auceprallii pe3yibTaTi MalOTh HE TUIbKM TEOPETUYHE, ajle i BaXKJIMBE
NpaKTHYHE 3HAYCHHS. AHANITHYHI PO3B'A3KM PO3TJSHYTUX Y AHMCEpTaIlii 3agad Jyis
IpOCTOPY 3 ABOMa CPEpUYHUMH MOPOKHUHAMH 1 3 JIBOMA BKIIOUEHHSIMHU (HaKTUYHO
3aJal0Th JIOKQJIbHI TapaMEeTpU4Hl MOJENl TEPMONPYKHOTO CTaHy B MOPUCTHX 1
3€pHUCTUX KOMITO3UTHUX MaTepianax (31 cpepruuHUMHU Mopamu 1 3epHaMu). BaxxmuBicTh
1 MpaKTUYHE 3HAYEHHS OTPUMAHUX TMapaMeTPUYHUX MOJIeNieH, Ha BIJIMIHY BiJl YHCTO
YUCEJIbHOTO KOMIT FOTEPHOTO MOJICJIIOBAaHHS METOAOM CKiHueHHHX eleMeHTIB (MCE),
MPOJIEMOHCTPOBAHO B pOOOTI Ha MPHUKJIA/Il PO3B'sI3aHHS 3a7a41 ONTUMAJILHOTO KEpYBaHHS
TEMIEPATYPHUM IOJIEM TEPMONPY>KHOTO CTaHy IPOCTOPY 31 CHepUUHUMHU OPOKHUHOIO
1 BKJIFOUEHHSM, JI€¢ ONTHUMi3alis (PAKTUYHO MPOBOJIUTHCS 3a MEBHUMHU NapameTpaMu
JOKanbHUX Mojene. OTpuMaHi MaTeMaTH4HI Mojeli 0e3 CYyTTEBUX YCKIaTHEHb
PO3MOBCIO/KYIOTHCS Ha Tija 3 pi3HOIO (1HOJI BEJIMKOI) KIIBKICTIO HEOJIHOPIAHOCTEH 1
nepioanyHi 3aaadi, 1e MCE mano edektusen. [Ipy MareMaTuuHOMY 1 KOMIT FOTEPHOMY
MOJICJIIOBAaHHI TIOJIIB HAampyXeHb 1 nedopmaiiii HaBeneHI B AUCEpTallii Mojeni
3a0e3MeYy0Th MaKCHUMallbHy TOYHICTh TPU 3aJ0BOJICHHI TPaHUYHUX YMOB TIO
BIJIHOLICHHIO JI0 1HIIMX METOIB MOJEIIOBaHHSA. BaXJIuBUMU NPaKTUYHUMHU
pe3ylibTaTaMi pOOOTH TaKOX € YHCEIbHE MOJICIIOBAHHS PO3IIISIHYTUX TEPMOIIPYKHUX
M0JIIB, OTPUMAHHUI HAa OCHOBI HHOTO aHaJI3 PO3NOALTY HalpyeHb B OKOJI MOPOKHUH 1
BKJIFOYCHh B 3QJEKHOCTI B TEOMETPUYHUX 1 TEPMOMEXAHIYHUX I[apaMeTpiB,
BCTAHOBJICHHS 3aKOHOMIPHOCTEH B3a€MHOTO BIUIMBY KOHIICHTPATOPiB HAINPYXKEHb Ha iX
JokanbHUM posnoain. i pe3ynbraté MOXKYyTh OyTH BUKOPUCTAHO MPU KOHCTPYIOBaHHI

PI3HHX TEPMOMEXaHIYHUX CHUCTEeM. KpiM CTpOroro TEOpeTUYHOTO OOTPYHTYBAHHS
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PO3pO0ICHNX Y AMCEPTAallii METOMIB B yCIX 3a/1auax JOCIIKYBAIACS MTUTAHHS YACEITBHOT

301KHOCTI HAOJIMKEHUX PO3B'A3KIB 1 BCTAHOBJICHHS MEX MPAKTHYHO1 peasizaiii METOIiB.
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